
Problems 5

1. In an inertial frame O, calculate the components of the energy-momentum tensors
of the following systems:

(a) A group of particles all moving with the same speed v along the x-axis, as seen
in O. Let the rest-mass density of these particles to be ρ0, as measured in their
comoving frame. Assume a sufficiently high density of particles to enable treating
them as a continuum.

(b) A ring of N particles of rest mass m are rotating counter-clockwise in the x-y
plane about the origin of O, at a radius a from this point, with an angular velocity
ω. The ring is a torus of circular cross section of radius δa � a, within which the
particles are uniformly distributed with a high enough density for the continuum
approximation to apply. Do not include the energy-momentum of whatever forces
keep them in orbit. (Part of the calculation will relate ρ0 of part (a) to N , a, ω, and
δa).

(c) Two such rings of particles, one rotating clockwise and the other counter-clockwise,
at the same radius a. The particles do not collide or interact in any way.

2. Consider variation of the inverse metric (gµν), δgµν .

(a) Show δgµν = −gµρgνσδgρσ.

(b) By noting that δgµν is the tensor and also by using ∇µg
αβ = 0, show that the

covariant derivative of the metric variation satisfies

∇µ(δgαβ) = −(δΓα
µλ)gλβ − (δΓβ

µλ)gαλ, (1)

where δΓρ
µν is the variation of the connection associated with δgµν .

(c) Using Eq. (1), show

δΓσ
µν = −1

2

[
gλµ∇ν(δgλσ) + gλν∇µ(δgλσ)− gµαgνβ∇σ(δgαβ)

]
, (2)

which is Eq. (4.54) in the lecture.

3. (a) As Eq. (2) shows, δΓσ
µν is the tensor. Keeping this in mind, show the variation

of the Riemann tensor is given as

δRρ
µλν = ∇λ(δΓρ

νµ)−∇ν(δΓρ
λµ) (3)
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(b) Using Eq. (2), show

gµνδΓσ
µν − gµσδΓλ

λµ = gµν∇σ(δgµν)−∇λ(δgσλ). (4)

These results are used to derive Eq. (4.57) in the lecture.
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