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Abstract

Both practice and analysis of adaptive p-FEMs and hp-FEMs raise
the question what increment in the current polynomial degree p guar-
antees a p-independent reduction of the Galerkin error. We answer
this question for the p-FEM in the simplified context of homogeneous
Dirichlet problems for the Poisson equation in the two dimensional
unit square with polynomial data of degree p. We show that an incre-
ment proportional to p yields a p-robust error reduction and provide
computational evidence that a constant increment does not.

1 Motivation and statement of the result

High order finite element methods (FEMs) exhibit exponential convergence
for elliptic problems with piecewise analytic data, and thus have become
the methods of choice in computational science and engineering for such
problems. The seminal work of Babuska and collaborators [1, 15, 16] has
established the mathematical foundations for the a priori design of meshes
and distribution of polynomial degrees, and proved exponential convergence
for corner and edge singularities. In contrast, adaptive hp-FEMs hinge on a
posteriori error estimators, which help determine whether it is more conve-
nient to locally refine the mesh or increase the polynomial degree to improve
the resolution. Although exponential convergence is observe experimentally,
it has never been proved rigorously with the exception of [9)].

Our adaptive hp-FEM of [9] hinges on a coarsening module due to Binev
[6], which in turn guarantees instance optimality and thus exponential con-
vergence. As any other adaptive hp-FEM, ours also has a module to reduce
the PDE error by a fixed fraction for piecewise polynomial data thereby



avoiding data oscillation. Such module in [9] relies on the a posteriori error
estimator of Melenk and Wohlmuth [17] for dimension d = 2 and does not
possess optimal complexity. In [10] we turn to the equilibrated flux resid-
ual estimator of Braess, Pillwein and Schéberl [7], and Ern and Vorahlik
[13, 14], and show that the issue of optimal complexity reduces to study-
ing three model problems with polynomial data in the reference triangle for
d = 2. We present overwhelming computational evidence in [10] supporting
the fact that to reduce the Galerkin error by a fixed factor, the polynomial
degree p must be increased by an amount proportional to p.

In this paper we take over this question again in a further simplified
setting and give a rigorous answer. We consider the Poisson equation

—Au=f inQ, u=0 on 01, (1.1)

over the unit square Q = (—1,1)? of R? with polynomial f of degree p.

Let us first introduce some notation. Let I = (—1,1) be the reference
element so that Q2 = I?. For p > 0, let P,(2) denote the space of polynomials
of total degree < p restricted to 2, and let V, := P, () N H} (). Since the
latter space reduces to {0} for p < 4, we will consider it only for p > 4. We
equip H{ () with the energy inner product (-, Jai) = (V- V) 2(a) and
resulting norm || - || i (@) Analogous definitions apply to H(I).

Given any f € P,(2), let u = u(f) € H}(Q2) be the variational solution
of (1.1), i.e.,

(w,0) i) = (fiv)2 Wwe Hpy(9). (1.2)
For any ¢ > 4, let uq = uq(f) € V4 be the corresponding Galerkin projection
of u onto Vg, i.e.,

(ug:vg)mia) = (fivg)rzi) Vv €V (1.3)
We are interested in finding sufficient conditions on ¢ = ¢(p) > p so that
lu = ugll (o) < allu = upll g o) (1.4)

for 0 < o < 1 independent of p. If (1.4) holds, we say that the error
reduction is p-robust. In view of Phytagoras equality

|u — up”?{&(g) = |lu— UqH?{é(Q) + H“q - Up”?qé(g)) (1.5)

which is a consequence of Galerkin orthogonality u, —u, L u—u, in H} (),
we see that (1.4) is equivalent to the following saturation property

V1=a?|lu—uplgia) < llug — upllgi o) (1.6)



We next observe that (1.6) is equivalent to the simpler saturation property

V1=a?lullgiq) < llugll gy ) (1.7)

To see this just define v := u — u, € H}(S2), which is the solution of (1.1)
with polynomial forcing f — Au, € P,(Q2) and Galerkin solutions v, = 0 and
Vg = Ug — up. We aim at establishing the following rigorous result.

Theorem 1.1 (saturation property). There exists a constant C > 0 such
that for all X > 1, any mapping p — q = q(p) satisfying q(p) > max(Ap, p+4)
yields

A
||u||H3(Q) < C/\ — ||uq||H5(Q) for all p>0 and f € Pp(Q2).  (1.8)

Since most Ap-FEMs in the literature perform p-enrichment upon adding
a constant increment to p, typically 1 or 2, one may wonder whether the
preceding sufficient condition on ¢ is also necessary. We now investigate this
question computationally upon defining

el 2 ()

= max T
U= o) [ugll 2 ()

where r > ¢ is chosen computationally so that w, is sufficiently close to u
in H}(9); note that this is not a hidden saturation assumption because the
value of r is not predetermined but found once the number C, 4, stabilizes.
This calculation reduces to an eigenvalue problem, already used in [10], and
leads to Figure 1 for ¢ = p + k with &k = 2,4,6,10: We thus realize that
Cp,q,r exhibits a modest but linear growth on ¢ = p+k for k constant, which
confirms that this choice is not p-robust. For moderate values of p this might
still be acceptable computationally, but it could compromise computational
complexity for extreme values of p as in spectral algorithms [8].

Even though the saturation property is quite delicate, it has been often
used in a posteriori error analysis of low order AFEMs until now. It orig-
inates in the work of Bank and Weiser [2], and Bornemann, Erdmann and
Kornhuber [3]; see Nochetto [18] for related work. Dorfler and Nochetto [12]
proved the saturation property for p = 1,¢ = 2 and d = 2 provided data
oscillation is small relative to [|u — up|| 1 () but showed counterexamples for
piecewise constant forcing f.

We stress that (1.8) is not asymptotic: it is valid for any p > 0 and any
f € P,(Q). Since ug; — u in HY(Q) as ¢ — oo it is obvious that Cp 400 — 1
as ¢ — oo. It is for this reason that Theorem 1.1 has some intrinsic value in
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Figure 1: Constants Cp 4, vs ¢ = p + k: blue £ = 2, orange k = 4, yellow
k = 6, violet k = 10. The dependence is clearly linear rather than constant
but the growth is moderate.

the theory of FEMs and might have implications beyond a posteriori error
analysis.

The proof of Theorem 1.1 proceeds as follows. We perform a multilevel
decomposition of V,

W, (1.9)

V, =
j=1

J
where W, are polynomial subspaces of total degree j. Since this decompo-
sition is quasi-orthogonal in the sense that

W; LW, foralll#j—2,57+2,

q

we need to account for interactions between neighboring spaces W;. We
study the angle between subspaces W; and show it is larger than 7 /3; this
is the content of Proposition 2.2. This in turn allows us to find the precise
decay of high frequency modes of u,, which leads to (1.7).

The paper is organized as follows. In section 2 we introduce the multi-
level decomposition (1.9) and discuss a few properties including Proposition
2.2. In section 3 we analyze the decay of high order components of u,,
whereas in section 5 we prove Theorem 1.1. We conclude in section 6 with
the proof of the rather technical Proposition 2.2.



2 Multi-level decompositions of polynomial spaces

Hereafter, we recall the definition of classical polynomial bases in L?(Q)
and in H}(Q), obtained by tensorization from corresponding bases in L?(T)
and in Hg(I), where I = (—1,1) is the reference interval. The elements of
theses bases enjoy certain orthogonality properties, by which a multi-level,
quasi-orthogonal decomposition of H{ () is obtained. This will be useful in
deriving the main result of this paper.

On the interval I, we consider the orthonormal Legendre basis in L*(I)

Oy(x) = \/k+ 3 Li(z), k>0, (2.1)

(where Ly stands for the k-th Legendre orthogonal polynomial in I, which
satisfies deg L = k and Li(1) = 1), as well as the orthonormal Babuska-
Shen (BS) basis in Hg(I):

or(z) = \/ﬁ/xl Li_1(s)ds
1

- \/ﬁ@k_g(x) — Li(z)), k>2.

The BS basis enjoys the following orthogonality properties in L?(I) for m >
k:

(2.2)

(2k73)2(2k+1) ifm=k,
_ 1 : _
0 otherwise.

On the square 2 = I x I, the previous bases induce, resp., the tensorized
orthonormal Legendre basis in L*(Q):

Ok(z) = Vg, (21)Vpy(22), Kk EX, (2.4)
where k = (ki, ko), = (21, 22) and K = N2, and the tensorized Babuska-
Shen basis in H} ():

Pp(z) = on, (T1)pry (2), k€K, (2.5)
where X = {k € N? : k; > 2 fori=1,2}.

The tensorized BS basis is not orthogonal in H}(2). Indeed, from the
expression
(k> Pr) 1 () = (Phys P ) 13 (1) (Phz» Pma ) 12(1)
+ (‘Pk1790m1)L2(I) (@k27 QOmz)Hé(I) )



and (2.3) we immediately obtain

. k1 =mq and ko — mo € {—2,0,2}, or
(@, i) gy 20 iff ¢ 2= msz €4 ; (2.6)
0 ko = mg and k1 — mq € {—2,0,2}.
As a consequence, denoting by |k| = |k1| + |k2| the £-norm in Z2, we have
(s ®u) ey =0 if [kl — m| ¢ {~2,0,2}. 2.7

At last, concerning the interaction between the Legendre basis and the
BS one, we have

(@k, (bm)LQ(Q) 75 0 iff k1 € {m1 — 2,m1} and ko € {mg — 2,m2}, (2.8)

which implies
(O, (Pm)LQ(Q) =0 if |k—m|>4. (2.9)

Remark 2.1 (orthogonality by parity). Any function v € L?(£2) can be split
uniquely into four components

v= Y 0% (2.10)

ae{0,1}2

where v for o = (a1, ) is even (odd, resp.) with respect to the vari-
able x; (i = 1,2) iff @; = 0 (oy = 1, resp.). For instance, v(%)) satisfies
v(o’l)(—xl,@) = v(o’l)(:rl,:nz) and v(o’l)(xl,—xg) = —v(o’l)(xl,xg) for all
(331, xg) e Q.

Components with different parity indices are always L?(Q2)-orthogonal,
and H{ (Q)-orthogonal whenever v € Hg(Q). In particular, as a consequence
of (2.6) and (2.8), we observe that (®y, @m)Hé(Q) =0 and (O, Pm)r2(0) =0
whenever k and m have at least one entry of different parity.

2.1 Detail spaces and their projectors
For j > 4, let us define the finite dimensional subspace of H{ ()
W; = span{®, : |k| =j} . (2.11)

Note that, thanks to (2.6), the functions ®j, that generate W; are mutually
orthogonal in H}(Q2). We immediately have the multi-level decompositions

q 00
V= @Wj for all ¢ >4 and H}(Q) = @Wj . (2.12)
j=4 j=4



Such decompositions are ‘quasi-orthogonal’, in the sense that by (2.7) we
have
W; LH&(Q) Wy forall £#7—2,7,7+2. (2.13)

Furthermore, the ‘angle’ between two non-orthogonal subspaces is uniformly
bounded away from 0, as implied by the following technical result, that will
be crucial in the sequel. We postpone its proof to section 6.

Proposition 2.2 (angle between W;_o and W;). Let P; : Wj_o — W,
(j > 6) be the orthogonal projection with respect to the H} (Q)-inner product.

Then,
1
125 llew; o) < 5-

Actually, there exists a constant ¢ > 0 independent of j such that
1 c
IPllon, 2wy < 5 (1= ) -

Note that the orthogonal projection Pj* : W; — W,_a, given by the
adjoint of P;, satisfies the same estimate.

3 Decay of the higher-order components of the
Galerkin solution

Given f € Py(€2), let uy € V, be the Galerkin solution defined in (1.3), and
let uy = 2?24 Uj, with U; = Uj(q) € W;, be its multilevel decomposition
according to (2.12). The purpose of this section is to prove that for any ¢
sufficiently larger than p, the Hg(Q)-norm of U, and U,_; decay at least
proportionally to the quantity (¢ — p)~!. The precise result is as follows.

Proposition 3.1 (decay of Uj). For anyp >0 and ¢ > p := p+4, one has

1Ujll 3.y < gl 3 02y > J=¢,q—- L (3.1)

q—p
Proof. We first observe that the parity splitting (2.10) of the forcing f in-
duces by linearity a corresponding splitting of the Galerkin solution u, as
well as of each of its multi-level details Uj, which is nothing but the parity
splitting of u4 as well as of U;. Therefore, thanks to the orthogonality of the
components with different parity (cf. Remark 2.1), it is enough to establish
(3.1) for each component separately, and then sum-up the squares of both
sides invoking Parseval’s identity.



For the sake of definiteness, we will focus on the components of (even,

even) type, the other types being amenable to a similar treatment. Thus,
referring to (2.10) for the notation, we consider the component ugo,o) of

u, (which solves (1.3) for the forcing f(%9)), as well as its details U;O’O) €

WEO’O) = span{®, : |k| = j and k1, k2 are even}. We aim at proving that

for¢>p+1andje{g—1,q}

HU§°’“) HH(} Q)

(0,0)
1U; " N g ) < P

However, it is easily seen that U q(o_,g)) = 0 if ¢ is even, and similarly Uéo’o) =0
if ¢ is odd. Hence, we will prove

6

U(O’O) 1 <
U g ) < -

HUS;O’O)”H(}(Q) (3.2)

under the assumption that g is even, the other situation being similar.
To avoid cumbersome notation, for the rest of the proof we will drop the
superscript (%9 from all entities. So, we will write

u =3 U;  with Uj e W,

where here and in the sequel the symbol  indicates that the summation runs
over even indices only.
From the Galerkin equations, we have for any even j € [4, ¢|

(ug: Wil ) = (s Wy 2 (o) for all W; € W; . (3.3)
Since ¢ > p + 1, exploiting (2.7) and (2.8), (3.3) yields
Ue: Wo) i) + (Ug—2, W) pa oy =0 for all Wy € W , (3.4)
which can be rewritten equivalently as
Ug=—T; ' PyUg—2 (3.5)

where T; = I and P, is defined in Proposition 2.2.
For any even j satisfying p+ 2 < j < g — 2, (3.3) yields

Ujwzs Wi) iy + (Ui Wi) i) + (Uj—2, Wj) iy = 0 (3.6)



for all W; € W;; this is equivalent to ProUjro+Uj+ PiUj—2 = 0. Assuming
by induction that Ujys = —T; 5 PjyaU; with [T, 5] < 2 (which is trivially
true for j = ¢ — 2 according to (3.5)), gives

(I = P{ s T 5 Piia)Us = —PiUj .

Using Proposition 2.2, the operator

Tj =1~ P}y T 5P (3.7)
is invertible and satisfies
177 < ey (3.5)
1— 7T 5
We conclude that
Uj = =T, ' PiUj . (3.9)

with ||T]_1|| < 2, which proves the induction argument for all even j satis-
fyingp+2<j<qg-—2.

Next, we have to bound the norm of U;_» for j = p+4 when p, hence p,
is even, or for j = p + 3 when p is odd. It is therefore convenient to define
the even integer

' p=p+4 if p is even,
" p—1=p+3 ifpisodd,

so that in both cases, we have to bound HUT+2‘|H6(Q). To this end, let us
introduce

VOO = AW, o= Y Uy e VOO
j=4 j=4

note that @, # u, because U; = Uj;(q). Then, in view of (3.3), we deduce

q
/
(’17,7« + Z Uj,’l}T)H&(Q) = (f, UT)LQ(Q) for all Vy € '\71(})70) N (3.10)
Jj=r+2

q
. ! _ * (070)
which, thanks to ( Z Ujsve) i) = (PP Urg2, vr) g1 gy for all v, € Vi,
j=r+2
implies that
Uy + PXUpto = uy.
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We observe that (3.6) is also valid for j = r+2. Since (Up, Wy42) g1 () =
(U, WT+2)H3(Q) we obtain

(Urta, Wrs2) gy + (Urg2, We2) gy + (r, Weg2) gy =0 (3.11)

and
Tr+2Ur+2 = - r+2ar

as it happened with (3.9). This implies
(Tri2 = Pri2P)Upi2 = —Pryouy (3.12)
which in view of (3.7) yields
(I - Pry T Prys — PopoPH)Ur g = —Pryou,. (3.13)

Since ||P:+4Trjrl4Pr+4 + PoP|| < 21 + 1 = 3, thanks to Proposition 2.2
and HTT_+14H < 2, we conclude that

1 1
[Urs2ll 10y < @§HUTHH6(Q) = 2||ur|l g2 0y < 2llugl o)

where last inequality follows from the inclusion \79’0) C \7((]0’0) and the mini-

mization property of the Galerkin solution.
Collecting the above results we arrive at

Uj=-T;'PUj-s  r+4<j<q (jeven), (3.14)
1Urs2ll 10y < 2llugll g1 (o)-

For ¢ > p + 4, this implies

q q
/ _ / _
ol < TT 175 PilllUrs2ll oy < 2lugllmoy [T 175" Pill-
j=r+4 j=r+4

In order to bound the product on the right-hand side, let us write j = ¢—2m
with m = 0,1,...,s and s := %(q — 1) — 2. Then, by Proposition 2.2, we
have HTj_leH < %HTJ_lH =! Q. Recalling (3.8), it holds

1

ay < = with oy <
11— %am—l 2— am—l,

N[ =

1
5 -
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By recurrence, it is immediate to check that «,, < %, whence
T 2 S m+1 1 2
TP < T] am < = = :
H H] ]H—H m_Hm+2 S+2 q_',"

Since ¢ > p+6 if pis even and ¢ > p+5 if p is odd, it is easily checked that

2
2 _ {(q—g)—4
=" =3

This gives the desired estimate (3.2). O

if p is even,

if p is odd.

[VANRVAN
-3k
hS]

R
3

4 A subspace decomposition in H{(Q)
Consider the complementary space of V, in HZ () given by

Vg = closgi gy span {®r, : [m| > q}. (4.1)

Therefore, Hj(Q2) =V, & V¢ and any v € Hg(€2) can be split as
v = vg + 24, vg € Vg, 24 € Vg

The purpose of this section is to apply once more Proposition 2.2 and derive
a bound on the norm of v, and z, in terms of the norm of v.
We start with the following auxiliary result for any w = Z?: Wi eV,

Lemma 4.1 (bound of HWqHH(}(Q)). For any q > 4 and any w = ?:4 W; e
Vg, one has
IWall 73 0y < V20wl 0y -

Proof. As in the previous section, splitting w and W, in their orthogonal
components according to the parity of the basis functions, it is enough to
establish the result for each component separately. Hereafter, we detail the
analysis for the ‘(even, even)’ case, in which case we may assume ¢ even,
since otherwise Wq(o,o) = 0 and the result is trivial.

Dropping as above the superscript (%0 in functions and subspaces, we
write w = W + W, with

2
/

W=>3 WeV,

q

Jj=4
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Keeping W, fixed, let us first minimize the norm of w, i.e., let us look for

the minimizer W € V,_5 of the quantity ¥ (W) := ||W + Wq||§{1(9). Such a
0

function satisfies

(W, Y)Hé(ﬂ) = —(W(p Y)Hé(ﬂ) forall Y € Vq_Q (42)

and
‘IJ(W) = ||Wq”§101(9) + (quw)Hg(Q) . (4~3)

Using the orthogonality conditions (2.7), we obtain the sequence of equations
(W4’Y4)H3(Q) + (W, Y4)H01(Q) =0 for all Y, € Wy ,

and

(Wi—2, Y uyy + (W5, Yi) i) + Wita, Yi)pa) =0 forall Y € W;

for any even j such that 4 < j < g — 2, and finally

Wo-a,Yg-2)mp ) + W2, Yg2) i) = —(Wo, Yg—2) (0
for all Y,—o € W,_o. Setting recursively Ty = I and T} = (I—PjTj:gP;), we

derive Wj = =T ' Pf, ,Wjia for j = 4,6,...,q—4, and Wy_o = =T, ", P;W,.

Note that, thanks to Proposition 2.2, one can prove as in Sect. 3 that
||171|| < 2 for all 5. Since

(an V_V)H(%(Q) = (th V_Vq—2>Hg(Q)
= (Pq*W(b WQ*2)H(%(Q) = _(P(;(Wﬁb T(;—IQP;WCI)H&(Q)a
using once more Proposition 2.2, we deduce

(PyWa, T Py W)y < TIPS 1P IW gl 7 o

1\* 1
<2(5) Wil = 1Ml -
In view of (4.3) and the preceding estimate, we conclude that
- 1 1
||w”§15(9) = ‘I’(W) > ‘I'(W) > ||Wq”§15(g) - 5““@”?{3(9) = §||Wq”%]é(ﬂ)

)

for any w € \7510’0 , whence the asserted estimate follows. O

We now establish the main result of this section.



13

Proposition 4.2 (control of |24/ g1 (q)). There exists a constant Cy > 0
such that for any ¢ > 4 and any v = vg + 2 € Vg & Vg, one has

124/l 2 (0) < C2a vl g3 (0)- (4.4)
Proof. Using |[zqllg1) < vl + lvallm(ay, it is enough to prove the
existence of a constant C% > 0 independent of g such that for all v € HZ(Q)
lvall sz ) < Caallvllzy o) - (4.5)

To this end, let us focus as above on the ‘(even, even)’ components of v
and vy, in which case it is not restrictive to assume ¢ even, and drop the
superscript 0.9 in functions and subspaces. Let us fix any even integer
r > ¢ and assume first that v € V, is written as v = v, + V, with

T T
/ /
V=> Vie P W,
Jj=q+2 Jj=q+2

By applying the same technique as above, i.e., minimizing the (squared)

norm V(V) := |lvg + VH%&(Q), we find that

HUH?{é(Q) =¥(V) > ‘IJ(V) = ||Uq|ﬁ{3(g) + (Uan)H(}(Q) ) (4.6)
where the minimizer V = ZI V; is such that V1o = —T, qul2]5q+2vq, for
J=q+2

Ty+2 defined recursively by (3.7) with T, = I, and P,io : H}(Q) — Wyia
defined as the orthogonal projection in the H{ () inner product. Now,

(vg, V)mi) = (g, Var2) g ) = (Pavavg, Var2) g1 (o)
= —(Py+2vq; Tq_—FlQPQ+27}Q)Hé(Q)
with
‘(pq+2”qvTq_-s-l2]5q+2vq)H3(Q)‘ < HTq_-s}QH ||pq+2vq||%{3(g) < 2||]5q+2vq||§{3(9) .
q

/ ~ ~
Writing vy = Z V;, one has Pyiovy = Py12V, = P42V, whence by Propo-
j=4

sition 2.2 with £; = ¢j 2 and Lemma 4.1 we get
~ 1
1Pg+2vq ]l 1130 = 1 Par2Vallmy ) < 5 (1 = eqr2) IVall g
1

< ﬁ (1 —¢eg+2) ||Uq||H3(Q) )
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which gives
|(Pyravg, T, 5P +20g) i (ey| < (1 — eqt2)’ HU‘IH?—[(%(Q) :
Then, from (4.6) we obtain
HUH?{&(Q) > eq2(2 — €Q+2)HUQH%{3(Q) )

which immediately yields (4.5) for all v € V, = VOO and all r > q.
The same result holds for all other combinations of parity indices; hence,

it holds for any v € V,. Since polynomials vanishing on 92 form a dense
subset of H{ (), we conclude that (4.5) holds for all v € HE(Q). O

5 Proof of Theorem 1.1

We actually prove the equivalent condition

Ju — Uq”Hl Q) ~ ||UqHH1 Q)
and for that we write

(v — ug, v) 1 (o)

v = ugll g1 o) = sup
H, (€2) vEHE(Q), v£0 101l 2 (0

As in the previous section, let us split any v € HZ(Q) as v = vy+z, € V,®Vy,
where V¢ is given by (4.1). By the Galerkin orthogonality and the definition
of u, we have

(u — g, v) 1) = (v — ugs 2) ) = (f> Zg) 12(0) — (Ugs 24) 1 (@)-
Recalling (2.8) and the condition ¢ > p, we have (f, z)r2(q) = 0, hence
(u —ug, U)H&(Q) = —(ug Zq)Hg(Q)-

Now, recalling (2.12), we expand the Galerkin solution u, as ug = Z?: 1 Uj.
Invoking (2.7), we get

(uqg, Zq)Hg(Q) = (Ug—1 + Uy, ZQ)H(}(Q)'
Applying Propositions 3.1 and 4.2, we get the following bound

(u—ug,v) g1y < C'1C2 HuqHHl @1l 1)

Since for ¢ > Ap, the relation ﬁ < ﬁ holds, and the proof is complete.
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6 Proof of Proposition 2.2

We establish the bound || Pjtallcow; w, ) < %(% — ]%) for any j > 4. This
will be achieved through various steps: we bound [|Pj2(|cow;w;..)
tion 6.1 by the £*°-norm of a suitable matrix; in sections 6.2 and 6.3 we
characterize such an £*°-norm and show that the desired bound reduces to
certain properties of a suitable function; we finally analyze such function in

section 6.4. This analysis is computer assisted.

in sec-

6.1 Bounding the operator norm by a matrix norm

Recalling the definition (2.11) of the subspaces W; as well as Remark 2.1, we
can split each W; into its two nontrivial orthogonal components according

to parity; precisely, if j is even we have W; = W§0,0) & Wg»l’l), whereas if j
is odd we have W; = ng,o) S5) W§0’1). Furthermore, again by orthogonality
it holds Pjy2 € LW, W1 ,) for any a € {0, 1}2; hence, our target result
can be achieved by considering each parity component separately. Here-
after, we will analyze the case j even and a = (0,0), i.e., we will bound

| Pj42l| - 10(0.0) 10(0,0),; the other three cases can be treated similarly.
ITelle (Wi o wity))

Let us set dj := dim Wgo,o)’ note that d; = 4 —1 because j = |h| = h1+hy
with h1,he > 2 even, and let us introduce the normalized basis functions
O, = <I>h/||(I>h||H&(Q). For the sake of definiteness, let us order the basis

( (0,0)

functions in each 'W jO’O) by increasing the first index k1. Any v € W™ is

represented as

/ A
v=Y opd, with vi=(0,) € RY;
Ih|=j

the summation symbol means that only indices h = (hi, h2) with even com-
ponents are considered. Similarly, any w € Wg&g) is represented as

/ N
w = E WP with  w = (W) € R%+2,
k| =j+2

Therefore, if w = Pj;ov, then w = AJTV, where A; € R%*dj+2 ig the matrix
whose entries are

apg = ((i)hv(i)k)Hg(Q) for |hl=j, [k]=j+2,
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and hi, ho, ki, k2 even (recall that the ®5’s that span WS-O’O) form an orthog-
onal basis for this space). Note that A; is a sub-block of the (even, even)
block A%? of the stiffness matrix A for the normalized Babuska-Shen basis
in H}(€2). More precisely, denoting by I, € R% >4 the identity matrix of
order dj, we have A%0 = tridiag (AT ,, I;, A;) (with j > 4).

i-2
Now, one immediately has
P; = AT, = llAls = || P*
142l g g0 yooo) = 145 ll2 = [1Asll2 = [1Pfsall 1 yy00) yotom,

(where || - ||, denotes the p-norm of a matrix), which together with the
inequality ||A;ll2 = p(AjA]T)l/2 < HAjA;‘.FH<1X/32, yields the bound

P; < ||A;AT/2 6.1
| ]+2HL(W§‘070)’W§2¢2))*H iAG S (6.1)

6.2 A first expression for the matrix entries

In order to compute the norm on the right-hand side of (6.1), we observe
that A; is a bi-diagonal matrix by condition (2.6). In fact, for any index h
with |h| = j the only indexes h', i’ with |/| = |h”| = j + 2 that give rise to
entries ay, jy and ap, p different from 0 are b’ = h+(0,2) and " = h+(2,0).
The explicit value of these entries is computable via the following formulas
(in which all inner-products and norms are those of H}(£2)):

o ((I)mq)h,) 2 2 ((I)hyq)h“)
appy = (P, Ppy) = anpr = (P, Ppr) = —r—0
TN [ @n | [[@n
with
1
®h7 (I)h/ - = ’
( ) (2hg +1)y/(2h2 — 1)(2h2 + 3)
1
Pp, Ppr) = — ’
( ) (2h1 +1)y/(2h1 — 1)(2h1 + 3)
and 2 2
Oy =
@] (2hy — 3)(2h1 + 1) + (2hg — 3)(2hg + 1)’
whence 9 2
Dy |2 = + ’
1@ | (2h1 — 3)(2hy + 1) ' (2hy + 1)(2hy + 5)
2 2
(I) " 2 == + )
[ || (2h1 +1)(2h1 +5)  (2hg — 3)(2hy + 1)
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Since 2 < hy < j—2 (hy even), it is convenient to set n := 5 and hy := 21,
with 1 <1i < n—1; consequently, ho := j—hy = 2(n—1). Substituting these
expressions in the previous formulas, we obtain

) =~ T T
(B, Prer) = o 1)\/(41'1— D@it3) b
and
12" = 5= 3)2(42' 0 T G = 3)2(4(n ot
2 = (4i — 3)2(41' N T 1)2(4(n —)+5) Vi
I = 1)2(4i +5) @ —1) - 3)2(4(n —H+1n "

Note that b; = ap—; and ¢; = ¢p—;, M; = Yp—;. Hence, for 1 <i<n—1,

a; bl Gn—i
Aj)ii = —7== =1 0, Aj)iit1 = - = On—iy
(A;j) Nz (Ag)iit Vo \/on—itn—i

i.e., Aj = bidiag (J;, 6,,—i). Consequently, the nonzero entries of the matrix
AjA;‘-F € R%*4% are
(AjA]T)i,i—l = 0;0n—i+1, (AjA;‘-F)ii =67 + 42 (AjA;F)z‘,iH = 0i+10n—i,

n—i»
ie., AjAT = tridiag (6:0,—i+1, 67 +02_;, 6:4180—i). Let us denote by s\’
T

i which are all

the sum of the entries in the i-th row of the matrix A;A
non-negative. Setting for convenience §, = 0, we thus have

s = §:0n i1+ 02+ 062+ 6ip1bns,  1<i<n—1. (6.2)
It is easily seen that SZ(-j ) — sgzz for 1 <4 < 5. Since
AT = ()
HA]A'j ||OO 151?2;(715’ ) (63)

in view of (6.1) we are left with the problem of proving the existence of a
constant C' > 0 such that
C

max S(j ) < 5

1<i<n—1 t =

for all j > 4; (6.4)

AN
<
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indeed, thanks to 4/ i —x < % —zx forz < %, we obtain Proposition 2.2 with
c=C.

A direct computation shows that sgj ) and 5521 satisfy the bound in (6.4)
for a suitable C, because sgj) = sﬁfll < i for all j > 4 and sgj) — % as
j — oo. Thus, in the sequel we focus on the rows indexed from 2 to n — 2,

for j > 8 (i.e., n > 4).

6.3 A second expression for the matrix entries

We now apply a change of variables. Observing that all quantities a;, ¢;,
Vi, mi, 0; defined above depend upon 4i or 4(n — i) for 2 < i < n — 2, we
first set I := 4i and N := 4n > 16. To introduce the new variables (t,7),
we first go back to the original range 1 <i<n—1,ie. 4<I <N —4, and
parametrized I as follows

I=41—t)+ (N -4t =4+Rt, 0<t<1,
with R := N — 8 > 8. Similarly, we write
N — I =4+ Rr, T=7(t):=1—1t.

At last, we introduce the second parameter r := }% < %. With these notation
at hand, we easily obtain the following expressions for a;, ¢; and ;:

1 1 1
ai = R (1 +3r) (1 + 5r)2(1 + 7r) = ﬁA(t’ ),
1 2 2 1
%= R ((t+r)(t+5r) * (T+r)(7+5r)> = B,

1 2 2
Vi= g <(t—|—7“)(t+5r) - (T+5T)(T+9r)> = gl

Hence, we arrive at

62 _ CLZZ _ A(ta T)
o qf)ﬂ/]l B B(t,’l“)C(t,T)

Straightforward computations show that

=: D(t,r).

61'2+1 = D(t + 4T7T)7 5121 i D(T,’I”), 572L*7;+1 = D(T + 4T7 T)‘
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We conclude that the sum of the entries in the i-th row of AjA?, given by
(6.2), can be expressed as follows:

—

sV = \/D(t,r)D(r + 4r,7) + D(t,r) 65
+/D(t + 4r,7)D(r,7) + D(r,7) =: S(t,7) '

for 2 < i < n — 2, which is equivalent to 4r <t <1 —4r.

6.4 Bounding the matrix norm

Since the function S(t,r) is symmetric with respect to t = % for any r, we
may restrict it to the triangle 0 < ¢t < %, 0<r< %t. Fig. 2 displays
two plots of the function % — S(t,r), and suggests clearly that S(t,r) < i
whenever r > 0, with a quadratic behavior in r at the origin. However,
establishing such results rigorously is somehow complicated by the fact that
S(t,r) is singular at (¢,7) = (0,0), where it becomes multi-valued.

To remove this singularity, we apply the Duffy transform (t,a) — (¢,7) =
(t,at), which maps the rectangle 0 < ¢t < %, 0<ac< % onto the triangle
0 <t< %, 0<r< %t. Correspondingly, we are led to consider the
function o(t,a) := S(t, at), which turns out to be smooth everywhere in this

rectangle; a plot of the function i —o(t,a) is depicted in Fig. 3.

0.08

’
o H”N
Hw

,

Figure 2: Two views of the graph of the function i — S(t,r) on the triangle
0<t< %, 0<r< %t. Note that S(t,r) is multi-valued at ¢t = r = 0.

With the help of a symbolic manipulator, we obtain, for all ¢ € [0, %],

1 0o o G(t)
o(t,0) = 1 %(t,O) =0, @(t,o) =
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— o(t,a) in the rectangle

1
1

Figure 3: A view of the graph of the function
0<t<3,0<a<i.

where
G(t) := 3t + 96572 —8tTr3 + 16107% + 2447 7° +- 16t 76 — 84377 + 9¢?7% +- 3710,

We note that the polynomial G(t) is strictly decreasing in [0, %] between

G(0) = 3and G(3) = 1. We thus easily see that g%‘;(t,O) < —1for0<t< 3;
hence, by continuity we get the existence of two constants C, > 0 and
a, € (0, %] such that g%’(t, a) < —C, for 0 <t < % and 0 < a < a,. With
these constants at hand, by Taylor’s expansion with Lagrange’s reminder,
we are entitled to write
2
U(t,a):i—I—%(t,&)cﬁgi— L’ for 0§t§%,0<a§a*,

with some a = a(t,a) € (0, a).

By computing the symbolic expression of the function ‘327‘2’(75, a) and by
examining its level sets (via a numerical procedure), one finds that a, safely
satisfies a, > % (see Figure 4). Therefore, going back to our function
S(t,r) = o(t,7), we deduce that

*

S(t,r) <~ — X2 <

B9

—4C,r? for O<r§%t, tg%.

e
=

Recalling (6.5) and using the expressions ¢t = 4r(i — 1) and r =
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Figure 4: Contour plot of %(t, a): the function is negative on [0, 1] x [0, a*]
with a* > %. The thicker curve represents the zero level set

we immediately obtain

Q

*

[\V]

s¥) < for 4<i<

0|3

(6.6)

1=

J

Note that we require the restriction ¢ > 4 to satisfy the constraint

< lt— 7'(' 1) = ) >
r — = — —
1 1 (2

N~

Therefore, we are left with the task of establishing a similar bound for ng )
and s:(,f ) by different means. It is easily checked that for j — oo it holds

sgj) — % < }L and séj) — % < %l, while both ng) and ng) are < }1 for all

j > 8. This implies the desired bound for a suitable constant Cy, > 0.

The proof of (6.4) is thus complete, whence Proposition 2.2 is estab-
lished.
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