SOME NOTES WITH NUMERICAL METHODS FOR
STATIONARY PDES

ROB STEVENSON

1. INTERPOLATION ESTIMATES IN SOBOLEV SPACES

Theorem 1.1 (Bramble-Hilbert “lemma”). Let Q C R™ be a Lipschitz
domain, and for some m € N, q € [1,00] and a normed space Y, let
L W) = Y be a bounded linear mapping with P,y C KerL.
Then 3C = C(R2) such that

[Lv]ly < CllLllwp@-ylvlwp@ (v e W(Q).

Lemma 1.2 (transformation lemma). Let G(&) = Bi+c with det B # 0,
and Q and Q be Lipschitz domains in R™ with G() = Q.

Form >0, p € [l,00] andv € W(Q), 9 :=voG € W;,"(Q)

AC = C(n, m,p) with

[y < CIBIIE| det BI™Plolwp) (v € W),
[olwg) < CIIB™ (15 det BIYP6]ym ey (8 € W)

Theorem 1.3. Let (), Q C R and G as in Lemma 1.2. Let

hq = inf{diam(S) : S ball containing Q}
pq := sup{diam(S) : S ball in 2}

and let he, and pg, be defined similarly. Then || B2 < 2_27 |B7H|2 < Z_Z'

Theorem 1.4. Let Q,Q C R" and G as in Lemma 1.2.

Let k,m € Ny and p,q € [1,00] be such that W]f“(fl) — W(;”(Q), and
let T1 - W;“(Q) — W(}”(Q) be a bounded linear mapping that preserves
polynomials of degree k.

Define I by II(v) o G = (v o G).

Then 3C = C(I1,Q), thus independent of Q, such that

11 hk—f—l
[0 = Tolwy) < C(VOl(Q))1™r =—fvl gy (v € WTH(Q)).

m
Q
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2. APPLICATION TO ESTIMATE LOCAL INTERPOLATION ERRORS

Theorem 2.1. Let (K, P,N) be a finite element with s denoting the

mazimal order of partial derivatives occurring in the definition of N.
For some m, k € Ny, p,q € [1,00], let

WHY(K) — C*(K)

Wf“(f() — W;”(f()

Py(K) c P c WMK)
Then 3C = C(K,p, N) such that for all (K, P,N) that are affine
interpolation equivalent to (K, P, N),

l,lhk-‘rl
o — ol < COOUKN P ol (0 € WEH(K)),

1

PK

Remark 2.2. Condition Wzi““(f() < C%(K) is imposed so that the
interpolant / is a bounded mapping on szﬂ(f( ).

Definition 2.3. A family of finite elements (K, P, N) is called uni-
formly shape reqular when supy hy /px < oc.

Corollary 2.4. For a family of uniformly shape regular affine inter-
polation equivalent finite elements, result from Theorem 2.1 reads as

[0 = Ivlwy (i) < CVOI(K)) s v by ™ ol ymen ey (v € WiTHK)).

3. APPLICATION TO ESTIMATE GLOBAL INTERPOLATION ERRORS

Theorem 3.1. Consider family (Tp)n of subdivisions of a domain Q C
R™ into element domains that are uniformly shape regqular, and such
that all finite elements are affine interpolation equivalent to a reference
element (K,P, N) Then under the conditions of Theorem 2.1 with
P =g,
(1)

(2 o = Ievlfp) ™ S ooy (0 € WE(Q),

KCTy,

Define I7, by (I7,v)|x = Ixv|x. Then if Iy, C C™1(Q), then with
h = supgcr, hi,

2 v = Ipvllwpe) S BT olyrn gy (v e WETH(Q).

Remark 3.2. In these notes, by C' < D we will mean that C' can be
bounded on some absolute multiple of D, independently of parameters
which C'and D may depend on. Obviously, C' 2 D is defined as D < C,
andC<DasC <DandC 2 D.
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Remark 3.3. [homogeneous Dirichlet boundary conditions| In the sit-
uation of Theorem 3.1, if ST, C C°Q), and I7, preserves the low-
est order homogeneous Dirichlet boundary conditions, then V7, o =
Sz, (HMH(Q) N H () € HL(Q), and (2) for m € {0,1}, p = 2 reads
as

o~ Il S B ol (o€ HY(Q) N HY(Q).

Using the Lax-Milgram lemma and Cea’s lemma, we arrive at the
following corollary.

Theorem 3.4. Consider the situation of Theorem 5.1 with 1y, C
C%Q). Leta: H'(Q) x H(Q) — R be bilinear, bounded, coercive,
F: HY Q) — R linear and bounded. Let w € H (), ur, € V3, be the
solutions of

alu,0) = Flv) (v € H(9),

a(up,v) = F(vp) (v € Vp),

respectively. Then

||u — uh”Hl(Q) S hk|u|Hk+1(Q)
assuming u € H*1(Q).

Remark 3.5. Same conclusion when variational problem is formulated
on H}(Q) and V7, reads as V7, o.

Under additional assumptions, higher order convergence can be demon-
strated in the weaker Ly(€2)-norm:

Theorem 3.6 (Aubin-Nitsche duality ‘trick’). Leta(, ,) be as in Thm 3.4.
Suppose that for f € La(SY), the solution uy € H'(Q) (or in Hy(Q)
in case of hom. Dir.) of the adjoint problem a(v,uf) = [, fodx
(v e HY(Q)) (H(2)) is in H*(Q) with

(3) lugllzz@) S I1flca@

(this is known as a regularity condition). Let (V7. )n (V7 0)n) be such
that

(4)
inf ||w—vp|lm@) S hllwl e for allw e H*(Q) (H*(Q)N Hy ().

on€Vr,
Then for w and uy as in Thm 3.4, we have

[ = unll Loy S llu — unl[rr()-
Proof. Let w € H*(Q) (H3(€2)) be the solution of the adjoint problem
a(v,w) = (u—1up, V), (v € H(Q)) (H(2)). Then for any wy, € Vr,
(V75.0),
lu—unll?, @) = alu—up, w) = a(u—un, w—ws) S |[u—un|| g0l w—wn]l 1)

Using that inf,, |w — wp|lm@) S bllwllaze S hllu — un||i@), the
proof is completed.
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Example 3.7. If Q@ C R? has a C? boundary or is convex, then for
[ € Ly(), the solution u € H(Q) of [, Vu-Vudr = [, fvdzx (v e
Hi () is in H*(Q) and satisfies ||ul|g2@) S | f]|La(@). (Without such
conditions on (2, this regularity result is generally not true).

4. INVERSE INEQUALITY

Theorem 4.1. Let (V7,)n be a family of affine equivalent f.e. spaces
w.r.t. family (Tp)n of uniformly shape regular subdivisions of @ C R™.
Let hyin := minge7, diam(K). Let Vi, C W (Q). Then on V7,

- lwgr@) S il - 2,02

Proof. By the transformation lemma, equivalence of norms on finite
dimensional spaces, and again the transformation lemma, for v € Vg,
we have

e > [0l sy S > HB“Hm”\detBllv\K\pM)
KeTy, KeTy

=~ 1B | det Bfjo|«ll} ) < S ABH™ ol
KeT, KeTy

~

ho —om
<> () Nolkllr, ) < P 10117, 0
KeT, PK

Literature with Sections 1-4: [Cia78§]

5. MATRIX-VECTOR FORMULATION OF FINITE ELEMENT
DISCRETIZATION

Let V' be some finite dimension subspace of some real Hilbert space
H,let a : V xV — R be bilinear, bounded and coercive, and let
f :V — R be linear and bounded (e.g., a and f are restrictions to
V of (bi)linear forms on H having those properties). We consider the
problem of finding v € V s.t.

(5) a(u,v) = f(v) (veV)

Defining A : V — V' by (Au)(v) = a(u,v) an equivalent formulation is
given by

(6) Au = f.

Let ® = {¢1,...,¢n} be a basis for V. The corresponding dual basis
O = {¢),..., ¢} for V' is defined by ¢/(¢;) = d;;.

Ezercise -1. Let A € RY*N be defined by A;; = a(¢;, ¢;), called the
stiffness matriz.



SOME NOTES WITH NUMERICAL METHODS FOR STATIONARY PDES 5

e Show that A is the representation of A w.r.t. primal and dual
bases of V and V', respectively, i.e., if v = Zj v;¢;, then Av =
> ;(Av);¢.. Conclude that an equivalent formulation of (5) or
(6) is given by Au = f, where u =", w;¢;, f =Y. fi¢,.

e With u = ZZ ;¢ v = Zl vigi, | = Zz figi, ie., fi = f(¢1),
and (-, -) the standard scalar product on R, show that (Au, v) =
a(u,v) and f(v) = (f,v).

Unless stated otherwise, with the norm || - || on RY (or on R¥*¥V)
we will always mean the standard norm (or the corresponding operator
norm).

FEzercise 0. e Show that a(-,-) is symmetric iff A = AT,
e Show that a(v,v) > 0 for all 0 # v € V iff A is positive definite
(denoted as A > 0), i.e. (Av,v) >0 forall 0 # v e RY,

Remark 5.1. With the notations of Exercise -1, we have
(Au,v) =ad wie;, Y vid) =Y wvi ¥ aldyli, ¢ilx)-
j i ij K

The (set of non-zero entries of) the matrix a(¢;|x, ¢i|x) is known as
the element stiffness matrix.

6. CONDITIONING OF THE STIFFNESS MATRIX
Let V C Ly(2). M € RV*N defined by My; = (¢, ¢i) 1,0 is called

the mass matriz. Note that M is symmetric, positive definite.

Lemma 6.1. If {¢1,..., ¥, } is an independent set in a normed space
(Vi -1, then || > el = >, el (ice. uniformly in ¢ € R™).

Proof. ¢ — || Y_. citb;]| is continuous, so it attains a maximum and
minimum on the unit ball in R™. By the independence of the set, the
minimum is strictly positive. U

Theorem 6.2. Let (V7,)n be a family of affine equivalent f.e. spaces
w.r.t. a family of quasi-uniform, uniformly shape reqular subdivisions of
Q C R™. Then M = M,, corresponding to the nodal basis is uniformly
well-conditioned, i.e., sup, k(M) < oo, where k(M) = |M|||M~}|| =
p(MTM) %

r 15 the spectral condition number of M.
p(M~TM~1)2

Proof. By the choice of the basis, in the relation v = ). v;¢; we have
v; = N;(v) where N; denotes the ith global degree of freedom. With
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h > 0 such that h = minger, diam(K) =~ maxger, diam(K), we have

Y. ) = ol 0 = D ol = 3 et BTl
n - Lemma 6.1 n ~ -
~h Z||U|K||§2(R) ~ R Y NP (k)
K K j
affine eq. , oc _ in n
EERY S INPl))P = Y INi(w)P = hv]*.0
K 3 7

Theorem 6.3. For Q C R", let (V1) C H™(2) (or C H*(2)) be a
family of f.e. spaces. Let a(-,-) : H™(Q2) x H™(2) — R be bil., bound.
and coercive (or with H™(QY) reading as HJ'(2)). Then the stiffness
matriv A = Ay, w.r.t. a basis of V. satisfies |Al| < h2"|M|| and
A=Y < M|, with M being the corresponding mass matriz.

Proof. Using Theorem 4.1, we have
[(Av, w)| = |a(v,w)| < [vllam@llwllam@) S P 0] L@ 1wl L)

~ "“min
h 2m)\maux< )HVH”WH’

min

or |All £ h 2 Anax(M). On the other hand

(Av,v) 2 [0ll7pm) 2 [0l1750) 2 Amin (M) V],
and so
ATV S A (M) Hv, A7) < A (M) V[ [[AT
or [ATIV] S Auin (M) IV or [[ATH] S Awin (M) 7 O
Remark 6.4. If the basis in Theorem 6.3 is the nodal basis, then under

the conditions of Theorem 6.2 we have x(A) < h_?™. Generally, this
estimate is sharp.

7. A POSTERIORI ERROR ESTIMATION

For simplicity: Poisson on a polytopal domain €2, usually in n = 2
dimensions, homogeneous Dirichlet boundary conditions.

T is a uniformly shape regular, conforming partition into n-simplices.
Sr is Lagrange f.e. space of degree k. £(T) is the set of the interior
edges of T.

For T € T, v € Sr, [ € La(2), the (squared) error indicator for v
on T reads as

(v, T)* = W |lf + Al ) + bl [Vl o o0).

where [Vv] is jump of normal derivative of v over interface, hy :=
|T|1/n‘
The (squared) oscillation of f on T is defined as

osc(f, T)? == hz||f — PrfllZ, e



SOME NOTES WITH NUMERICAL METHODS FOR STATIONARY PDES 7

where, for some fixed Ny > r > k — 2, PJ is the Ly(T)-orthogonal
projector onto P,.(T).
Note that osc(f,T)? < n(v,T)?, because PrAv = Av. (Usually
2

S>orerosc(f, 1) < > pern(v,T)?, cf. Example 11.3).
For M C T,
n(v, M)? = Z n(v, T)?, osc(f, M)* := Z osc(f, T)>.
TeM TeM

T < T means that 7 is a refinement of 7. Ry 7 := 7‘\72, i.e., the
set of those T' € T that were refined when passing from 7 to T.
ug will denote the Galerkin solution from Sr.

Theorem 7.1 (local upper bound provided by error estimator). For
T < T, it holds that
ug — U’Tﬁ{l(ﬁ) < nlur, RT—>7’>2'
In particular
lu — UT|?{1(Q) < n(ur, 7‘)2'
Proof. Tt holds that

a(u+ — ur, ws
(7) lus — ur|gi) = sup (uz 7)
0£w4+E€S5 |w7—|H1(Q)

For any wy € S, we have

a(ug — ur,wy) = a(ug — ur, wy — wr)

/ f(wy = wr) do - a(ur, wy — wr)

_Z{/fwT wr dx—/VUT V(wg —wr)}

TeT

(8) Z{ /f+AuT Wy — wT)d.’E—/ Vur - n(wy — wr)}

TeT
<+ Aurl o oy — wrllzoer

TeT
+ > Vurlllo@llws = wrllze
ec&(T)

Select wr to be the Scott-Zhang interpolant of w4 as follows: If
vertex v € T' ¢ Ry, 5, select SZ edge on T, so that wr(v) = ws(v).

So wr = w5 on all T' & R+, and consequently on all edges of those
T.
For the remaining 7' € T and edges e € £(T), use that

9 hplllwr —wrllzym + [wy — wrlme) S [wglm s,
with patch S(7,7) :={T" €T :TNT # @} as well as

—1/2 1 2
190 2ae) S Bz llgll acry + B3 |glmieny
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for T' € T such that e is an edge of T', which yields, using (9) again,

2
(10) lwy = wrllae S hel lwilmeser .
By combining (8) with (9) and (10), applying Cauchy-Schwarz, the
proof is completed by (7). O

Theorem 7.2 (global lower bound provided by error estimator).
7](“”7—7 T)Q f§ |’LL - UT|%{1(Q) + OSC(f7 T)2
(Actually holds true for uy reading as any function in Sr.)

As a consequence of Thm. 7.1 and 7.2, we have that the ‘total error’
—defined as the square root of squared error plus squared oscillation—
is proportional to the estimator:

Corollary 7.3. [u — ur|% o) + osc(f, T)* = n(ur, T)*.
Proof of Thm. 7.2. For v € H}(f2), we have
(11)  alu —up,v) = Z [/(f—i—AuT)v—/ (Vur - m)v].

reT /T or
Fixing T € T, forv € HY(T), with fr := Prf and using (Py. — I) Py = 0,
we have that

| / (Fr + Dur)o| = lafu — ur,v) + / (Fr— F)(I — Pl

< lu = urlma vlaey + hellf = Frllmlolm e,

or ~
oy L+ Bur)

0#£ve HL(T) ’U|H1(T)

S |u = wr| ey +osc(f, T).

From

| [ pvdx|
hr|pllioery S sup Uppode]
0£ve HL(T) |U|H1(T)

([BS08, 9.x.5]), we obtain
hellf + Aurll oy < hellfr + Aurll Ly + ose(f, T)
S |u — wr| gy + osc(f, T).

Fore € £(T),e=TiNTy, andv € V, := {w € Hj(TWUTy): [, wP, =
0}, from (11) and (P} — I)P}. = 0, we infer

(p € P.(T))

(12)

| [[9urlvds| = la(u—ur0)+ 3 [ (= 10T = Pyl

2
S lu = ur|m@uon) vl @un) + Z h,

=1

f_.fTi

2
Lo(T) 'U|H1(T1UT2)-
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From
| fe pv dz|

U|H1(T1UT2)

1
he ||l Lace) S sup (p € Pr)

#vEV,

([BS08, 9.x.7], where h, := |e|"/("~1)  we obtain

1
(13) heIIVur]liaee S lu—urlm o) + Vose(f, T1)? + osc(f, Tz)?.

By summing (12) over T € T, and (13) over e € £(T), the proof is
completed. O

Literature with this section: [Ver96, Ste07].

8. NEWEST VERTEX BISECTION

The newest vertex bisection algorithm reads as follows:

e In each triangle in an initial, conforming partition 7, of a poly-
gon € into triangles, call one of its vertices its newest vertex.

e If you want to refine a triangle 7" in a partition, then connect
its newest vertex with the midpoint of opposite edge (the re-
finement edge of T'). This midpoint will be the newest vertex
of the two triangles being created.

All partitions 7 that can be created in this way can be represented
as a subtree (being a subset that contains the roots, and for any other
element that it contains, it contains its parent and its sibling) of an
infinite binary tree (the master tree) that has as its roots the triangles
from 7.

For any triangle 7" in the master tree, gen(T") is defined as the number
of bisections that are needed to create it starting from a root.

The partitions 7 that can be created in this way are uniformly shape
regular (exercise).

To restrict ourselves to the subset of partitions 7 that additionally
are conforming, consider the following procedure to refine a triangle 7'
in a conforming partition 7

refine(T,7T)

% T is triangle in conforming partition 7

if the neighboring triangle 7" at other side of refinement edge of
T has a different refinement edge

then refine(7",7)

endif

simultaneously bisect 7" and 7" in 7T .

This algorithm may not terminate, see Figure 8. To avoid such a dead-
lock situation, we impose a matching condition on the initial assignment
of the newest vertices: If e =T NT" is the refinement edge of T, then
it is the refinement edge of T".
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FIGURE 1. Deadlock situation. The arrows indicate the
newest vertices

Theorem 8.1 ([BDDO04]). For any conforming triangulation Ty, there
exists an assignment of the newest vertices such that the matching con-
dition s satisfied.

The proof this theorem is not easy, and what is worse, it is not
constructive. As an alternative, one may perform an initial refinement
of Ty that yields a triangulation on which a suitable initial assignment
of the newest vertices can easily be found, cf. Figure 8.

F1GURE 2. A refinement of a given 7y, and a valid as-
signment of newest vertices in the resulting triangulation.

Theorem 8.2. Let Ty be a conforming initial partition that satisfies
the matching condition, and let T denote any partition that is created
from To by newest vertex bisection. Then

(1) if T is a uniform refinement of Ty (meaning that all its triangles
have the same generation), then it is conforming.
(2) If T be conforming, T,T" € T, and T" contains the refinement
edge of T', then either
e gen(7") = gen(T), and T and T' share their refinement
edge, or
o gen(T") = gen(T) — 1, and T shares its refinement edge
with one of both children of T".
(3) refine(T,T) terminates.

Proof. Exercise. O
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From here on, 7 will always denote a conforming partition that
can be created by newest vertex bisection from a conforming initial
partition that satisfies the matching condition. The set of all these
partitions will be denoted as T.

Lemma 8.3. If 7,7’ € T, then the smallest common refinement T &
T isinT, and #T & T + #To < #T + #T".

Proof. Exercise. Hint: do it first for one root, i.e. #7, = 1. O
9. THE ADAPTIVE FINITE ELEMENT METHOD (AFEM)

% Let 6 € (0, 1] be some parameter
For k=0,1,..., do
solve uy, € S, from a(uy, vi) = f(vy) (vk € S7,) } SOLVE

compute {n(ug,T): T € Tr}
if n(uk, Tx) < TOL then break endif ESTINATE
select a smallest My, C T such that MARK
while 7, N M;, # 0 do
for some T' € T, N My, Ty, :==refine(T, Ty) REFINE

endwhile
T =T

endfor

The marking strategy is known as bulk chasing, and also, after its
inventor, as Dérfler marking. In REFINE, the smallest T > Tp1 > Tx
is determined in which all T" € M}, have been bisected.

10. AFEM IS LINEARLY CONVERGENT

In this and the next section, let (Tx)r>0, (uk)r>0, and (My)r>o be as
produced by AFEM.

Theorem 10.1. 3 constants v > 0, o € (0,1), such that
lu— Uk+1\§11(9) + (s, Terr)” < afu — Uk@zl(g) + o (uk, Te)?).
To prove this theorem, first we give two lemmas.
Lemma 10.2. Forv,w € S7, T € T, we have
(v, T) = n(w, T)| S llv = wllgr sy
Proof. Recall (2, T)? := "z || f + Az|7, ) + eIV, o 00)- Now

use that /a2 + 2 —V/a? + 12 < \/(a— )2 + (b B)2, and ||| || |* <
|- =1 So

(v, T) = n(w, T)* < hzl| A(v — )|,y + hrll[V (0 = w)]IIL, o 00)-
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Now use that for z € Py, |Az||L,1) S h;1||z||H1(T)7 and ||Vz||£ye)n

O A

1
hy? Hz||%p(T,), when e is an edge of 77 € T.

Lemma 10.3. 3 constant A such that for any 6 > 0, and with X :
1—27Ym,

ki, Tern)? < (140) (nug, To) =M (ug, Mi)?) (14671 Mg 1 —up 7 o

Proof. The previous lemma shows that, for some constant C' > 0, for
T e 77c+17

n(ug+1,T) < n(ug, T) + Cllugr — wgll g (serry)-
We apply Young’s inequality (a + b)> < (1 +d)a® + (1 + 6 1H)b? (from
(Véa + %6)2 > 0), sum over T' € Tjqq, use || - |g) =~ | - |mr) on
H}(Q), to arrive at
N1, Ter)? < (14 0)n(ur, Trpr)® + (1407 AJuryr — unlin o

for some constant A > 0.

Any T € M, is split into 2 or more triangles. Let us consider the
most unfortunate situation that it is split into two triangles, 77 and T5.
From hr, = 1v2hr, we have > im0 n(u, T;)? < IV2n(u, T)%. We
conclude that

1
n(ug, Tre1)? < nlug, Te \ Mg)? + 5\/577(%,/\/%)2

= (e, T = (1= V)i, M)

which completes the proof (for n = 2). O

Proof of Thm. 10.1. From u — ug11 L(v. v,
S7,..1, we have

L) Sty and Upy —ug €
lu — Uk+1|?11(9) = |u— Ukﬁ{l(m — |ugs1 — Ukﬁzl(m

From the previous lemma and the marking procedure, which yields
n(ug, M) > 0n(ux, Tx), we have

N(trsr, Tern)? < (14+0) (1= X020 (up, Te)? + (146~ ) Afugsr — wel B -

By choosing d such that (1+§)(1—X0%) = 1—\§%/2, and by multiply-
ing the second estimate with v, choosing 7 such that v(1+§ 1A =1,
and by adding both estimates, we infer that

u— uk+1|§11(9) + 0 (urrr; Trgr)? < Ju— uk‘l%ll(ﬁ) + (1= N0 /2)n(u, Ti)®

A\G? /2 9 9
<(1- m)ﬂ“ — gl (o) + vnur, Te)?)
with C' > 0 such that [u — ug[7n ) < On(ug, Tx)? (Thm. 7.1). O

Literature with this section: [D6r96, MNS00, MNO05].
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11. AFEM CONVERGES WITH THE BEST POSSIBLE RATE

Definition 11.1. For s > 0, we define the approximation class

A = {u € Hy(Q): Au € Ly(9),

As = sup(NV +1)°

lu min
NeN {TEeT: #T-#To<N}

\/]u - UT‘?{I(Q) + osc(f, T)? < oo}

So u € A° means that for a best partition with N + #7, triangles,
the total error in the Galerkin approximation is < (N + 1)™%|u] 4s.

Remark 11.2. If u € A%, then for any € > 0, 937 € T that realizes a
total error < & where #7 — #7 < e V/*|u }L(f. Indeed, denoting with
e(N) the total error in a best partition with N + #7 triangles, let N
be such that e(N) <e <e(N —1). Then eN* < N¥e(N — 1) < |u| gs.

Ezample 11.3. If u is smooth —sufficient is u € H**1(Q) N H} (), take
T to be a (quasi-) uniform mesh with mesh-size h. Then [u—uy|g1(q) S
W |u|grsr(oy.  Assuming that even u € H*2(Q), then f € H"(Q),
and by taking r > k — 1, one infers that osc(f, T) < W flgr) S

~Y

W gise gy (so the oscillation is of higher order). Since N := #T —
#To =~ (h™1)", we have that h¥ =~ N7%7 ie., s = k/n is the best
possible convergence order that generally can be expected. In other
words, for s > k/n, the class A*® is basically empty.

On the other hand, for s < k/n, the class A® is much bigger than
Hy(Q)NH™"(Q). As shown in [BDDP02], it contains Hg (Q)NW,+**(2)
whenever p > (s + 3)™. These spaces W) +*"(Q) are only just embed-
ded in H'(Q).

For the Poisson problem on a two-dimensional polygon, in [DD97] it

was shown that for any given s > 0, for sufficiently smooth right-hand
side f, the solution u € Hy(2) N W +"(Q) for some p > (s + )"

The following result about newest vertex bisection will be an essential
ingredient in the optimality proof.

Theorem 11.4 ([BDDO04]; [Ste08] for a generalization to n > 2.). Let
(T:); € T be such that T;y1 is the smallest refinement in T of T; in
which all triangles from some subset M; C T; have been bisected. Then

k—1

T —#T0 S Y #M..
i=0
Note that in contrast, % can be arbitrarily large.

Lemma 11.5. Let Cy,Cy > 0 be constants such that for T < T € T,
n(ur, T)? < Cillu — ur| gy + ose(f, T)?,

lus — url ) < Con(ur, Ry _7)?%,
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see Thms. 7.2 and 7.1. Let the marking parameter be sufficiently small
such that 62 < (C1(Cy +1))7L. Then for T > T > Ti with

=i o) +ose(T, )? < [1=02Cr(Cot D) [Ju—urlip o) +ose(Te, f)7],

it holds that
n(uk, Ry —7) = 0n(ug, Tr)
(and so #My, < #R7 7 (1)).
Proof. 1t holds that
u— Ukﬁ{l(g) = |u— uT‘IQLll(Q) + |ur — ukﬁ{l(ﬂ)
osc(Tr, f)? < osc(Ry, 7, f)? + ose(T, f)?,
which yields
0*(Cy + 1)n(up, T)? < 02C1(Cy + 1) (|Ju — uk]Hl + osc(Tx, £)?)
< Ju— Ukz‘%ﬂ @ t osc( Tk, f)2 — |u— UT|H1(Q) — osc(T, f)2
< |ur — Uk:|Hl + osc( Ry, f)2
< (Cy+1)ny (uk,RTk_,T) : O
Corollary 11.6. Let 0> < (C1(Cy+1))~t. For some s >0, letu € A°.

Then ,
1/8(\/|u—uk| ) +ose(Tx, f)? )_ /S.

Proof. By definition of A%, there exists a 7 € T with

# M,

~Y

—1/s

#T—#T5 < [ul {2 (VI= PC(Co 1)y flu — wnlip o) + 05c(Th, /)?)
and

[u—uzlip (g rose(T, f)? < [(1=62Cr(Cot1)][Jlu—ur[3p1 ) +ose(Tr, £)?]
(see Remark 11.2). Take T = T, @ 7. Then

lu—ur i ) tose(T, f)? < [(1=02Co(Cot1)][Ju—up o) +ose(Ti, )7],

and so by the previous lemma, the fact that each refined triangle is
splitted into at least two, and Lemma 8.3,

#wug#&hTs#T—#ns#%—#%
S Jullf (flu— weliy + o f2) D

Theorem 11.7. Let 6% < (Cy(Co+ 1))~ For some s > 0, let u € A®.
Then it holds that

#T = #To S [l (/o — el o + ose( T, £)2)

That is, the total errors of the sequence of Galerkin approximations
produced by AFEM decay with the best possible rate s.

—1/s
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Proof. By applications of Theorem 11.4, the previous corollary, Corol-
lary 7.3, and Thm. 10.1, we have

YT~ #T5 < Z#M

1/5 5 5 —1/s
W 1= w1 g + 05(T5, /)?)
k— 1
~ 1/52 — il ) + (s, T)?)
=0
k 1
<ru\”szw ) (| = w3y + yn(un, To)?) >
1/s —1/s
(/1= a3y + 0se(Ti 7). =

Literature with this section: [Ste07, CKNSO08|.

[BDDO04]
[BDDP02]

[BS08]

[CiaT8]

[CKNS08]

[DDY7]
[Dér96]

[MNOS5]

IMNS00]
[Ste07]
[Ste08]

[Ver96]
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