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Spectral radius rot) ⇐ max { IN : de OCT }
Numerical range VLT) e. a { etogx > : Koch =L }

• T unitary ⇒ OLT) e f decl : Idle }
D T normal ⇒ OCT E VE)

-

b T self -adj ⇒ VE) e IR (even equiv . ) g

f - HTHGKTH} no# f-§ , rot) = sup fill : DEVI)) allTK g
ULT) s [menoft , max oft]

T is positive when VLTIEEO , o) . Tzo⇐ of) eco, as) & self-adj

Tself-adjgfeC@LTIglR1gthenfLTIEBHLIeself-adsoint.T
invertible

,
then F-UR with U unitary , RZO .



Ch
. 7 Compact operators

Def . X
, Y normed 1in . spaces . TE LK , y) is compact

Tf for any bounded fog } cX g
fTog ) has a converging subseq .

Set of compact ops is denoted as KK,y) .

lemme TELCX , y ) is compact⇐ for every bounded AcX
is TIA compact

(recall : subset A of metric space is compact when every seq in A
has a converging subseq with limit in A)

proof ⇐ Let fog} be bounded , then

-

{Tx
n
) E { Tog : a e- IN}

,
so }Tog ) has converging subseq .

⇒ Let A be bounded
.

Let {b.3 ETAT . Flange TCA)

S
.

t Ibn - an l et . an =Toe , where Soen) CA so bounded

so 9 an } has converging subseq , but then so has Ibn)
with limit in TLAT

.



/

The KLX, y) c BK,y) and KC, Y ) is In space .

proof Let Te KK ,y ) .

Then fToc : Koeller} E fTsc:Ho
is compact , so bounded , so T is bounded .

Prof SE BK,y) , TE BLY,2) and either Sort is compact ,
then TS is compact

proof fan ) CX bounded ⇒ ITS xn ) has a come subseq .

Prep TE BC, y) a) rel - demKant ) eco , then T compact
b) If either X ory is finite dim , thenTcompact

proof a) Let 9xn3 bounded , then#on) is bounded in finite
dimensional space rant. So with B -W it has converging

subseq .

b) release so apply a) .

trop In infinite dimensional normed 1in SpaceX is the identity
not compact

proof Unit ball is not compact (Riesz' lemma)



Cord In co -dem normed l in space X , is TEKLX ) not

bounded ly invertible

proofs suppose it is ,
then I -_TT

- '
is compact , which is

not
.

Thin X
, Y normed tin spaces . TE KK , y) . Then rant (and so rant)

separable
proof ran T= U T (Bn@ s )

. T(Bn% is compact , so
NEIN

separable . ( Given on
,
consider open covering with balls of

radius Ym a
F finite subcovering

)
but then also T@n@s) is separable .

Countable union of countable sets is countable .



Thin X normed
, Y Banach .

Then KK,y ) dosed in B⇐y) .

proof ftp.3ckxc, y) with Tn → TE BE,y) .

Let fog 3 CX be bounded
.

F fkn
.@,
} with Haen

.@,
} converging .

§,Sarge ,3 with 9Tzxz@,7 converging .

subseq
a e e ee ee o 92cg )of San

.
@ I

① . ① . ① - fkn
.@, }67.0 . Sages)

Hi is 'diagonal ' ft xnmcm,} converging .

Let's denote f xnmcm,} again as Sam }

Il Tum - Tae Hell -Tam-Tkxmlltlltksem-xellltlltkxe-T.cl
-

← HT-Tell 11%11
-

-
e EG

e SE when K is
Saff large

For this K
,

FN et Heinz N
, znpd part e Es . So Cauchy ,

so convergent LY is Banach)



Cord X normed
, y Banach .

{Tn } CBI ,y ) with finite rank
and Tn → TE B④y) , then T compact .

ez TE B d' ) by Thang = {anbu) where {bu3 Eco
is compact .

Indeed
, ⇐ faut); fails; ien

O Isn

T : Eca
,b) → Ela ,b) tffkxhbakcgy) dy

-

continuous

By appr k by bivariate pot MT is compact .



The X normed
, Y Hilbert and TEKCX, y) .

Then FfTu3cB*y)
of operators with finite rank with Me}→T .

( not true for y Banach)

prod rant is separable , and is Hilbert space , so it has
an orthonormal basis f en ) .

Let Py be orthogonal projector
onto span Se , - - seu} . Th = PET , has finite rank

Suppose Th XT : F E>o HN FnZN HT-Tn HSE , so

F subseq
'

of 9Th} , that me again denote with Id with

11 T- Tu Ils e
So Fgcu? with Kaullet and HETu)scull > Ez

T is compact , 3- subs off sxu3 , thatwe call Gad , with Toqisyey

Ch - T) Ecu) =@y - I)Txu =@u-I) y t @u -I) (Txu -y )

E e Heh-T) scull E Hftp.eygenI/Tt2llToq-yll →o
cs

Zay, en> en
n=Ut I



tenma H Hilbert
,
Te Bdt)

,
then r4T=rE*)

proof Let rifles
.
Ker T't closed 1in subspace of It

write It = her T
*

⑤decker#It . kerT*=@anT)
-

CeerT*)
&
a rant = ran T .

Trifles
so H= herT*⑦

-
rant

,
and so rant

*

= rant
*

I
rant

r Eres .
Analogously rift ) eco ⇒ re)Erft) .
So either release or re't) ecs ⇒ re) -off)
or re ) =D and rE*)=cs ⇒ NLT) = re't) .

Corot H Hilbert
. TEKLH ) ⇐ TEKLH ) .

proofs When TEKLH) , then 7953 EBLH ) with finite rank
Tn-T

.

So Tn*→T* and n
* Loft) e- ⇒ His compact

When T* is compact ⇒ LT't)* is compact -

H
T



Def Let H Hilbert with orthon .

basis Sen }
TEBCH) is called Hilbert - Schmidt operator when 7511Tenlies.

- Definition is independent of choice basis
- T Hills

.

- Schon⇐ T* is Hdb
.
-Schon

.

-
T Hib - Sohm ⇒ T compact

proof : Exerc
.



Spectral theory of compact operators

H complex Hilbert , TEBLH)
€7

kerT-DI #So}

Point spectrum of E) = ft : d eigenvalue of T}

Resolvent set PLT) = El OLT) ( i.e T-XI boundeddy mu)

The a) dim H=P & TEKLH ) then OEOLT)
b) If , additionally , H not separable , then OEOpLT)

a)
proofs 0 Eye) means T

-'
C- BLH )

,
but then I=TT

'

compact
Z .

b) Have to show that herTf -903 .

T compact⇒ T't compact , so rant separable .

Also H = kerTtOt@erTjd.ke on T = @anT*)&

so CherT)- =ranT*- .

H is not separable , so
her T #62 ⇒ OfOpel .


