
Problem Set Five – Curvature Tools – Tuesday, 27th January 2015

Question 1

1. Show that given the transformation laws of ∂µ and V ν , the requirement that
∇µV

ν be a tensor implies the transformation rule
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2. If the connection is given by the Christoffel symbol, satisfying ∇µgαβ = 0,
prove

∇µεαβγδ = 0, ∇µg
αβ = 0, (2)

where, if necessary, you may use Γµµλ = (∂λ|g|1/2)/|g|1/2.

Question 2

1. Compute the Christoffel symbol Γµνρ for the two-sphere S2 of unit radius.

2. On this unit sphere, consider the vector Aµ which is the unit vector in the
θ-direction, at the point (θ, φ) = (π/2, 0) in polar coordinates. What happens
to the vector if we parallel transport it around the equator, i.e., along the path
(θ(λ), φ(λ)) = (π/2, λ) for 0 ≤ λ ≤ 2π?

3. Next, consider a curve which consists of four segments:

γ1(λ) = (π/2, λ) for 0 ≤ λ ≤ λ1,

γ2(λ) = (π/2− λ, λ1) for 0 ≤ λ ≤ λ2,

γ3(λ) = (π/2− λ2, λ1 − λ) for 0 ≤ λ ≤ λ1,

γ4(λ) = (π/2− λ2 + λ, 0) for 0 ≤ λ ≤ λ2, (3)

where 0 < λ1 < 2π and 0 < λ2 < π/2. What happens to the vector Aµ once
we parallel transport it around this closed path?

Question 3

1. Recall that the commutator of two vectors is bilinear, to prove that

∇u+nv = ∇uv +∇nv
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2. Derive the chain rule

∇u(v ⊗w) = (∇uv)⊗w + v ⊗ (∇uw)

and write down the component version of this equation. Based on this, ex-
trapolate the chain rule for generic (k, l) tensors.

3. Express ∇uu in component notation. Show that even if the connection had
an antisymmetric part Γα[µν] 6= 0, then it would not contribute to this quantity.
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