Problems 4
1. Show that the requirement that V1" is atensor implies the transformation rule
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2. If the connection is given by the Christoffel symbol, satisfying V,,g.s = 0, prove
Viaprs =0, Vg™ =0, 2
where, if necessary, you may use I'y;, = (9x|g|*/?)/|g|"/*, without proving.
3. Consider the metric of the expanding universe:
ds® = —dt* + a*(t)(dz? + dy® + d2?), (3)
where a(t) isascalefactor. Show that the Christoffel symbol of this metricisgiven
by .
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TG = Tl = Top = Iy = 0, T4 = addy;, Ty = ~3}. (4)
4. (a) Compute the Christoffel symbol I';), for the two-sphere S? with the unit ra-
dius. (b) On this unit sphere, consider the vector A* which is the unit vector in
the 6-direction, at the point (6,¢) = (7/2,0) in polar coordinates. What hap-
pens to the vector if we paralle transport it around the equator, i.e., aong the path

(O(N), (X)) = (m/2,A) for 0 < A < 277 (c) Next, consider acurve which consists
of four segments:

T(A) = (7/2,\)for0 < X\ < Ay,

Y2(A) = (m/2 =X )A) for0 < A < g,

Y3(A) = (72 =X, Ay — A)for0 < A < A,

Ya(A) = (7/2—=X+ X, 0)for0 < A < Ay, (5

where0 < A\ < 2mrand 0 < A\ < 7/2. What happens to the vector A* once we
parallel transport it around this closed path?



