
Summary
Def : TE LK ,y) is compact when fan} bounded ⇒ {Tog} has come . subseq .

TEKLX,y ) ⇒ forevery bounded ACX is TLAT compact .

KLX,y) is closed In subspace of BK,y) (so fTn3ck⇐y)→TeBitsy)
⇒Tek

TEBLX
,y) e re) ecs ⇒ TE KC,y) .

If d.mx= as , then identity not compact

TEKCX,y ) ⇒ rant (and rant) is separable .

TE B#y) & Y Hilbert .

Then Tek@y) ⇐ IfTh} c BLX,y) with r eco s
.the}→T

.

H Hilbert
,
TEBdt) . Then a ) re) = RED

b) Te KCH)⇐T*E KH )



Spectral theory of compact operators

H complex Hilbert , TEBLH)
€7

kerT-DI #So}

Point spectrum of E) = ft : d eigenvalue of T}

Resolvent set PLT) = El OLT) ( i.e T-XI boundeddy mu)

The a) dim H=P & TEKLH ) then OEOLT)
b) If , additionally , H not separable , then OEOpLT)

a)
proofs 0 Eye) means T

-'
C- BLH )

,
but then I=TT

'

compact
Z .

b) Have to show that herTf -903 .

T compact⇒ T't compact , so rant separable .

Also H = kerTtOt@erTjd.ke on T = @anT*)&

so CherT)- =ranT*- .

H is not separable , so
her T #62 ⇒ OfOpel .



l

Tha TE KCH ) .
Then for dfo , dim ( kerf-XI)) eco
-

eigenspace

proofs Def M :a Ker C-XI) is H -space . Suppose dem M = as

infinite
and let SenNorth seq ca M .

Then Ten = den ,
and for nfm

11Ten - Ten Il = till Ken-emHel Al VI , so no converge ng subs.ee.
in contradiction with T being compact .

The TE KCH ) , then for d to , ran E-AI) is closed .

proof Let yn = E-AI )xn with lyn 3-y .

Xn = Un tu n where an = herIf-DI) , un = kerf-AI )
&

,

so yn = CT-XI) Un .

We prove that sun 3 is bounded .
Then

,
after taking a subseq

,

stun { is convergent .
Since also XT- DI) un ) is converging ,

we know that Hun3 is converging , and since dfo , 3 un )
is com

, say to u g
and so y = E-DI)u . QED

suppose Eun } unbounded .
Then

, after taking subseq, Hun H → es .

Define Wn e
. = YIN , , g

then f-XI) win = Iffy →o .

{Then I has come subseq , so by taking this subsee, guy} are
converging , say to me

.
Then 11W 11=1 and (IAI) w =L imHDI) win-0

so we KerT-XI
,
but also it is kerf-did

,
so w=o Be with

Hw Itt



Corot TEKCH ) & dfo .
Then feerT-II)

'
I ran T

't

-II

(KerT't-II)+ = ran T-XI

proof Ker T-DI = ran@III)
&

so (her T-DI ) + =Can T't- II )
#
= ran

Tx
-II



The TE KH) .
For any tso , f d c-opt) : Idl 21-3 is finite

( later we see 0471105 EOPLT))
proof Fixing some to do ,

let fan } cop E) infinite seq
of different eigenvalues, with ldnlz to , and let Sen} denote

corresponding eigenvectors .

Def Ma = spanEe , -- ,e←3 @Zi ) , Mo = 903 .

Ah Ge
,
- en} is linearly independent .

Select ya c- My n Mutt with Kyu11=1 .
Then

1- My c- My & (T- tht ) Mk E Mk
- e g

and for Yee , c-Mn, it holds llyutuu , 112=11%117 Hun-ill Z l
so for n > mg
Tyn -Tym -

-dnyntLT.int/Yn-Tym--dnfyntdn-iEE-dnIIynsTym73
I

M
n- IHtyn - Tym" Z l 'll It 2

it cannot have a converging
subseq .

Corot TE KCH) .

Then 0pct) is countable

proof 112=903 u ¥ , IR
IFT

,
I]



deo
deok )⇒ Teo

v r
lemme TEBCH) , rifles .

Then either deff) (⇒Iep g

or de ope ) and I E Op@
*) and n f-DI) = nd 't-II) ecs

proofs
M : e rant

g
N = her# =Mt . dim Meas

,
so M closed

,
so

H = M ⑤ Mt . For ACEH ,
write x = u tu UEM

,
VE Mt

.

(T-DI ) Luthi ) = Tu - d te t Tv - du g
l -e .

I#
..

!!
T E M TEN

-E " Ita.IM
.

Set A= E-II) Im C- LLM
,
M) .

So def ⇐ A invertible⇒

n# 1=0

If defect) , he , n (A)so , then Au⇒⇐ C-AIKI 1=0
& VIO

i
-e d top LT ) and n E-DI ) = n (A)

I



I= Pm +Pm

CI) LT 't -IIHutu) = -II) u - Iv =

PmLt't'II) ut Pm# u - I v
F

U^"EM EN

:" :.nl
Pm LT't-DI) In = At (exerez.ro) n (A) = n LAD

I EP@* ) ⇐ A
"

is invertible ⇐ n#* 1=0

If I#PET ⇒ n LA't)> o ⇐ I c-of

and nEITI ) = nCA'T



Thin TEKCH)
, dfo .

Then either depth ⇐ TEXT)
or de opE) andI C-off

't ) and n DI) = n -II) e as

proof Given dfo Ftp C- BCH) with rep)es and
IIT-TflleHl g so that S : = I- d-' (T-Tf) is bounednuederfebie

T-DI = Tf - is =# s
- '
-XI )s and refs -1) eos

and T
't
-II= S 'T s

-*

Tf -II)

depth⇐ depletes
-1) ⇐IEEE

-
*

tf)⇐ Iep I

detect ⇒ debts-Y⇐ de op Ffs
-Y and

as > n ( Tfs
- I
-DI) an KID .

Moreover
,
in this case

O e nCfs- t-DI) = n ( s-*Ff*-II ) = NLTIII) so
in part, AE opEt) ,



The (Fredholm alternative) .
TE KCH )

,
d fo .

Consider eqs
(F-XI ) x = o -II) y --o Chom eqs )

(THI) x =p ⑤*
-II) y= q ( in horn eqs)

Then either

a) (deff ) ) Hom
. eqs have only trivial Sol , lnhomeqs

have unique sols that depend continuously on data .

b) (deoff)) Both horn
. eqs have m,eco independent sols

{ sq , - -- xm,3 (basis ker(THI)) or fyi;Ym,) (basis kerfIII)) .
Inhomeqs have Sol iff pe ran CT-XI) a kerf E)

*

( ie. pay, Hi) or qe ran@
*
-II) =kerf- XI)

- lie. qtsq.tt)
Moreover

T-XI : kerf-XI )
-1
→ kerf't-IIT bounded.ly inn.

T
't
-II : her@*-IIT→ herCT- AIT

-
bounded ly mu.

proofs Only things to show are ran T- dI= here't-II )? which
follows from Cran T-d.IT/-=kerCT*-II) , and ranE-XI) is dosed
( idem for adjoint side) , and , for deop# g

that

T-KI a kerf-DIJK→ her -II)
-

surg .

It holds that THI : H→ here#IF surj .
Now write It = herE-DI)⑦ here-DIK



Application
-

-B & = o on an open ICIRZ
-pi

D= Exe t %yz
Complete this eq by boundary cords . For example Dirichlet
boundary cords of =f on rear

Because eq is homogeneous , itcan be reduced to an integral
eq on the boundary .

Two ways ofdoing that :

a) HSEIRZ it holds that -actus -10917711-1=0 wheat#s

Search of of the form loft= -Itf log H -Sl z ds
& can be shown to be continuous . Imposing boundary condition means
- Tt f log It-slzcslds = fft) ter'

a-
@ p

(kztt ) on K - = f integral eq of ist
kind

.



^

2) - D ( ft f Ens log H -Sl z ds) ⇒ salt

tins # { Ins log It - stzslds is

discontinuous at r. In part,

+

'isner # Seen dog#size,

^

= Ff En dog It '-d z⑤ds a- 2€ )
.

-

(kzkt ' )
So imposing boundary condition results in

(It k ) z = f integral eq

/
of 2nd kind .

trekkers)

Fredholm : Either - IEP@ ) and you have ugg
or - I EOPCK) , and then there exists a unique 9

solution zfker@a-If when ft Ker@*TI) & .


