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T isomorph ⇒ T

"

isomorphism TL * ) - ' = LT- t ) 't

Ker T't = CranT )
-

Now let TEBLH )
.
T is called normal

,
self -adjoint

,
or

unitary when T*T=TT*
,
T * =T

,
or T* =T

- '
.

Spectrum of ) = f de E : T-XI is not invertible )
contains the eigenvalues of T.

OCT) e f zc-Q : 121 EM K }
•LT) is closed

one't ) = SI : de oh 3

Let 's call the elements of OCT ) the spectral values (oft)



Thy a) off) ) =p@LT) ) for any polymeal p .

b) When T is invertible
,
then of ' ) =L Mm : MEof )}

proofs
a) When pest then o(pED=o⇐tI) - Sto est =p@LTD .
So let p # Cst .

Fixing de E ,
let get d - plz) = c E-M ) . . . . Hun ) with c to

Cothern p =D)
Then def of LTD⇒ XI- pet nub ⇐ qe) nub

⇒ LT-m.
I ) - - - - - Eph II nub (⇒ E-MI) surj and

E-ME) - - - f-MnI ) inj , but
⇒ T-MI , --

-
- -

gTANI nub since they commute ,
both byect)

⇐ fZEE : q⑦=o} a 047=01

⇒ { ZEE : d=p⑦3 no =0 ES DEI PELT))

b) For peto , M
- '
I-T

'
= -T

'

pi
- ' (MI-T) , so µ-

'
Eof ' )⇐
ME OCT)

Use of of - ' ) .



prod UE BCH ) unitary , then od) Ef deE : Ha }

proof 11411=1
,
so old ) E f REE : Idle }

Old ) = f pi : neo@ * I } = { Aim c- OLU - t ) } = { Yai : M€0413
E { decl : HIEI ) B

Def TEBLH ) . Spectral radius roE) =maxf till : heoft }
b
(often denoted asPE) )

Numerical range VLT) =f eToc,x > : 11×11=13
(also known as field of values)

Note VI) Ef de Cl : Idle MH17 ( as the spectrum )

lemme TE Bdt ) normal . Then T mu b⇒ Faso Ktx lls all sell
prod ⇒ s
⇐ and shows ran T is closed

,
Kertz {03

Thanks to T normal
,
HT*x 11=11Tock so also kerT*= So)

Now see 8 pages earlier .

D
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closure

lemme let TEBLH ) normal . Then OLTIE VET .

prIf Let deott)
,
then T- XI not invertible

,
so that

,
since

FDI is normal
, Faso HEXI ) xllzcxllxll HXEH .

So Ffxn } with 11%11=1 and lime - XI) xn =o ⇒

km e E-XI)>g.xn 3=0 ⇐ l im etxn.vn > =D glue . kEUR5 .rs

exer
.
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Prof let SEBI ) self-adjoint . Then 6
a) VCS ) EIR ( is

,

when It is complex, even equiv . to self-adjoint)
b) o EIR

c) { * 11511,115113 nots ) # &
d) rods) - sup { Kl : ZEV 3=11511 (spectral radius - norm)
e)Emino@1gmaxoCS5zVS1proofa1eSxpcs-ex.5xs-ex.Sx

>=e¥ .

b) S is normal
,
so OCS) EV 5 .



-

C) Than } with Koska & Hsxnll → 11511
.

11415112 - 5) son 112=411542-5) xn ,(115112-5)%2=115114
- 115112 (estg¥) +115%112

'II Sx
,
112

e- 2115114 - 2115112115%112 → o
lemma at bottom zpages earlier

Sob 115112 c- o&7eo⑤2

cc) others )
-

ksoc.rs/EHSllllodP
b b b

d) HSH e rocs ) = sup { Kl : zEV⑤ } E 11511

e) a := min of)
,
B :=maxo§ ) . Let for some llylleigesy,y> > B .

If ro =p , then contradiction with d't) Emg
If ro⑤= - a , then rod -at) =p- a

061 FEB od--I) g#HTs-a

and eco -oily ,y > B -a in contradiction with di ) applied
to S -AI.

Case easy, y> eat similar . .



Positive operators and projectors

Def H complex Hilbert space . SE BCH ) is called positive when
e. Soc

,
x > Zo CXEH) .

Notation Szo .

lemme Szo ⇐ of ) e Eo, s) & S self - adjoint
✓
exer. 38

proofs ⇒ Szo implies KSHB, as), so 5=5
't

,
thus normal

and so OCS ) s VI e Eo , as) .
⇐ from SES follows VCs ) e Emin od )

,
max OCS ))

so positive
rene TEBLH I ⇒ T'T ZO .

Def PEBLH ) is called orthogonal projector when p*aPqp2
proj

rene Orth proj is pos : e Passe> =eP2x , x> = - Px, Px>

The a) H Hilbert
,
M closed tin subsp . Then Forth proj P with ran f-M

Ker P =Mt
. b) For Porth proj , ran P is closed subsp ,

proof a) It = M⑤Mt . x= ut v e P : sensu

b) ran P = ran - P )
t

.



Functions of self : adjoint operators

recall when A is normal matrix , then F unitary U with U*A U =D

Now let f be well - defined scalar function on OCA) .

Then FLA) : = U't HD) U .
Note that for f=p polyn . , f- CAI =p #l

H Hilbert
.

Set T of self-adjoint ops in BCH ) is closed .

It is also a real l in space , so T is a real Banach space .



✓
equipped with sup-norm
-

lemme Fixing SET .
FOIE B ( C@⑤ ,

IR)
,
Y) isometry sat

a) Eps =p⑤
b) OI Ig) = E#Ecg ) V-f.gEC@El.lR)

prod i) Def of :P → T byyLpt-pE1.gCpqkyLply@I.T
polynomials

119 fill = Hp Il = ro@LSD = sup f Kil : meofLSD }
B H
,
H P

pls)=p@It
= sup f Iml : peep@LSD} = sup{ lpast :pieoff = Hpll ,

so of is isometry . P dense in C@⑤ ,
IR) . Since Y is Banach

,

→
(Thon 4. Cg )

F ! e
.

'

ensionOIofytoC@ss.lR) which is an isometry

Let pnsf , qnsg then pnqn→ fg .
From ftp.qnt-ycpnlyqn)

and boundedness OI b) follows . D

We will write Etf) as f&) .



Thin Let SEBLH ) with 520
.
Then

a ) SK z o & ⑤ "2)2=5

b) Let QE BCH) with QZo and QZS
,
then Q=S%

.

proof a)⑨
"2)
'

= OI fatsx'k) OI@tossed = OI@rsx) = 5- = S
Jolynomeal

Also ⑤4)'= OI@↳x'k) = Sk .

Sk=s"4544=(5/4)*54 so

b) QS =QQ2=Q2Q= SQ , so Q pls) =p Q for any pot p .
FS p. 3 with p, →

5k
,
which implies Q512=5"2Q *,

Part a) show that Q has a square root Q'
k
Zo .

Let see It be given .

To show that y : = @
"e
-Q)x =o

lls
""
y ll't HQ"2y like sky, yes t eQy, ys =e⑨ktQ) y,y >
= e (SktQ ) ( SK- Q ) x , y > EE els-Q2) x,y s = 0

So S" y =o=Qky ,
thus Sky=o=Qy .

Now Ily IR - e LSE -Q ) x,#⇒Q) x s = e (Sk -Q) y,x>⇒

rem If 520 invertible , then so is 5% .
Indeed 5=5%5't

B

shows 5k surjeinj .



The H complex H space .
TEBCH) invertible

Then T=UR for some unitary U and RIO

(compare z=ei-0121 )

proof Tinie ⇒ T
't
mu ⇒ 1-

*
TEO inv ⇒ R= T)

#
Zo mu .

Def U = TR- I
.
Is invertible

.

U't U = @-1)*T*TR
- '
e I

,
and so U

*

UU
- '
e U
"
.


