FAST EVALUATION OF SYSTEM MATRICES W.R.T.
MULTI-TREE COLLECTIONS OF TENSOR PRODUCT
REFINABLE BASIS FUNCTIONS

SEBASTIAN KESTLER AND ROB STEVENSON

ABSTRACT. An algorithm is presented that for a local bilinear form evaluates
in linear complexity the application of the stiffness matrix w.r.t. a collection
of tensor product multiscale basis functions, assuming that this collection has
a multi-tree structure. It generalizes an algorithm for sparse-grid index sets
[SIAM J. Sci. Comput., 17 (1996), pp. 631-646] by R. Balder and Ch. Zenger,
and it finds its application in adaptive tensor product approximation methods.

1. INTRODUCTION

For 1 <i<mn,let ¥; = {1/3“ A€ ?z} and U, = {1/A)M A€ @z} be collections
of multi-scale functions, e.g., wavelet bases, multi-level frames, or collections of
hierarchical “hat” functions. We assume that the functions from these collections,
which we simply will refer to as being wavelets, satisfy standard locality assumptions
meaning that the diameter of the support of wavelets on level £ is of order 2.
Let a;(+,-) be a bilinear form that is local meaning that a;(u,v) = 0 whenever
|[suppu N suppv| =0.

We set @ = {ahy = @79y, : A € V :=[[I, Vi} and similarly ¥, and consider
the bilinear form a(-,-) defined by a(®?_;u;, ®"_,v;) = H" 1 ai(ui,v;). A typical
fo uZ x)dx, i#k,
fo x)dx, i=k,
case Y ,_, & is the bilinear form that results from the varlatlonal formulation of
Poisson’s problem on (0, 1)™.

The topic of this paper is to apply, for finite A cCcV, A C ﬁ, the “system
matrix”

(1.1) a(¥|5, ¥|3) = [a(Pr, ¥u)lrch uea 0 O(#A + #A) operations.

For doing so, it is no real restriction to assume that the collections ¥, and \i/i, and
the bilinear forms a; (-, -) are independent of i. Furthermore, inside this introduction
we focus on the simplified case where (¥ =)¥ = ¥ and (A =)A = A.

Already for n = 1, the application of the system matrix in linear complexity
cannot be expected for arbitrary A C V, because a(¥|a, ¥|p) is generally not

example being a = a;, defined by a; (u;, v;) = in which
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sparse due to interactions between wavelets on different levels. Yet, when A is the
collection of indices of all wavelets up to some level £, a solution is provided by the
application of a transformation T to a single-scale basis ®, on level . Writing ¥|} =
@] T, viewing collections of functions as column vectors, we have a(¥|y, ¥[y) =
T Ta(®y, ®)T. By the sparsity of a(®y, @), and under the assumption that each
of its entries can be computed in O(1) operations, each of these three matrices on
the right-hand side can be applied in O(#A) operations, and so can a(¥|x, ¥|a).

This approach extends to the situation where A is a general tree, which we
define as a set such that for any A € A with |A| > 0, the support of v is covered
by the supports of ¢, for some p € A with |pu| = |A| — 1. The argument is that
for a tree A, there exists a locally finite collection of scaling functions whose span
contains span W], where, thanks to the tree constraint, the representation of the
embedding, being a generalization the aforementioned basis transformation T, can
be performed in O(#A) operations.

For n > 1, we have

a(Pa, ¥la) = RA(A®---®A)I4,

where A := (¥, V), I5 is the extension operator with zeros of a vector indexed
by A to one indexed by V, and Ra denotes its adjoint being the restriction of a
vector to its indices in A.

If Ais equal to A := {X € V : [[|A|||oc < ¢}, being the set of all multi-indices A
with, for some level £ € No, |||A|||oo := max; |\;| < ¢, ie., A corresponds to a full
grid, then, with A denoting the set of A € V with |A| < ¢, one has

RA(A®---®A)I§ = a(V|a, ¥[p) @ - -@a(¥|a, ¥]p).

We conclude that the application of a(¥|a, ¥|a) can be evaluated in O(n#A) =
O(#A) operations.

Next, we consider A to correspond to a sparse grid, i.e., for some £ € Ng, it is the
set of all multi-indices A with [[|A[||1 := >, |Ai| < ¢. For simplicity thinking here
of n =2, we write RaA(A®A)Ix = RA(A®Id)(Id®A)IA. In view of the subsequent
application of Ra(A®Id), we realize that we need the result of the application of
(Id®A)IA only on some finite subset of V. The generally smallest subset that can
be selected is the corresponding full grid index set A defined above, i.e., we have
RA(A®A)IA = RA(A®Id)Iz Rz (Id®A)IA. Unfortunately, the applications of both
RA(A®Id)Ix and Rz (Id®A)Ix require O(#A) operations, where, in the standard
setting that #{\ € V : |A| = £} = 2¢, one has that #A = £2° and #A =< 4°.

(Here and in other places, with C' < D we mean that both C < D and C 2 D,
with the first relation meaning that C' can be bounded by some absolute multiple
of D, and the second one being defined as D < C.)

To solve the above problem, we apply a key idea by Balder and Zenger in [4] for
the hierarchical hat functions, that for more general functions was applied later in,
e.g., [3, 21, 20]. We split A into the upper block matrix U = [a(t)x, ¥u)]|x <], and
the strictly lower block matrix L = [a(1x,%,)]|x|>|u- By definition of U, L, and
A, we have

(U®Id)IA = IARA(U(X)Id)[A, RA(L®Id) = RA(L(X)Id)[ARA,
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from which we infer that

RA(A®A)IA = RA((U+ L)®A)IA
= RA(L®Id)(Id®A)IA + RA(U®Id)(Id®A)IA
= RA(L®IA)(Id®A)Ix + RA(Id®A)(U®Id)IA
= RA(L®Id)Ip RA(Id® A)Ip + RA(IA®@ A)IA RA(U®Id)I,.

Since A, “frozen” in either of its coordinates, is a collection of indices of all wavelets
up to some level, Rp(Id®A)I, and similarly, Ra(L®Id)Ix and RA(U®Id)IA, can
be applied in O(#A) operations, and so can a(¥|x, ¥|p).

Remark 1.1. Since, for general n > 1, in the above scheme two recursive calls for
Id® A® -+ ® A have to be made, one verifies that its complexity is O(2"#A). So
in high dimensions, one should avoid multiplications with Ra(A; ® ---® A,,)Ia for
more than one or a few A; not being truly sparse. For, say, the Poisson problem,
this can be realized by applying orthogonal wavelets (cf. [7, 8]) or prewavelets (cf.
[16, 11]). This issue, however, is outside the scope of the current paper, and we will
ignore the dependency of constants on the space dimension n.

The goal of this paper is to generalize the algorithm for the multiplication with
a(¥|z, ¥|;) from [4] to the case of A and A being multi-trees, and to prove that
it requires only O(#A + #A) operations. We define a multi-index set A to be a
multi-tree when “frozen” in any n — 1 coordinates, it is a tree in the remaining
coordinate.

The application of this result lies in adaptive tensor product approximation
methods, as adaptive sparse grid methods ([2] + references cited there), or adaptive
tensor product wavelet Galerkin methods (e.g. [18]). It seems that multi-trees are
the most general sets for which (1.1) is realizable (unless, by a special choice of the
wavelets, the bi-infinite matrix a(¥, ¥) as a whole is sparse, cf. [6]).

For & = ¥ being a hierarchical basis and A = A, similar results, although
described more informally, can be found in [1, 11, 17]. For a hierarchical basis, our
condition of A = A being a multi-tree is equal to the condition on this index set
imposed in these references. The discussion in [11, §3.1.3] about a prewavelet basis
learns that the generalization from the hierarchical basis to a general multi-level
collection is not trivial.

Our generalization of possibly having different collections ¥ and ¥ and Jor dif-
ferent multi-trees A and A has obvious applications in Petrov-Galerkin methods.
Another application of this generalized setting will be a new residual evaluation
scheme, inside an adaptive tensor product wavelet Galerkin method, that is pre-
sented in [15].

This paper is organized as follows: In Sect. 2, we present the evaluation schemes
for A, U and L restricted to blocks formed by collections of row- and column indices
that both are trees. In Sect. 3, these evaluation schemes will be the building blocks
for the multiplication with a(®|x, ¥| A) in linear complexity for multi-trees A € ¥V
and A ¢ V. In Sect. 4, we report on numerical experiments with the adaptive
wavelet Galerkin method that confirm this linear complexity.
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2. THE ONE FACTOR CASE

2.1. Wavelet assumptions. We consider two collections
U={dr:AeV}, U={dy:reV}
of functions on some domain  C R?. For v € {v,~}, and with |\| € Ny denoting

the level of \ € 6, we assume that the collection W consists of local functions in
the sense that

(2.1) sup 21 diam supp ¢y < oo,
eV

(2.2) sup sup #{\ € V: |\ = £ Asuppn N B(x;275) # 0} < oo.
LeENg z€Q

We will refer to the functions 1[»\ as being wavelets, although not necessarily they
have vanishing moments or other specific wavelet properties.

For £ € N, and any A C V, we set Ay := {A € A : [\ = ¢} and Ay :== {\ €
A A\ > £}, We write Uy ="
? € No,

(2.3) Q=Uy g, Supp V.

For ¢ € Ny, we assume a collection (i)g = {q?k A E Ag}, whose members will be
referred to as being scaling functions, with

v,, and add the harmless assumption that for any
4

(2.4)  span i)g_HQ span d, U \i/g+1, Dy = Uy,

(2.5)  sup sup 2 diamsupp ¢y < oo,
LeNo AeA,

(2.6)  sup sup #{\ € Ay : supp da N B(x;27¢) # 0} < oo,
LeENg z€Q

(2.7)  {dxrls : A € Ay, dalg # 0} is independent (for all open £ C €2, £ € No).

W.lo.g. we assume that the index sets A, for different ¢ are mutually disjoint, and
set ® = UlGNoél with index set A := UZGNUAg. For A\ € A, we set |A| := ¢ when
A E Ag.

Viewing \flg, d, as column vectors, the assumptions we made so far guarantee
the existence of matrices M&O, Mé,l such that

[0, O[] =@/ [Meo Mpa],
where the number of non-zeros per row and column of M&O and Mé,l is finite,
uniformly in the rows and columns and in £ € N.

A subset A C Vy; is called an ¢-tree, or simply a tree when the value of ¢ is clear
from the context, when for any A € A with |\| > ¢, the support of z/VJ,\ is covered by
the supports of v, for some p € A with |pu| = |\ — 1.

For yu € V, we define

S, = {z € Q : dist(z, supp¥,) < C27 I}
for some constant C' > 0 such that for all
(2.8) A€V with || = [\ = 1 and |supp s Nsupp¢,| >0 = S, D Sy.

For Haar wavelets or hierarchical “hat” functions, C' can be taken equal to 0. The
next lemma shows that, thanks to (2.1), a suitable constant C' always exists.



FAST EVALUATION OF SYSTEM MATRICES 5
Lemma 2.1. With C :=sup, ¢ 21X diam supp ¢z, (2.8) is satisfied.

Proof. For p and X as in (2.8), and x € Sy, dist(z, 5‘#) < 2P 4+ diam supp 1, <
o271k, O

On span ® x span ®, we will consider a bilinear form a(-,-) that is local in the
sense that for ¢y € @, qﬁu € d,

a(ox, gi;#) =0 whenever [supp ¢, N supp ¢§“| =0.

For collections ¥ c WU ®, & ¢ U U P, with a(®, f]) we will mean the matrix
[a(0,6)]5e5 5e5- We set the matrix

(2.9) A= a(¥, V),
and the “upper block” and “strictly lower block” matrices

= [a(?/vl)\ﬂ/;#)]l)\‘gw‘, L= [a(i)/\ﬂ/;u)]‘,\bmp
sothat A=U+ L.

Remark 2.2. The conditions (2.1), (2.2), (2.5), (2.6), and (2.7) are used to conclude
the uniform sparsity of Me,o and ngl, i.e., the number of non-zero entries in each
of their rows or columns is bounded uniformly in £. They also imply that, for local
al-,-), a(Py, <i>¢) is uniformly sparse.

In the following exposition, the conditions involving the supports of the “wavelets”
and “scaling functions”, i.e., (2.1), (2.2), (2.3), (2.5), and (2.6) cannot, however, be
simply replaced by the conditions of uniform sparsity of M, 05 Me 1 and a(®y, CTDZ)
Indeed, for example, the concept of a tree, defined in terms of supports, allows us
to conclude from |supp Py N supp 1/1#| =0 for all u € Ay, where A C V is a tree,
that |supp ¥ N supp 1/1H| = 0, and thus a(z/J,\,wu) =0, for all 44 € Agy. They also
imply that the number of A € A,_; with |supp ¢ Nsupp ¢u| > 0 for any p € Ay is

O(#Ay). These and similar properties will be used extensively.

Remark 2.3. Condition (2.4) allows for U to be dependent. In particular, besides
multi-level bases, the framework includes multi-level frames (cf. [14]). A bilinear
form a on span® x span® gives rise to a matrix A as defined in (2.9), ie., a
bilinear form on £o(V) x £5(V), where £o(V), and similarly £5(V), denotes the set
of vectors indexed by V that have finite support. When for either v € {v,}, U is
not independent, or span‘if # span i), then this relation between a bilinear form
and a matrix is not one-to-one. Consequently, in general the matrices U and L
cannot be associated to bilinear forms on span ® x span d.

Remark 2.4. The setting we discussed so far also applies to the case that ¥ and ® are
collections of functionals, and a(¢s, (ﬁu) reads as the duality pairing éx ((ﬁu) Then,
on all places supp iy and supp ¢ should be read as the distributional support.
In that case, the condition 2 = U, e, SUPP 15,\ from (2.3) may impose a real
restriction, which, however, can be circumvented, for ¥ U ® being a collection of
either functions or functionals, by realizing that on all places supp ¢y and supp éx
can be read as a set that contains the support of ¥y or @y.
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2.2. The application of A, i, Ulz.is and L|;,; for trees A C V and
A C V. The matrix-vector multiplication routines that we are going to present will
only require the evaluation of a(@, @) for |A| = |u|. Our operation counts will be
valid under the assumption that such an evaluation requires O(1) operations.

Our first algorithm concerns the application of Al;, ; = a(¥|;, \if|A) for trees
A c Vand A C V. Since the algoritlr}m vgﬂl be recursive in the coarsest 1§vel, it
has to accept more general subsets of ® U W and ® U W than only ¥|; and ¥|; for
trees A € Vand A C V.
evalA({, 11, A, II, A, d_; 0
% Input: £ € N, IT € Ay_, IIc Ag_l, O-trees A C Vﬁ and A C @ZT, all finite,
% d:= (dx)xers €= (ex)rea CR.
% Output: With v := cfr(i)|H + E’T\i/|A, the concatenation of the vectors inside
% the dashed boxes gives

% a((i)lflav); a(\ill[\’v)'
% Set
% M := {\ €I : |supp d))\ N suppi/)#| =0Vue Ag} @ =1\ 1M,
% M) .= {\e I1: |supp "N suppi/)#| =0Vue A, @ =11 \ o,
% d = dlge, and d? = dlge, .
% Let II C Ay, I C Ay be the smallest collections with
% spaném > span®|ge U \il;\g, or spanti)|ﬁ D span<f>|ﬁ(2) U \ilf\e
if TTUA#0 and TUA # () then
compute a_(zb_h;(z)_, :I)_|1__I)_d !
d:= (MZOJ()+M415'|A)|H
evalA(E + 1, H, AZ+1T, H, A€+1T; C_l_: af\[+1T . _

. T 4 & . -
% With v :=d Dl + éﬂulr |AE+1T it returns a(®|q,v), | a(\I/|AH1T,y)J:.

compute | (Me oa(@l ))|ﬁ<2) + a(q’|ﬁ<2>,q’|ﬁ<1>)d(l) :

endif
Theorem 2.5. A call of evalA yields the output as specified in its definition, at
the cost of O(#II + #A + #11 4+ #A) operations.
Remark 2.6. Recalling that ®; = ¥y and by = \ilo, for finite trees A C V and
A C V, evalA shows in particular how to apply A|;, i in O(#A +#A) operations.
Proof. By definition of II, we have

#IL S #Ae + #10P S #A+ #A,
and analogously #ﬂ < #Ag + #A,. We infer that after sufficiently many recursive
calls of evalA either of the current sets II U A or II U A will be empty, in which

case that call returns the empty set as required.
Next, we observe that the desired output of evalA can be decomposed as follows

a(®liy,v) = | a(®lgo,v) |+ | al@le),v) | a(¥l5,v) =|a(Pl3,,,,,v) |+]a(Plz,,0) |
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By definition of II™") | and from A being a tree, one has

a(<i>|ﬁ(1) y ’U)

The definition of J and ﬂ shows that

T T -
v=d ‘I’|ﬁ+51[\g+m‘1’|[x“”

By induction, the recursive call yields

a((i)lﬂa y)’ |

(<I>|H<1),d D) =

= (J(2))T(i)|ﬁ(2) + ET‘i’lA =v - (CZU))T&)M(U-

a(‘i’|AH1T ),

where the latter equality follows by definition of ﬁ(l), and from A being a tree. The

definition of II shows that

Dl = (Mg 0@l i »

We conclude that
a(‘i) lfe,v) |=

a(P|,,v) |=

a(¥,,v) =

Uy, = (M, @),

_
NM:

Since IT = TIMM UTI® and A = Ay U Ay 11, we conclude the first statement of the

theorem.

From the assumptions on the collections ®, ¥, <i>, and \if, and their consequences
on the sparsity of the matrices M, 0, Mg 1, M, 0, and Mg 1, one easily infers that the
total cost of the evaluations of the statements in eval A is (’)(#H—i—#Ag—i—#H—i— #Ag)
plus the cost of the recursive call. Using #II + #H < #Ay + #A, and induction,

we conclude the second statement of the theorem.

O

The following two algorithms concern the application of Ul ; and L[z, ; for

trees A € V and A C V. Again, because the algorithms will be recursive in the
coarsest level, they shall be able to perform somewhat more general tasks.

evalU (Y, ﬁ,[\,ﬂ,[\,cﬂé’)
%
%

%

d = (d) i

Input: £ € N, II € Ay_q, I c Ag,l, O-trees A C ﬁﬁ and A C @ZT: all finite,
c:= (C)\)Aef\ CR.

ST A~ 2~
Output: With v :=d ®|g + E’T\II|A, the concatenation of the vectors inside

= T\,

% the dashed boxzes gives

% ) a(®lg,v), {]|AXAE. ) A o
% Let IM := {\ € I : |supp ¢ N supp ¢, | =0V € Ag}, @
% and let I1 C Ag, II € Ay be the smallest collections with

%

if HUA%(]) andHUA#(Z)then

span(ﬂﬂ > span®| ) U \i/[\[, or spanfi)|ﬁ D span\il;\[.
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d:= (Mg)lglfw)lﬂ o
evalU(f + 17H) AZ+1T;E7 Aé-i—lT;C_la 6][\1+1T
% With v := JT(i)lﬂ +

T .
51[\6+1T\II|A1+1T7 it returns a(<I>|H7y) |AE+1TXA1+1T _1AE+1T h

endif

Theorem 2.7. A call of evalU yields the output as specified in its definition, at
the cost of O(#I1 + #A) operations.

Remark 2.8. For finite trees AcVandAcC @, evalU shows in particular how to
apply Uz, i in O(#A + #A) operations.

Proof. From #ﬂ < #Ag, we infer that after sufficiently many recursive calls of
evall either of the current sets ITU A or ITU A will be empty, in which case that
call returns the empty set as required.

The desired output of evallU can be decomposed as follows:

a((i)lflav) = a((i)lfl(l)’v) + a((i)lﬁ@)?v) ) U|[\><fx5: Ul[\[xfxg + U|Ag+1Txf\E

By definition of IIV), and from A being a tree, one has

a(®| g, v) | = (@|n<1>7d Dy )*:La(‘i)|ﬁ<1>a§>|ﬁ)67j-

The definition of J and ﬂ shows that

ST 4 T -
v=d P+ af\an]'AHlT -

By induction, the recursive call yields

a(¢’|ﬂay)a |A€+1TXAZ+1T _‘IAEJrlT = U|]\1+1TXAE7
|

the latter equality by definition of U. The definition of IT shows that
D = (M o®p)lie,  lz, = (M, ®l5)l5,-

We conclude that

a(®l,0) | = (@l 0) + (@, d o[y)

By definition of U, we have

Ulg, a8l = a(¥lx,,0) =1 (M a(®[g,0))lx, ¢

Since IT = TIMM UTI® and A = Ay U Ay 11, we conclude the first statement of the
theorem.

The computations of a(®|y, ), d, and a(®|fe2 ,v) take the order of #11, #A,,
and #I1(2) < #Ag operatlons The induction hypothesis is that the recursive call
takes the order of #H + #Ag+1T operations.
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Above bounds show in particular that #a(®|q,v) < #I1 + #Ay, and so simi-
larly, #a(fi)|n, v) S #I 4+ #Apq1. From this we conclude that the computation

of U|AE+1TXAE+1T_1A€+1T takes the order of #II + #A,,1 operations. Using that
#H < #A,, we now infer the second statement of the theorem. O

evalL(¢, A 11, A, d, )
% Input: £ € N, I c Ag 1, trees A C VZT and A C VgT, all finite,

% d = (d/\)/\el'ﬂ = (C)\)/\EA CR.
% Output: The concatenation of the vectors inside the dashed bozes gives
% a(W|5, ®lg)d + Lz, 5

% Let TI(V) .= {)\ € I1 : [supp ¢ Nsupp | = 0V € A}, TI® =T\ 1TV,
% and d? = d|n<2>
% Let 11 C Ag, E H C Ay be the smallest collections with

% spau1r1<1>|H D span\II|A[, spam(I>|g D span<I>|H(2), or sp3m<I>|E D span(i)|ﬁ(2) u \ili\[.

% Tt returns i_a(\I/|A£+ 1 <I>|H)d + L|AE+1TXAE+1T _1A€+1T :

endif

Theorem 2.9. A call of evallL yields the output as specified in its definition, at
the cost of O(#A + #I1 4+ #A) operations.

Remark 2.10. For finite trees A € V and A C V, evalL shows in particular how
to apply L|z i in O(#A + #A) operations.

Proof. After sufficiently many recursive calls of evallL either of the current sets A
or ITU A will be empty, in which case that call returns the empty set as required.
The desired output of evallL can be decomposed as follows:

a(|5, ®lg)d+ Lz, 28 =] a(Plx,, Plg)d+ Ll A€

+a(Plg,,,,» lp)d + Llx, | (i€

From L[, 3¢ =0, we have that

a(¥|5,, ®le)d + Llx, 42| = a(¥lg,, Bl )d® = a((M/, &

)14, Mo®lg)d®
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ﬁ)d + L|Az+1T XA2+1TE17\2+1T » the
first term being equalto
a(¥| o ﬁ(z))dm) +a(¥[4 v

2417

LVIRTS Az)af\e = a(W|A1+1T @ ﬁ)d + L|Ae+1T XAeaf\e’

and so in total being equal to a(\i/|]\H1T,<i)|ﬁ)¢f+ L|Ag+1TXA5' From A = A, U

Agi1t, we conclude the first statement of the theorem.
The statement about the cost is proven similarly to that from Theorem 2.5. O

Remark 2.11. Since A = U + L, actually there is no strict need for a separate
routine evalA. The cost of one eval A application is, however, lower than the sum
of the costs of the corresponding applications of evalU and evallL.

3. TENSOR PRODUCTS

With, for n>2, v {o,a}, W= @1, U = {hs := @14y, : A e V =[], V},
on span\il X span \il, we set

a(“l@' QUp, V1 - ®Un) = Ha(ui; ’Ui),

so that a(¥, ¥) = A®- - ®A.

Although for notational simplicity, we consider collections ¥ and \fl, a bilinear
form a(-,-), and so a matrix A that are independent of 7, our results immediately
generalize to the case where they depend on 1.

To define a suitable tree structure on a multi-index set, for t € {0,1}", and with
K some set that contains [\UA, let P, : K* — KItI* denote the restriction of a vector
in K™ to the coordinates that correspond to the non-zero entries of t. As usual, -t
will denote the vector in R™ with, for 1 <14 < n, its ith coordinate equal to 1 — ;.

For V =[], ﬁi, where each V; is either V or @, generally different for different
i, we call A C V a multi-tree when for all 1 < ¢ < n and all p € P_e, A, the
fiber P, (Pﬁei|A)_1{/,L} is a tree. That is, A is a multi-tree when “frozen” in any
n — 1 coordinates, at any value of these coordinates, it is a tree in the remaining
coordinate in either V or V.

Consequently, for A being a multi-tree, and any 0 # t € {0,1}", and p € P_¢A,

Atvl‘l/ = Pt (Pﬂt|A)71{[.l/}

is a multi-tree. That is, A, frozen in any k coordinates, where 1 < k < n, at any
value of these coordinates, is a multi-tree in the remaining coordinates.

Finally, from A = Upep_.a (Pﬁt|A)_1{/,L}, we have PiA = Upep_ aAAs,p, which,
being a union of multi-trees, is a multi-tree itself.

For index sets <1 C ¢, let I 2 denote the extension operator with zeros of a vector
supported on < to one on ¢, and let R% denotes its (formal) adjoint, being the
restriction operator of a vector supported on ¢ to one on <. Since the set ¢ will
always be clear from the context, we will denote these operators by I and Rg.
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Theorem 3.1. Let A C V, A C V be finite multi-trees. Define
> = U (A} X {Ae, it € Poy A, |u| = |\ + 1, [supp ¥, N Sy| > 0},

AEP, A

©= |J {rePe,A:Iyehe st |yl =ul, |SuNsuppiy| > 0} x {A}.
XEP o A

Then 2, © are multi-trees with #3 < #A and #0 < #A, and
(31)  a(¥|z, ¥lz) =
[Ba,, LIz, ] yep, ®@1d®:@ld

old® [Rx (A®~~~@zu4)I;LeM]AEPe1A
o[R; ., (A®--@A)le.,, ,] AP ®

°[Re., \UI4, Jyep.. a®1d®- - -@ld.

(3.2) N

(3.3)

The recursive procedure suggested by (3.1)—~(3.3) to evaluate the application of
a(¥|;, W (i) by means of calls of evalU, evallL, and evalA requires O(#A+#A)
operations.

Proof. We write

a(W|z, ¥[3) =Rz((U + L)@ A®- -0 A)I; =
(3.4) Ri(L®ld®---@ld)(Id®A®---®A)I; +
(3.5) R(Id®A®---®A)(Ueld®---®Id)I;.

and will show that (3.4) is equal to (3.2), and (3.5) is equal to (3.3).
With the definition of ¥ reading as

(3.6) U {A} x {Aﬁeh# cp € Po, A, |p| > | N + 1, |supp1/3# ﬂsupp1[)>\| > 0},

AP, A
the definition of L shows that
Ri(L®Id®---@Id)(Id®A®---®A)I; =

3.7
( ) RA(L®Id®~'~®Id)I§; (Id®[R2ﬁe1A(A®'“®A)Iﬁﬁe1,>\]>\€Pe1A)'

Of course this is still true when the condition |supp ¢, N supp ¥a| > 0in (3.6) is
replaced by |supp 1Lu ns x| > 0 since it only makes the set larger. Secondly, it
holds that 3 does not change when in its definition the condition |u| = |A| + 1 is
replaced by |p| > |A\| + 1. To see this, note that, by definition of a multi-tree, for
any (@, Y2, ---,%n) € A with || > |A] + 1 and |supp ), N S| > 0, there exists a
fi € V with || = ||+ 1, | supp ¢ NSy >0, and (fi,72,...,7n) € A. We conclude
that (3.7) holds for the actual definition of 3.
Knowing (3.7), from

Ri(L®ld®---®ld)ls = [Rz, LIz
we conclude that (3.4) is equal to (3.2).

Since for \ € Pel./AX, Y _e;,) is a union of multi-trees Aﬂeh#, it is a multi-tree.
In order to conclude that 3 is a multi-tree, it remains to verify that for p €

P.e, X, 3¢, pu is a tree in V. Let A € Se,.p With [\ > 0. Since Ps, A is a tree,

e1w#j| ;J,EP_.e12®Id®. ’ ®Id
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supp ¥y is covered by the supports of ’L/JV for some v € PelA with |[y| = |A] =1
and | supp 1y N supp ¢7| > 0. For each of those ~y, we have S > Sy by (2.8), and
so, recalling that the condition |u| = |A| + 1 in the definition of 3 can be read as
|u| > |A| + 1, we conclude that (v, p) € 3, or v € e, .

For each p € V, the condition |p| = [A| + 1 and |Sy N suppe,,| > 0 is satisfied
for a uniformly bounded number of A € V. Consequently,

#E S D #Ae,. = #A.

HEPey A

Noting that in the definition of @, the condition |y| = |u| can be read as |y| > ||
without changing @, by definition of U we have

Ri(ld®A® - @A)(Ueld®---®Id)[; =
Ry(1d®A®---®A)le([Re,, \Uli, \Ircp.. a®1d®---01d).

From

Ri(Id®A®---®A)le = 1d® [RLW(A@ : ~®A)Ieﬁe1,k]kepe ®

we see that (3.5) is equal to (3.3).

For A € PﬂelA we have #0O¢, A S #Ae1 s and S0 #0O < #A.

To show that @ is a multi-tree, let (g, Aa,...,An) € O, 2 < i <n and |N\;| > 0.
By definition of ©, there exists a (7, g, ..., A\n) € A with |y| = |u| and [S, N
supp 1/J.Y| > 0. Since A is a multi- tree, supp 1/3)\ is covered by the supports of
suppl/JA for some A; with |X;| = [A;] — 1 and (7,Aa,..., \i,...,An) € A, and so
(/,[/,)\2,... )\“..., n) € 0.

Now let (11, A) € © with |u| > 0. Since P, A is a tree, supp 1, is covered by the
supports of 7,/1# for some i € PelA with || = |p| — 1 and |supp 7,/3# N supp 1/3ﬂ| > 0.
For each of those [i, we have S D S by (2.8), and so, recalling that the condition
|7] = |©] in the definition of © can be read as |y| > |u|, we conclude that (i, A) € O,
or ® is a multi-tree.

In view of Theorem 2.7 and 2.9 concerning the cost of the application of U and L,
the cost of the application of a(¥|z, ¥|4) by means of (3.2) and (3.3) is bounded
by some absolute multiple of

Z #Ael,u =+ #291,u + Z #Eﬂel,k + #Aﬂew\jL

HEP. o, % AEP:, A
(3.8) B .
Z #Aﬁeh)\ + #eﬁeh)\ + Z #®e1,>\ + #Ael,)\?
AEPs, © XEP o A

where for the second and third sum we used induction, which is justified by the
correctness of the statement for n = 2 by an application of Theorem 2.5. The
expression (3.8) is bounded by

HA+ #E 4 #D + #A + #A +#O + #O + #A < H#A+#A. O

Remark 3.2. Since it is actually not needed that for A € P-¢, ®, Og, x is a tree,
Su in the definition of ® can be replaced by supp¥,,.
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Remark 3.3. With proper data structures, the sets 3, ® from Theorem 3.1 can
be constructed in O(#A + #A) operations. For XA € P, A, the set O, » is most
efficiently generated along with the “downward sweep” of the evalU routine.

4. NUMERICS

Our aim in this last section is twofold. Using the example of a two-dimensional
elliptic PDE problem, we investigate the performance of the evaluation scheme from
Theorem 3.1 and, moreover, highlight the usefulness of the concept of multi-trees
within adaptive tensor product wavelet Galerkin schemes. Within this adaptive
scheme to be explained below, the evaluation scheme will be used for both the
solution of a finite Galerkin system (A = A) as well as for the residual computation
(A D A) The set up of the problem will be such that multi-trees, which allow for
local refinement, are actually required to realize the best possible approximation
rate.

4.1. A two-dimensional model problem. We consider a second order elliptic
PDE problem with non-constant, but separable coefficients on (I := (0, 1)? which
reads as follows: For f € H=}(0), find u € H}(O) such that

(4.1) a(u,v) = Z a;(u,v) = Z /Dpi Oiudiv = f(v), Yve H&(D).

i=1,2 i=1,2

For our convenience, we choose p;(x1,x2) = p(x1,22) := p(z1) p(xe) for p(z;) =

(zi—1)241 (i € {1,2}), and f = 20. For ¥ := U = ¥, we use biorthogonal B-spline
wavelets as constructed in [9, Ch.2] with primal and dual orders d = d = 3, and
homogeneous Dirichlet boundary conditions of order 1 at primal- and dual side.

In order to apply an adaptive wavelet scheme, we first have to reformulate (4.1)
as an equivalent {3(V)-problem (cf. [5]). To this end, observe that the |- |z (m)-
normalized tensor basis DW¥, where D is a bi-infinite diagonal matrix with entries
Dy := Dy = |¢>\|I_{{(D)’ is a Riesz basis for Hg(D), i.e., [|[Vlnw) = |0l g o
for all v = v D¥ € H}(O). By expanding the solution u of (4.1) in DW, i.e.,
u = u'DW, (4.1) can equivalently be stated as the discrete ¢3(V) problem of
finding u € ¢5(V) such that

(4.2) Au="1.

Here, A : {5(V) — 2(V) given by A := [Dx a(vx, ¥u)Dp]a pev is a symmetric,
boundedly invertible operator and f := [Dx f(¥x)]aew. Moreover, with

1 1

ay x| o] e [enn]
0 A ueV 0 A\ ueV

being univariate stiffness and mass matrices, we infer that

(4.4) A=D(a1(P,P)+ax(?,¥)D=D(X®M+ M X)D.

Remark 4.1. We remark that constant coeflicients, i.e., p; = ¢; > 0, allow for
simplifications of the evaluation scheme from Theorem 3.1 that we want to ex-
clude for demonstration purposes (see also Remark 1.1). For example, the usage
of prewavelets (cf. [16, 11]) leads to M being a sparse diagonal block matrix with
its strict lower block thus being zero. The same holds true for Ls-orthonormal
multiwavelets (cf. [7, 8]) where M is even a diagonal matrix. The multiwavelet
construction analyzed in [6] would even yield sparse M and X. In the latter case,
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the exact multiplication of A with any finitely supported vector can be performed
in linear complexity.

Remark 4.2. The scaling functions ¢, € ® associated to ¥ are B-splines. So,
with the univariate coefficients p being polynomials, fol pou Py and fol qu’ﬂqb’A can
be evaluated ezactly in O(1) operations.

4.2. Adaptive tensor product wavelet Galerkin method (AWGM). The idea
of the AWGM for solving (4.2), as presented in e.g. [5, 12], can be outlined in short as
follows: For each A from a sequence of finite, nested index sets Ag C Ay C -+ C V,
the finite dimensional Galerkin system

(4.5) Apup =1;,

where A := RAAIp, fo := RAf, is solved within a fixed, sufficiently small relative
tolerance, yielding an approximate solution wa. In order to ensure convergence of
the scheme, for some constant p > 0, the index sets Ay have to satisfy

(4.6) [Baw i Trllesarsy) = plrellew),

where ry, is a (finitely supported) approximation to the residual f — AT, wa, within
a fixed, sufficiently small relative tolerance.

If, additionally, p is small enough (only depending on x(A)), and the index set
A1 is selected to have, up to some constant multiple, minimal cardinality among
all index sets that satisfy (4.6), then the AWGM is proven to converge with the optimal
rate: If, for whatever s > 0, u belongs to the non-linear approzimation class,

{vela(V): vl = sup N[V = vnlley(w) < o0},
0
where vy is a best N-term approzimation to v (i.e., it minimizes the distance
to v among all its approximations with support length N), then the computed
approximate Galerkin solutions satisfy

(4.7) [u—1Ia,wWa,lley(w) S (F#FAk+1) ™"

The above statements concerning convergence, in particular with the optimal
rate, remain valid when inside the AWGM only A from a subset of P(V) are allowed,
assuming this subset is closed under taking unions, as e.g. the collection of all
multi-trees. Of course, in this case also the definition of the approximation class
should be adapted by considering only best N-term approximations supported on
sets from the same subset of P(V).

We will speak about unconstrained or multi-tree approximation when A is allowed
to be any subset of V, or when it has to be a multi-tree, respectively.

Remark 4.3. For the problem (4.1) at hand, with f being some general, sufficiently
smooth function, it follows from [10, Thm 4.3(b), Thm. 5.2, discussion in §5.4]
that the best multi-tree approximation rate for u is s = d — 1 = 2. Clearly, this
rate is the best that can be expected for approximation in H!((J) by piecewise
polynomials of order d, showing that there is no penalty because of the restriction
to multi-tree approximation. In the same paper it was shown, in any case for the
Poisson problem, that for general, sufficiently smooth f, the best possible rate using
the non-adaptive, (optimized) sparse-grid approximation, i.e., approximation from
the span of tensor product wavelets with indices in the multi-tree

Ary :={A e VAL =All[Ale < (L =7)€}, LeN,
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with v > 0 sufficiently small, is % + % = 1. Only for f that additionally vanishes
at all four corners of the domain, the latter rate would be 2. Not surprisingly,
our numerical results will indicate that for also our problem (4.1) and f = 20, the
optimized sparse-grid rate is 1.

Optimized sparse grids, i.e., A, for v > 0, were introduced in [13]. The rate
of best approximation in H*(O) for 0 < t < d from the span of tensor product
wavelets with indices in Ay, for v sufficiently small, and for a sufficiently smooth
u is d — t, so without loss of any log-factors.

The computationally most expensive step in the AWGM is the computation of the
finitely supported approximation ry to f — A, wa, within a fixed, sufficiently
small relative tolerance n < 1. It can be achieved by performing the following
“inner” loop: Starting with e = ||f — Alx, ,wa,_, |ls,(v), approximate both f and
AlI\, Wy, within some absolute tolerance €/2; check whether ¢ is less than or equal
to 1—_7_? times the norm of the resulting computed approximate residual ry, and if
not repeat with e replaced by /2.

If the cost of approximating f — A, wa, within an absolute tolerance ¢, and

so in particular the support length of ry, is
(4.8) O(e™V* + #Ay),
then the AWGM is of optimal computational complexity in the sense that

Sl;p(#opskﬂ)sl\u —Ia, WALl (w) < 00,

where #ops,, is the number of arithmetic operations used to compute wa, . Indeed,
by the choice of the initial value of € and (4.7), the cost of any iteration in the above
loop is O(e71/#) for the current value of e. For the final ¢, it holds that ¢ =~ [Ju —

k —1 —1
In, W llea(w), and so #opsy,y S Sh_y [u—Ta,wa, [l o) S lu—Ta,wa, [0

In the unconstrained approximation setting, in [5] an approximate matrix-vector
multiplication routine APPLY was developed for approximating Alx, wa,. It con-
sists of an approximation scheme for the columns of A with accuracies that are
increasing as function of the modulus of the corresponding entry in the input vec-
tor. Assuming a sufficient near-sparsity of A and that of wa,, the latter in the
sense that supy, |[Ia, Wa, |4s < 00, the cost of the APPLY-routine with tolerance /2
satisfies (4.8). The sufficient near-sparsity of A follows from the smoothness of the
coefficients p; of the differential operator, together with the smoothness and the
vanishing moments of the wavelets, whereas sup, |[Ia, Wa, |4 < oo is a consequence
of u € A® and the convergence of (Ix, wa,)r towards u with rate s.

Usually, approximating f does not pose any problem. From the aforementioned
near-sparsity of A, it follows that if u € A%, then f = Au € A°.

The application of APPLY turns out to be quantitatively expensive, and there-
fore we searched for alternatives. In the accompanying paper [15], we develop
an alternative scheme that applies with multi-tree approximation, and with piece-
wise polynomial univariate wavelets that are contained in H?(0,1). Instead of
approximating f and AT, wa, separately, with A(v)(w) := a(v,w), the idea is
to find a finite representation of both f and A((Ia,wa,) DW¥) in some common
auxiliary tensor product basis, facilitating the approximation of f — A, wa, =

[(f - A((IAkwAk)TD‘P)) w’\)hev
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For general f € H~1(0), the existence of such a finite representation can actually
not be expected. But, as will be shown in [15], it can be approximated in H~!((J)
within tolerance e from the span of O(¢~1/#) of these auxiliary basis functions. From
this, it will follow that there exists a multi-tree Akj) Ay with #f&k < H#Ag +5’1/5,
and

(I =15, Rz, )& = ALy wa)lleawy < n/2H5, Bx, (f — ALy wWa)lle(w) + O(E).

Theorem 3.1 shows that Rz AJx,wa, can be computed in O#A) + #Ay)

operations. So under the assumption that Rz f can be evaluated in O(#Ak)
operations, we have that the cost of the evaluation of the approximate residual
ri = Ix, Rz (f—Alx, wa,) satisfies (4.8). Upon replacing e by ¢/C for a suitable
constant C' > 0, its error is bounded by /2 4+ 7/2||rx|¢, (v)-

From the fact that the previous approximate residual ry, so with ¢ reading as
2¢, apparently satisfied € + 1/2([Tx||¢,(v) > ﬁ?kang(v), an elementary analysis
shows that £/2 4+ n/2||ry||¢,(v) =~ €. We conclude that this approximate residual
evaluation satisfies the condition for optimal computational complexity.

Other than with the APPLY routine, the approximate matrix-vector product
Rz Alx,wa, depends linearly on wa, € l2(Ay), and we expect it to be quan-
titatively much more efficient.

In the simple case that f has a representation with finite, “small” support in the
auxiliary tensor product basis, as with our forcing function f = 20, the definition
of the multi-tree ]&k reads as

(49) Ak = {)\ eV: 3/1, € Ay
8.t Vi, [Ni| < || + € A dist(supp by, , supp ey, ) < 0271
with the constant C' from Lemma 2.1.

4.3. Numerical results. We use the AWGM to solve (4.1) numerically, where we
focus on the computational cost of the application of Ry AIp, for the Galerkin
solves, and that of Rz Ala, and on the structure of the adaptively computed multi-
trees A. For the implementation we used the C++ library LAWA ([19]).

Within our numerical experiments, it has turned out that £ = 1 in the definition
of A = Ay, from (4.9) for the approximation of the residual is sufficient. We set the
bulk chasing parameter p from (4.6) to u = 0.4 and solve arising Galerkin system
(4.5) in each iteration approximately within the relative tolerance |1z, (AA,Wa, —
falles(w) S wllri-1lley(w) with w =0.2.

In Figure 1 (a), we show the computed numerical solution for (4.1) obtained by
the adaptive scheme. For comparison, we also solved (4.1) with an optimized sparse
grid with v = 0.2. The convergence of both the optimized sparse grid method and
the AWGM can be found in Figure 1 where we show the ¢3(V)-norm of the residual

Irelles (o) = If = ALa,Wa, llescw) = llu = (Ia, wa,) D@10
Observe that the AWGM realizes the optimal rate d—1 = 2, whereas the non-adaptive
optimized sparse grid method converges at the reduced rate % + % =1.

In Figure 2, we show the computation times for the adaptively created multi-
trees that occurred during the adaptive solution of (4.1). We consider exemplarily
X ® M. Observe that the computation times for the application of Ra (X ® M)Ix
as well as for the application of R5 (X ® M)I4 scale linearly with the corresponding
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10 Adaptive scheme ——
10t F Optimized sparse grid ---+-- 1
1.5 102
1 10
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0 10°
106 |
107
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10 10t

FIGURE 1. Numerical solution for (4.1) (left), and convergence
of ||rx||¢,(w) for the adaptive scheme as well as for the optimized
sparse grid method (right).

number of degrees of freedom. We also show the ratio “time [in milliseconds] per
degree of freedom” (in a log-scale) which is asymptotically constant.

10 10* 10

9 L

8r z z
=y 7 0 = =y 0 =
‘2‘ 6 10 § & 10 é
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é 5 [ E %)
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107 107

S 3 z © 2

2 o 8}

1L | ,

0 /;) v v 19-2 0 v s By 18-2

0.0010 2.000 4.0010 6.0010 0.010° 5.010° 1.000° 1.510° 2.0110

N N
(a) RA(X @ M)Ip, N :=2-#A (b) R;\(X®M)IA,N::#A+#A

FIGURE 2. Computation times in seconds (solid line) and compu-
tation time in milliseconds per degree of freedom (dashed line) for
the indicated matrices.

Finally, we show some of the computed multi-trees computed by the AWGM, and
compare them to the ones from the optimized sparse grid scheme in Figure 3. We
observe that the adaptive scheme automatically resolves the singularities at the
corners, where the optimized sparse grid scheme due to its construction spends too
few degrees of freedom. In Figure 4, we show instances of the one-dimensional trees
for both methods. We fix the (one-dimensional) index u that corresponds to a
scaling function index at the left boundary and consider the (one-dimensional) tree
A_e, ,- Here, each rectangle represents one wavelet index A € A_¢, , and indicates
the level of A\ as well as the position of the support of 1) relative to the supports
of the other wavelets on the same level. We observe the adaptive refinement in the
corners where the solution u is singular. In contrast, only few wavelets are required
in the interior of the domain where the solution is smooth.
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FIGURE 3. Visualization of the multi-trees arising from the adap-
tive scheme (left) and from the optimized sparse grid scheme with
~v = 0.2 (right) for the indicated numbers of degrees of freedom. A
cross (+) refers to the barycenter of the support of ¥y, ® ¥x,.
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