
Problems 6

1. Consider variation of the inverse metric (gµν), δgµν .

(a) Showδgµν = −gµρgνσδgρσ.

(b) By noting thatδgµν is the tensor and also by using∇µgαβ = 0, show that the
covariant derivative of the metric variation satisfies

∇µ(δgαβ) = −(δΓα
µλ)gλβ

− (δΓβ
µλ)g

αλ, (1)

whereδΓρ
µν is the variation of the connection associated withδgµν .

(c) Using Eq. (1), show

δΓσ
µν = −

1

2

[

gλµ∇ν(δg
λσ) + gλν∇µ(δgλσ) − gµαgνβ∇

σ(δgαβ)
]

, (2)

which is Eq. (4.54) in the lecture.

2. (a) As Eq. (2) shows,δΓσ
µν is the tensor. Keeping this in mind, show the variation

of the Riemann tensor is given as

δRρ
µλν = ∇λ(δΓ

ρ
νµ) −∇ν(δΓ

ρ
λµ) (3)

(b) Using Eq. (2), show

gµνδΓσ
µν − gµσδΓλ

λµ = gµν∇
σ(δgµν) −∇λ(δg

σλ). (4)

These results are used to derive Eq. (4.57) in the lecture.
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