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Orthogonal Polynomials®

Jasper V. Stokman & Tom H. Koornwinder?

Abstract. Limit transitions will be derived between the five parameter family
of Askey-Wilson polynomials, the four parameter family of big g-Jacobi polyno-
mials and the three parameter family of little g-Jacobi polynomials in n variables
associated with root system BC. These limit transitions generalize the known
hierarchy structure between these families in the one variable case. Furthermore
it will be proved that these three families are g-analogues of the three parameter
family of BC type Jacobi polynomials in n variables. The limit transitions will
be derived by taking limits of g-difference operators which have these polyno-
mials as eigenfunctions.
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1 Introduction

Recently, a five parameter family of BC,-type Askey-Wilson polynomials and
a four resp. three parameter family of BC),-type big and little ¢g-Jacobi polyno-
mials were introduced (cf. [K1] and [S1]), and full orthogonality was established
in both cases with the help of specific second order ¢-difference operators.

In the one variable case (BC1), limit transitions are known from the Askey-
Wilson polynomials to the big resp. little g-Jacobi polynomials, as well as a limit
transition from big ¢-Jacobi polynomials to little g-Jacobi polynomials. These
limit transitions show how the three families fit into the hierarchy of the Askey-
Wilson scheme. Furthermore, the one variable Askey-Wilson polynomials and
the big resp. little g-Jacobi polynomials are g-analoques of the classical Jacobi
polynomials in the sense that the polynomials tend to the Jacobi polynomials
when ¢ tends to 1 (up to a possible dilation and translation).

I Mathematical Preprint Series, Univ. of Amsterdam (1995), report 95-19.
2Department of Mathematics, University of Amsterdam, Plantage Muidergracht 24,
1018 TV Amsterdam, the Netherlands. Email: jasper@wins.uva.nl & thk@wins.uva.nl



The main purpose of this paper is to generalize these limit transitions to the
BC,, case. Explicit expressions of the polynomials, which immediately yield the
limit formulas in the one variable case, are no longer available for n > 1. In-
stead, we will derive limit formulas for the multivariable polynomials from limit
formulas for g-difference operators having these polynomials as eigenfunctions
and from limit formulas for the corresponding eigenvalues. Crucial for the proof
of the limit formulas is (2.2), which expresses the polynomials in terms of the
operators and the eigenvalues.

Macdonald introduced in [M1, §4] techniques to construct multivariable poly-
nomials, and to prove full orthogonality of these polynomials. In section 2 we
will describe these techniques in a slightly more general setting. In this setting,
the techniques can immediately be applied in the case of BC), type Askey-Wilson
polynomials and the BC,, type big resp. little g-Jacobi polynomials. We will
introduce these three families in section 3, as well as the three parameter family
of generalized Jacobi polynomials (cf. [V]). Generalized Jacobi polynomials are
related with BC,, type Heckman-Opdam polynomials by a suitable change of
variables. In section 4 we give for each family a selfadjoint, triangular opera-
tor. In each case, we compare the eigenvalues which are related in the natural
BC,, type partial order. In section 5 we will prove limit transitions from BC,,
type Askey-Wilson polynomials to BC,, type big and little g-Jacobi polynomi-
als and a limit transition from BC,, type big g-Jacobi polynomials to BC,, type
little g-Jacobi polynomials for parameter values which satisfy certain specific
conditions. The results of section 4 give then an explicit subset of the param-
eter domain for which these conditions are satisfied. We will prove that the
BC,, type Askey-Wilson polynomials and the BC), type big and little ¢-Jacobi
polynomials are g-analogues of generalized Jacobi polynomials (with a possible
dilation and translation in the variables). In section 6 we will discuss possible
extensions to the whole parameter domain of the limit transitions from BC,,
type Askey-Wilson polynomials to BC,, type big resp. little g-Jacobi polyno-
mials and the limit transition from BC,, type big g-Jacobi polynomials to BC,,
type little ¢-Jacobi polynomials. Furthermore, we make some additional re-
marks about the limits ¢ T 1 of the big and little g-Jacobi polynomials.

Notations and conventions Throughout this paper N = {1,2,...} will be the
natural numbers and Ny will denote the set of natural numbers together with
0. The convention will be used that Hf:l a; = 1if k <, k,l € N. If there
is no confusion possible, the dependence on the parameters a, b, ¢, d, q,t will be
omitted in the formulas. The concept of selfadjoint operator will only be used in
the formal sense: a hermitian linear operator with respect to an inner product
on a vector space.



2 Techniques for proving full orthogonality

The next propositions summarize in essence the method introduced by Macdon-
ald in [M1] to construct his polynomials for general root systems and to prove
full orthogonality of these polynomials. For convenience, we will give proofs of
the propositions.

We start with a proposition concerning triangular operators.

Proposition 2.1 Suppose there is given a linear space V over C with a linear
basis {ex /X € I} for V, I some index set and there is given a partial order <
on I such that I(X\) == {p € I/u < A} is finite for all A € I. Suppose that
D :V — V is a triangular linear operator with respect to the given basis and
partial order, i.e.

Dex=Y cauen VAEL (2.1)

nEA

for certain ¢y, € C. Define

Q= HM ex (2.2)

Ca\—C
LA A o

for X € I satisfying cx x 7 cupu for all p < X. Then Qx € V satisfies
(@) @x =ex+ 2,y kxpuey for certain ky, € C;
(b) DQx = cA Q-

These two properties characterize Qx uniquely.

Proof: Fix A € I such that cy x # ¢y, for all 4 < A. The triangularity property
of D shows that @, satisfies property (a). Let V), C V be the finite dimensional
subspace spanned by {e, /1 < A}. Then D maps V) into itself. Denote Dy for
the restriction of D to Vy. There exists a total order < on I(A) such that u < v
if p < v (define p < v if #I(u) < #I(v) for p,v € I(\) and extend < to a total
order on I())). This implies, together with (2.1), that

det (§1d — D) = ] (¢ = cun)-

PEA

Hence J[, <) (D —c¢u,u) = 0 on V) by the theorem of Cayley and Hamilton. In
particular, Hug)\ (D —cup)ex = 0,50 DQx = cxa@x. The root ¢y of the
characteristic polynomial det (£Id — D)) has multiplicity one, hence Dy has a
one dimensional eigenspace corresponding to eigenvalue cy x. So (a) and (b)
characterize Q) uniquely. O

Adding to the property that D is triangular the property that D is selfadjoint
with respect to some inner product, gives



Proposition 2.2 Keep the notations and assumptions of proposition 2.1. Sup-
pose furthermore that there is given an inner product { ., .) on V, such that D
is selfadjoint with respect to (., .). Define a new basis {Px /X € I} of V by the
following two conditions:

(1) PA=ex+ Zu<>\ dx e, for some constants d .,

(2) (P en) =0 for p < A

Then we have

(a) DP, = C)\,AP)\ VA el.

(b) Py = Qx for A € I satisfying cxx # cu,pu for all p < A.

(c) (P\,P,) =0i4f A< porp<X\ orif \# p and cxx # Cup-

Proof: (a) Fix A € I. Using the triangularity of D and the explicit form of Py,
we have that
DPy = e e + Z Ju€pu
<

for certain g, € C. Furthermore we have for all < A that

(DPy,e,) = (Py,Dey) = Y cpu(Prey) =0.

v<p

If cxn # 0 then it follows immediately that DPy/cy  satisfies the defining
conditions of Py. If ¢y » =0, then

(DPy,DPy) = > Gu(DPy,e,) =0,
<A

so then DP)\ =0= C>\7,\P>\.

(b) It follows from (a) that cx» € R. Hence we have, again by (a), that
(@x, P,) = 0 for all 4 < A. Thus @ satisfies condition (2). @ satisfies also
condition (1) according to proposition 2.1, hence Q) = Py.

(c) Case p < A resp. p > X is immediate from the definitions, while the case
p# A and cy ) # ¢y, follows from

(C)\,)\ - C,M-,,LL)<P>\7 P;L> =0 (2.3)
which is a consequence of the selfadjointness of D and (a). a

In the applications of these propositions, the operators and inner products
usually depend on real or complex parameters, and continuity resp. rationality
arguments in these parameters are sometimes needed. The following two propo-
sitions deal with the dependence of Py on an arbitrary parameter set. We will
use the same notations as in the first two propositions but we assume that the
inner product, and the selfadjoint, triangular operator depend on a parameter
s € J, with J an arbitrary topological space. Hence, for fixed s € J, we denote
(., .)s for the inner product on V, Dy for the selfadjoint (w.r.t. (., .)s) trian-
gular (w.r.t. {e, /p € I}) operator, cy ,(s) (u < A) for the coefficients in the



expansion of Dgey w.r.t. the basis {e, /€ I}, Px(s) (A € I) for the new basis
defined with respect to (., .)s, and dx ,(s) (@ < A) for the coefficients in the
expansion of Py (s) with respect to the basis {e,, / p € I}.

Proposition 2.3 Suppose that for all A\, € I, the functions s — (ex,e,)s :
J — C are continuous. Then:
(a) The functions s — dy ,(s) : J — C are continuous for all A\, € 1.
(b) Suppose that the set {s € J /ea(s) # cupu(s)} is dense in J for all X # p.
Then

(Px(5),Pu(s))s =0 VseJif u# A\ (2.4)

Proof: Let v < A\. We have

0= <P,\(S),6V>s = <6)\,€V>S + Z dk,u(3)<euaev>s-

<A

For fixed A € I this gives for every s € J an inhomogeneous system of linear
equations in dy ,(s) (1 < A). Since the e,’s are linearly independent, we have
that det({eu, ev)s)up<r # 0 for all s € J. Hence the system has a unique solu-
tion for every s € J, and Cramer’s rule together with the continuity assumption
on {e,,es)s implies that the solution dj ,(s) (1 < A) depends continuously on
s.
(b) Part (a) implies that (P\(s), P.(s))s depends continuously on s, so (b)
follows directly from proposition 2.2 (c). O

Let us fix some notations and conventions about rational functions. Let
t1,...,tm be independent (complex) variables. Let CJt] be the C-algebra of
polynomials in ¢1,...,t, and C (¢) the field of rational functions in ¢1,...,t,
over C. For each h € C (¢), define the domain of h by

dom(h) := {t® € C™ /3p,q € CJt] such that h = p/q and ¢(t°) # 0.}

dom(h) C C™ is open and dense, and h defines a continuous function from
dom(h) to C by specialization.

Definition 2.4 Let J C C™ open, or J C R™ open. Consider R™ as subset
of C™ in the usual manner. A function f : J — C is said to have a rational
extension if there exists a rational function fe C(t) such that f and f coincide
as functions on J N dom(f). Clearly, if f exists, then it is unique, and it will be
called the rational extension of f.

Proposition 2.5 Let J be an open subset of R™ or an open subset of C™.
Assume that the functions s — cx ,(s) 1 J — C have rational extensions ¢y,
for all p < A. Suppose that Cx x # Cpu,u as rational functions if p < A. Define a
dense open set domy C C™ by

domy :={s € Wy /exa(s) # Cuul(s) Vu <A},



with

Wy = ﬂ dom (&,,,,) .

p<v<A

Then
(a) The functions s +— dy .(s) : J — C have rational extensions dy,,, for all
uw < X. The domain of CZA,M contains the set domy .
(b) The functions Px(s) and the equation DsPy(s) = ca,A(s)Px(s) remain mean-
ingful and valid, by continuation of rational functions, for s € domy,.
(c) Suppose that ¢x x # ¢, as rational functions for X\, € I, 1 # X, and that
s — (ex,eu)s : J — C is continuous for all \,ju € I. Then (Px(s), P.(s))s =0
for all s € J if X # p.

Proof: (a) Let z,, (p < v < \) be independent variables. Proposition 2.2(b)
gives that there are polynomials py , € C[{z,},<v<1] such that

Iﬁ&):ex+§:< pmAFmAﬁbSéA)>eu 25)

n<A HU<)\ (C)\’)\(s) - CV,V(S))

for s € J such that cy a(s) # ¢, (s) for all v < A. Hence for all p < A, the
rational function dy , given by

iy, = Pau ({Cuptp<r<n) (2.6)
S Hu<>\ (5)\’)\ —Cuy)

is a rational extension of dy , : J — C, and the domain of dN,\,u contains dom.
(b) is clear.
(c) follows from proposition 2.3 (b).

O

Remark 2.6 Note that the polynomials py,, in (2.5) and (2.6) are completely
determined by the partially ordered set (I,<). They do not depend on the choice
of the inner product (., .)s or on the choice of the basis vectors ey. Furthermore,
the polynomial py ,, can be chosen homogeneous of total degree #{v € I /v < A}.

Remark 2.7 For the limit transitions from BC,, type Askey-Wilson polynomi-
als to BC,, type big resp. little g-Jacobi polynomials we will apply these propo-
sitions for J being an open subset of R. In this case, note that if a continuous
function f : J — C has a rational extension f, then J C dom(f). This implies
that if we have all the assumptions of proposition 2.5 with m = 1, then the
rational expression dy ,(s) (see (2.6)) coincides with the function dy ,(s) for all
s€J and all p < A



3 Families of B(C), type orthogonal polynomials
In this section, we fix a ¢ € (0,1). Let P* be the partitions of length < n, so
Pti={A=1...; )/ >...> )\, >0} (3.1)

Define a partial order on P in the following way: p, A € P then
pE<Ae > <> N di=1....n (3.2)
j=1 j=1

Remark 3.1 Choose for the root system R = RT U (—R") of type BC,,, the
positive Toots RT by

RY = {e;}jy U{eitejhicicjon U {2}y, (3.3)

with {e;}"_, the standard orthonormal basis for R™, then PT coincides with the
set of dominant weights, and X\ > p for \,u € P iff A — p is a sum of positive

roots (cf. [K1]).
Let A = Clx1,...,x,] be the C-algebra of polynomials in the independent

indeterminates 1, . .. ,x, and let A = C[zF!, ... '] be the algebra of Laurent
polynomials in 1, ...,z,. The Weyl group S corresponding to the root system
of type A,_; is isomorphic to the permutation group of {1,...,n}, so it acts

in an obvious way on INjj. This induces an action of S on 4. The algebra
of symmetric polynomials, denoted AS, is the subalgebra of A consisting of
S-invariant polynomials in the variables z1, ..., z,.

The Weyl group W corresponding to the root system of type BC), is iso-
morphic to the semidirect product of (Z/2Z)" and S. It acts in an obvious way
on Z". This induces an action of W on A. Denote A" for the subalgebra of A
consisting of W-invariant Laurent polynomials in the variables z1, ..., z,.

Since Card (SnN PT) = 1 for all n € N, we have that the symmetric
monomial functions {my /A € P*} defined by

my(x) = Z h,

HESX

with z# = af*...2#» form a C-basis for A°. Similarly, the monomials

{mx /X € Pt} defined by

my(z) = Z a

peEWX

form a C-basis for AW, since Card (Wz N P*) =1 for all z € Z".



Let u,v € R,u < v. Define the Jackson (g-)integral of f over [u,v] by

/uvf(m)dqx = /va(x) dq:c—/ou f(z) dyz,
/Ov f(x)dgz :=(1—q) - f(vqk)vqk’
k=

0

provided that the infinite sums converge absolutely. If f is continuous on [u,v],
then

1;%111/:]0(@ gz = /uvf(x)dm, (3.4)

with dz the Lebesgue measure. The g-shifted factorial is defined by

v (g
(U,q),U L (qvu;q)oca
(4:9)o == [J (1 —ug"),
k=0

for u,v € C such that ¢"u # ¢~ * for all k € Ny. If v € Ny, then this yields

v—1

(usq), =[] (1 —ug"),

k=0
which we will use as a definition of (u;q), for arbitrary v € Ng, u € C. Denote

T

(U1, .. Up5 Q) o= H (uj3q),

j=1

and denote

ULy ey Upt1 > (ula"'7uT+1;q)kzk
7"+1¢r 4, 2| = Z .
Viyew.yUp k=0 (U17'-~avr7an)k
for the g-hypergeometric series.

We now first define the BC),-type Askey-Wilson polynomials (cf. [K1]).
Define the weight function 6(zx;a,b, ¢, d; q,t) by

S(1y. ey mn) =0 (xy, x0T (2t Y, (3.5)
5t (2) = ﬁ (22; q)oo (xk:lU;l,fL'kCUl; q)oo (3.6)
i (awi by evs dwisq) o | s (toeey 't q)

Assume that |al,|b|,|c|,|d| < 1, and that if a,b,c,d are complex, then they
appear in conjugate pairs. Assume also that the pairwise products of a,b, ¢, d



are not equal to 1. Denote Vay for the set of parameters (a, b, ¢, d) which satisfy

these conditions. Denote du := duy .. .du, and €™ := (e™1,... e"n). Suppose
t € (0,1), then
(fy9)aw :—/ / Ygle)s(e™; t)du  f,g € AW (3.7)
[, w]ﬂ

is a hermitian inner product on A"W.

Definition 3.2 Let (a,b,c,d) € Vaw and t € (0,1). The Askey-Wilson poly-
nomials { P{W (x5a,b,¢,d;q,t) /X € PT} are defined by the following two con-
ditions:

(1) PAY (1) =y + Do p<rpe Pt dff;v(t)m”, certain d‘f":f(t) eC

(2) If p < X and p € P, then (P (), ) aw,e = 0.

For the one variable case, there is no t-dependence, and explicit expressions of
the Askey-Wilson polynomials { PAWY (z;a,b, c,d;q) /m € No} are given by

b, ac, ad; q) g™, ¢™ labed, ax, ax ™"

PAW 2z a.b.c.d: qg) = (a ) P A m ’ ; AL, . .

m ({I}7 a, 0, c, d; Q) am (qm_labcd; q)m 4¢3 ab, ac, ad y 4,4
(3.8)

Usually the Askey-Wilson polynomials are written as function of % and

normalized differently (cf. [AW]).
For the BC,-type big ¢-Jacobi polynomials, we define an inner product on
AS as follows (cf. [S1]). Let ¢,d > 0, and

—c 1 —d 1
ac (-, ~— 7b€ R RA
(dq q) ( o q)
ora = cz,b = —dz with z € C\R. Denote V} for the set of parameters (a, b, ¢, d)
which satisfy these conditions. Fix some (a,b,c,d) € V2. Define (., .>gf’£ﬁt
for t € (0,1) on AS by:
(f9)Be=> ([9)p: [.9€A°, (3.9)

Jj=0

with (f, g); B+ given by the following multidimensional Jackson integral:

/ / /m] / /Qt 9
x1=0 Jx2=0 I]—O I]+1:7dt” Jj—1 I]+2—7dt” Jj=2

gt 'z
[ @ s
with dyz := dyz), . .. dgr1 and weight function w;(z;a,b, ¢, d; ¢, t) given by

n qxz/c qxz/d, q)oo j .
w (H (qax;/c, qui/d;q)oo> Al (), (3.10)

i=1




with £ = ¢ and

. _ _+Tm
s =aw | ] P () | x
27—1

1<k<m<n
k<j
T
27—1 1—7 .
I lzml (q — ,q> , (3.11)
j<k<m<n m 27-1

A(z) == [[,.;(z; — x;) the Vandermonde determinant, and with d} = d(c,d)
a positive constant given by

1-7,—1
(@Y ), ~d
d; — H |ym |27- 1 — m ; 27 1, Yk 1= 7(](11 m k+1)‘r. (3.12)
1<k<m<n (C] ymk’q)z‘f—l ¢
shems

Definition 3.3 Let (a,b,¢,d) € Vi and t € (0,1).

The big q-Jacobi polynomials {PP(.;a,b,c,d;q,t) /N € PT} are defined by the
following two conditions: X € PT, then:

(1) PE(t) =my + Do Pt g, (tym,, for some d3} ,(t) € C,

(2) (PEt), mu)pt=0ifu<\, pePt.

For the one variable case, there is no t-dependence, and explicit expressions
for the big g-Jacobi polynomials { P2 (z;a,b,c,d;q) /m € Ny} are given by (cf.
[AA2])

q—m m+1ab qxa/c
qa, —qad/c

(qa;q),, (—qad/c; q)
(gm+Lab; q),, (qa/c)™

P£($§a7bac7d§Q): n (b?

7q7

(3.13)

Usually the big ¢-Jacobi polynomials are normalized such that the explicit ex-
pression is given by only the 3¢ part of (3.13).

The little g-Jacobi polynomials are defined as follows (cf. [S1]): Let 0 < a <

é and b < é, and denote V! for the set of parameters (a,b) which satisfy these

conditions. Fix some (a,b) € V. Define for t € (0,1) a hermitian inner product

a,b
(., .>antonA5 by

tTpn—1
(fig Lf:*/ / / g(z)v(z;t)dyx  f,g€ AS (3.14)
z1=0 Jx5=0 =0

with weight function v(z;a, b; q,t) given by

v(x;t) = (H mgv?> Ar(z), (a=q%t=q") (3.15)

Ar(z)=A) [ |l 1<q1 T ‘,q>2 B (3.16)

1<i<j<n

10



Definition 3.4 Let (a,b) € V{! and t € (0,1). The little g-Jacobi polynomials
{PE(.5a,b59,t) /A € PP} are defined by the following two conditions: \ € P,
then:

(1) PE(E) = ma+ Yycrpeps db, (Omy for some d (1) € C,

(2) (PL(t),mu)re =01 p< X pePr.

For the one variable case, there is no t-dependence, and explicit expressions for
the little g-Jacobi polynomials {PZ(x;a,b,c,d;q) /m € Ng} are given by (cf.
[AA1]):

—1)m (T) a; 7m, m+1ab
SR CUT I ‘g, q2 . (3.17)

(qm*tab;q),, qa

P (x3a,b;q) =

Usually the little g-Jacobi polynomials are normalized such that the explicit
expression is given by only the 2¢; part of (3.17).

Finally, we define two families of ’classical’ BC), type orthogonal polynomi-
als. Let o, > —1 and 7 > 0. Denote V; for the set of parameters (a, 53, 7)
which satisfies these conditions. Define an hermitian inner product (., . >3f on

AS by
1t 1 -
Gasl= g [ [ s@@nasinde fgeal

with vy (z;a, 85 7) == ([Ti, (1 — mz)'@xf‘) |A(x)|*.

Definition 3.5 Let («,3,7) € V;. The generalized Jacobi polynomials
{P{(z;0,3;7) /X € Pt} are defined by the following two conditions:

(1) PJ(a,B8;7) = my+ Zu<>\;ueP+ diﬂ(a, B; T)my, for some diu(a,ﬁ; 7)€ C.
(2) (P (0, B;7),mpu) 52 = 0if p < A

In the one variable case, the Jacobi polynomials {P/(z;a,3)/m € Ng} are
independent of 7, and are explicitly given by

(=)™ (a+1),, -m,m+a+p3+1
(m+a+ﬁ—|—1)m2F1[ a+1 ;T (318)

with ) - ,
a, a), (b),, .
2F1{C;Z]::Z()()Z
the hypergeometric function and
(a), =ala+1)...(a+n—1) (n € N)
the Pochhammer symbol, (a), := 1. Usually the Jacobi polynomials are written

as functions of 1 — 2z and normalized differently (cf. [EM], §10.8).

11



The generalized Jacobi polynomials are closely related to the Heckman-
Opdam polynomials of type BC,,. The BC, type Heckman-Opdam polyno-
mials are defined as follows (cf. [HOJ,[H1]). We will use the notation intro-
duced in remark 3.1. Denote (., .) for the standard hermitian inner product
on C", so (e;,e;) = 0;;. A multiplicity function k is a function k : R — C
such that ky = kya for all @ € Ryw € W. k = (ka),cp is completely de-
termined by ki = ke,, k2 = ke,4e, and k3 = ka.,, so we will sometimes
denote k = (k1, ko, k3). Let Vgo be the set of parameters (k1, ko, k3) such that
ki + ks > —%, ks > —% and ky > 0. Define a hermitian inner product on AW
for k € Vyo by

2 27
. g = /0 R /9 NG00 g € A",

with e = (e ... e"") and weight function
1. 1. ko
5,(0k) =[] (b0 - embiten)
a€ER
= c(k) [J(sin®(0;/2))"T*2 (cos®(0;/2))** [ | sin®(01/2) — sin® (0, /2)[*>
j=1 <m

with c(k;) — gn(k1+2k3)+n(n—1)ks

Definition 3.6 Let k € Vyo. The BC, type Heckman-Opdam polynomials
{PHO(2;k) / X € P} are defined by the following two conditions:

(1) PIO(k) = 1x + X2, cxpeps A S (k)i for some diG (k) € C,

(2) (PHEO(K),m, )k =0 if p < A

Note that

my (sin2(0/2)) = (=4) " my (€9) + 37 b i ()

pn<A

for certain constants by ,. A calculation shows then that the defining conditions
for P;\] (definition 3.5) with o = k1 + k3 — %, 8 =ks— % and 7 = ko become the
defining conditions for P9 (k) (definition 3.6) under the change of variables
x; = sin*(0;/2) (i = 1,...,n), up to the constant (—4)““. So the relation
between Heckman-Opdam polynomials of type BC,, and the generalized Jacobi
polynomials is given by

; 1 1
P){-IO(ezO; ]{;) = (—4)|>\‘P)‘\] <Sin2(9/2);]€1 + k3 — 5,]63 5 k‘g) (319)

for A\ € Pt with sin?(0/2) := (sin?(6,/2), .. .,sin*(6,,/2)).

12



In the one variable case, we have the following limit transitions: m € Ny,
then

lim <€(C‘f)Q> P£W< (q ”)5 ceqa(d)c)? e 1qE (c/d)F, —eLqF (d/c)?,
€— 2 2

q2

—eq%b(c/d)%;q> = PB(x:a,b,¢,d;q) (3.20)

for (a,b,c,d) € V§,

e—0 qz

m l
lim (61) PAW (q eqzb € q%7 _q%’ _qéa;q> = PE(z;a,b;q) (3.21)
€

for (a,b) € V! and

5%1 PB(x:b,a,1,d;q) = PE(x;a,b;q) (3.22)
for (a,b) € V/ (cf. [K2],[K3] and [S1]). These three limit transitions induce
the hierarchy structure between these three families of orthogonal polynomi-
als within the Askey-Wilson scheme. For the limit ¢ tends to 1, we have the
following limits in the one variable case:

atl o B+1g c 1+c—clx+a1)
li PAW . q q e _ kc dPJ .
i m ("”’C’ c e a! a—aa—cjag @’
(3.23)

for a, 3> —1 and ¢,d # 0, d # 1, ¢ # d with k¢ := (w)m

c

lim PE(x:4%,¢° e, dsq) = (—(c+d)" P (S Fi0,8) meNy  (3.24)
qfl ct+d’
for a, 6 > —1 and ¢,d > 0, and
11%111 PE(z;4%, ¢%q) = P)(z;0,8) m € Ny (3.25)
q
for o, > —1. These limit transitions follow immediately from the explicit

expressions for the one variable orthogonal polynomials ((3.8), (3.13), (3.17)
and (3.18)). We will generalize these limit transitions to the BC), case.

4 Selfadjoint, triangular operators and their
eigenvalues

In this section, fix ¢ € (0,1). For each family of BC,, type polynomials defined
in section 3, we will introduce a selfadjoint, triangular operator. By application
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of the propositions of section 2, we can conclude that the polynomials are joint

eigenfunctions of the operator. Proposition 2.3(b) gives an alternative descrip-

tion of the polynomials for a subset of the parameter domain. This turns out to

be crucial for the proofs of the limit transitions. In each case, we will investigate

this subset of the parameter domain more carefully at the end of the section by

comparing eigenvalues of the operators which are related by the partial order.
We start with defining the selfadjoint, triangular operators in each case.
Define a second order ¢-difference operator DaA’&’,‘;’Ii by

n

(Daw f) (@) =3 (W @) (Tyif = 1) @) + 6™ (@) (T = ) (@)
= (4.1)
for f € AW, with

(Tgif)(@) == f(@1,. ., i1, qT4, Tig1, -+, Tn)s (4.2)

the g-shift in the ** component, and functions YW (z;a,b,c,d;q,t) and
¢§4W(x§ a,b,c,d;q,t) given by

AW (L (1 —ax;)(1 —bx;)(1 — cx;)(1 — dxy) (1 —tazay)(1 — tacixfl)
v = (=)0 —a2?) | S
(4.3)

o (@) =M (@ an ), (4.4)

We have (cf. [K1], lemma 5.2):

Proposition 4.1 Let A\ € P*. For arbitrary a,b,c,d,t € C, there exist con-
stants chV(a, b,c,d;q,t) € C (u < \) depending polynomially on a,b,c,d,t and
rationally on q, such that

Daw,imy = Z o ().
n<A

The leading term c‘f&v(a, b, ¢, d; q,t) will be denoted by ayV (a,b,c,d;q,t) and is
given by

ayW = Z (g7 tabedt* 71 (g% — 1) + 77 (g™N — 1)) . (4.5)

j=1

The nature of the dependance of cf)‘;v on a,b,c,d,t,q follows by inspection of
the proof of lemma 5.2 in [K1]. In [K1] it is also proved that DZ’IZZ{,?(’J‘?t is self-
adjoint with respect to (., .>Z€‘fﬁt if (a,b,¢,d) € Vaw and t € (0,1), and that
(M, ) aw,e is continuous in ¢ for ¢ € (0,1), forall \, u € PT. If (a,b,c,d) € C*
with abed ¢ {1,¢7%,¢72,...} then we have a{W (t) = aﬁW (t) as polynomials in
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t if and only if A = p. So application of the propositions in section 2 shows that
PAW(#) is an eigenfunction of D¢ with eigenvalue a{" (¢) for all t € (0,1),
and it gives full orthogonality of the polynomials.

For the big ¢-Jacobi case, we define a second order g¢-difference operator
D%’Z’;’d by replacing in the expression of Dy (formula (4.1)), "W by P and

oMW by ¢F with P (z;a,b, ¢, d; q,t) given by

= (o 2) 1+ 1)
qz; qz;

and ¢ (z;a,b, ¢, d; q,t) given by

oP(x) = (16) <1+d)Hm.
xX; Z; 14 T; — Xy

For the little g-Jacobi case, define D%,Z,t = Dlgqu’}ﬁ so denote

H Xy 7tfl77
Ty — X4

I£i

VE(2ya,byq,t) =P (2;b,a,1,0;q,1),

of (w30,b;9,t) := o (;,a,1,0;¢,1).
We have (cf. [S1]):
Proposition 4.2 Let A € PT.

(1) For arbitrary a,b,c,d,t € C, there exist constants cgu(a,b, ¢, d;q,t) € C
(k< A) depending polynomially on a,b,c,d,t and Laurent polynomially on q,

such that
Dpymy = Z cf)”(t)mu.
P

The leading term cfA(a, b,c,d; q,t) is independent of ¢ and d and will be denoted
by aBL ) BL . .
yay " (a,byq,t). ay'” is given by

n

af’L = Z (qabt® I~ (gh — 1)+t (g™ —1)). (4.6)

j=1

(2) For arbitrary a,b,t € C, there exist constants cX ,(a,b;q,t) € C (u < \)
depending polynomially on a,b,t and Laurent polynomially on q, such that

Dpimy = Z ciu(t)mu.
59\

B,L
We have ci)\(a,b;q,t) =ay (a,b;q,t).
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Clearly part (2) of the proposition is a direct consequence of part (1), since it
is clear that
X labigt) =¥ ,(b,a,1,0:q,t), p<A (4.7)

The Laurent polynomial dependance of ci u and ci , On ¢ was not explicitly
stated in [S1] but follows by inspection of the proof of proposition 4.2 in [S1].

In [S1] it is also proved that D" ,C’d is selfadjoint with respect to (., .)gf’q’?t’d

if (a,b,¢,d) € Vi and t € (0,1), and it is proved that DaL:q’t is selfadjoint with

respect to (., . >L’qt if (a,b) € Vi and t € (0,1). Furthermore, (mx,m,)p
and (mx,m,)r: depend continuously on ¢ for t € (0,1) for all \,u € P*. If
(a,b) € C? such that ab ¢ {q¢=2,¢3,...} then we have that af’L(t) = all(t)
as polynomials in ¢ if and only if 4 = A. So we can apply the propositions of
section 2. This gives that PP (t) resp. PE(t) is an eigenfunction of Dp ; resp.
Dy, with eigenvalue af’L(t) for all t € (0,1), and it proves full orthogonality
in the big resp. little g-Jacobi case.

For the generalized Jacobi polynomials, denote 0; := %. Define a second

order differential operator D?f by

DY =" ((wj — Da;07 + (2 + a + B)z; — (a +1))9;
j=1

+27(z; — Da; A(z) "' (0;A) (2)0;) - (4.8)

We will use the notations and definitions of remark 3.1, and we denote (., .)
for the standard inner prduct on C”, so (e;,e;) = d; ;. Define p(a,3,7) € C"
by

pla, B,7) : EZ (a+0B8+14+2(n—1i)7)e;. (4.9)
=1

[\

We have the following proposition

Proposition 4.3 Fiz A\ € P*. For arbitrary o, 3,7 € C there exist constants
c')]\’u(oc,ﬁ; 7) € C (u < N) depending polynomially on «, 8 and T, such that

J
Dymy = E M-
n<A

The leading term ci’)\(a,ﬁ;T) will be denoted by af (o, B;7). ay is given by

a;{(a,ﬂ;T) = (M A+ 20(a, B8, 7)) (4.10)

Proof: This can be proved by a straightforward calculation (compare with [V],
p. 817). a
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Furthermore, we have that D?f is selfadjoint with respect to (., >§f for all
(o, B,7) € V; (compare with [V], p. 816, theorem 4.3. Be aware of the fact that
the change of variables z; = cos(f;) in the proof of theorem 4.3 in [V] should be
replaced by x; = cos(26;)). The first part of proposition 2.2 gives that

DPPY (o, B;7) = ai (o, B 7) P (a, B ) (4.11)

for all A € PT and (o, 8,7) € V. Full orthogonality of the generalized Jacobi
polynomials can not be proved with the help of the single selfadjoint, triangular
operator D ;. Full orthogonality can be established by proving the existence of
a commutative algebra consisting of selfadjoint, triangular differential operators
generated by n independent differential operators. Then for fixed (o, 8,7) € V
and fixed A\, u € PT with A\ # p, one can always find a differential operator
in this commutative algebra such that its eigenvalue for P;\] (a, B;7) is different
from its eigenvalue for Pﬁ] (a, B; 7). With the help of this operator, it follows
that (P (a, B;7), Plf(cuﬁ;T))?,’f = 0 (see [H1], [HO] and [H], in these papers it
is done for Jacobi polynomials associated with arbitrary root systems).

We finish this section with comparing the eigenvalues related by the partial
order < on PT. We use the notation introduced in remark 3.1. Denote Q™ :=
No- span{R*} for the positive cone of the root lattice. The set S of simple
roots for RT is given by

S = {ei - €i+1}?;11 @] {en} (412)

For r € Q%, there exist unique ky(r) € No(s € S) such that 7 = Y o ks(r)s.
Define the height of r € Q* by ht(r) := 3,4 ks(r). Denote R* for the set of
positive roots of the form e; and e; —e; (1 < j).

Proposition 4.4 Let u, A € P, with u < X\. Then we can walk from p to A
while staying within P by successively adding an element of R*.

Proof: It is sufficient to prove that for arbitrary p < A, there exists o € Rt
such that g+« € P and p+a < A, because induction with respect to ht(\— pu)
will then give the desired result. So fix u, A € PT, such that u < X\. Write

n—1

A—p=Y cilei —ei1) + cnen,

i=1

with ¢; € Ng. So we have that Ay — pup = cx — cp—1 for K = 2,...,n and
A1 — 1 = ¢q. Furthermore we have that

i

Z()\j—uj)zci i:l,...,n.

Jj=1

Let {cp,...,cq—1} (p < q) be a string such that ¢; > 0 for j =p,...,¢—1 and
such that ¢,_1 =0 (or p=1) and ¢, =0 (or ¢ =n +1). Then pp_1 > Ap—q >
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Ap > pp (or p=1and A\, > pp) and pg > Ag > Agy1 > pgy1 (or ¢ = n+1,
or ¢ =n and p; > A\g). So a = e, — e, € RT does the job for ¢ < n+ 1, and
a=e, € RT forg=n+1. |

Remark 4.5 It is not always possible, if X > u, to go within P from u to A
by successively adding a simple root. For example, take u = (0,0) (n = 2) or

po=(p1s---y i) with py = ... = py, (N >3).

The following proposition extends the result in ([vD], lemma 5.1) to a larger
parameter set.

Proposition 4.6 Fiz A\, € PT with u < \. Then

at™(a,b,c,d;q,t) < ai" (a,b,c, d; . 1).

for all a,b,c,d,t € C satisfying abed € [—q,1) and t € (0,1).

Proof: According to proposition 4.4, there exists a sequence
X=X XD A0 = g in Pt such that A\6-D — X0 ¢ Rt fori=1,...,7].
Since _
J
afw - aﬁW = Z (af}f‘fm - a‘;‘(‘f‘)’) )

i=1

it will be sufficient to prove the proposition for u < A with A — u € R*.
Case (1) Suppose A — p = e; for some i € {1,...,n}, so \; = p; for j # ¢ and
Ai =p; +1>1. Then

asW(a, b, c, d;q,?f)—aﬁm/(a,b7 ¢, dyq,t) = (—q_zabcdtz("_i)q)”‘ + q_’\") (1—g)t" 1,

so in this case we have that a4" (a,b,c,d; q,t) > al‘:‘w(a, b,c,d;q,t) for all t €

(0,1) if abed < 1.

Case (2): Suppose A — pu = e; —e; for certain 1 <i < j <n,so N\ = pu; + 1,

Aj =p; —1and Ay = py for k # 4, 5. A calculation gives that

a3y (a,b,c,d; q,t) — aV (a,b, ¢, d; g, t) = (1 — )t gt (L=t Pgrim ity
(1 + abcdtgn_i_jq“”'“j_l) .

Since i < j and p; > p1;, we have that a3 (a, b, ¢, d; g, t)—a;‘W(a, b,c,d;q,t) >0
for all t € (0,1) if abed > —q. 0

As an immediate consequence, we have

Proposition 4.7 Fiz A\, € P with p < A.
Then
a " (a,b;9,1) < ay " (a, b g, t)

for all a,b,t € C satisfying ab € [—q_l,q_Q) and t € (0,1).
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Comparing the eigenvalues related by the partial order in the case of generalized
Jacobi polynomials, gives:

Proposition 4.8 Fiz A\, € Pt with pn < \.
Then

a’ (o, 3;7) < al(e, B;7)

for all (o, B, 7) € V.

Proof: There exists a sequence A = X AD NG = 4 in Pt such that
Ai=1) X0 ¢ Rt for all i = 1,...,j (proposition 4.4). Since
MNA+20) = (op+2p) = (W—”, A 4 2p) — (AD A6 4 2p>) ,
i=1

it is sufficient to prove the proposition for 1, A € Pt with A — p € R*.
Case (1) A\—pu=¢€;,80 N\ =pu;+1>1and A\ = py for k #i. Then

AN=p,A+p) =2\ —-1>1,
and (4.9), together with the definition of Vj, implies
So (A, A +2p(a, B, 7)) — (p, 11+ 2p(cv, B, 7)) = (A — p, A+ p+ 2p(e, B, 7)) > 0.
Case (2) A—p=e;—ej forcertain 1 <i < j <n. Then \; = p;+1 > pj+1=
Aj +2and A\ = py for k #4,5. Then we have that
A=A+ p) =2(N —Aj) —22>2,

and (4.9) implies
(A=, 2p(a, B, 7)) =2(j — i) > 0,
since 7 > 0. So (M A+ 2p(e, 3, 7)) — (u, pp + 2p(cv, B, 7)) > 2. |

5 The limit transitions
For (a,b) € C? and X\ € P*, define
Ja(a,b) == {t € (0,1) /a¥ " (a,b; ¢, 1) # af’L(a,b;q7t) for all p < A}, (5.1)

In this section, we will generalize the limit transitions from Askey-Wilson poly-
nomials to big and little g-Jacobi polynomials and a limit transition from
big g¢-Jacobi polynomials to little g-Jacobi polynomials ((3.20), (3.21) and
(3.22)) to the multivariable case (BC),) for parameter values a,b,c,d,t with
(a,b,c,d) € Vj resp. (a,b) € Vi and t € Jx(a,b). Furthermore, we will gen-
eralize the limit transition from the Askey-Wilson polynomials to the Jacobi
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polynomials (3.23) and the limit transition from big resp. little g-Jacobi poly-
nomials to the Jacobi polynomials ((3.24) resp. (3.25)) to the multivariable case
for the full parameter domain.

Denote [A| := Y1 | A; for A € Pt and ¢ + cox == (1 + a1, ..., €1 + C2Ty,)
resp. x ' = (x7'...,2;") for ¢1,cp € Cand x = (21,...,2,). The limit

rn

transitions are given by

Theorem 5.1 Fiz \ € PT.
(1) Fiz q € (0,1). Suppose that (a,b,c,d) € VA and t € Jx(a,b), then

1 [A] 1
tim [ SCDT) paw [ g (e/d)t—e b (d)e)},
e—0 q2? e(ed)z

—eq%b(C/d)%;qvt) = PY(x;0,b,¢,d;q,t). (52)

(2) Fiz q € (0,1). Suppose that (a,b) € Vi and t € Jx(a,b), then

Al 1
€ 2T
lim <> PAV <q ceqih e g7, —q3, qéa;q7t> = P{(z;a,b;q,t).
€

e—0
(5.3)
(3) Fiz q € (0,1). Suppose that (a,b) € Vi and t € Jx(a,b), then

ldiflol PB(x;b,a,1,d;q,t) = P (x;a,b;q,1). (5.4)

(4) Let (o, 3,7) € Vj and c,d € C such that c,d # 0, ¢ #d, d# 1. Then
¢t ¢Ptld ¢ 1+c2—clr+at

li PAW . “. T — kC,dPJ . .
ql%[ll o\ (x,c, c ¢ 7d1an> YRR (1—d)(1—02/d) san BT
(5.5)

with ked = (E=00=/d))"™

(5) Let (o, 8,7) € Vy and ¢,d > 0, then

lim PB(z: ¢®. o®. c. d: ™y — (—1 [Al d\MpJ c—r . ) )
ql%lll A (qu yq,C 054,49 ) ( ) (C+ ) A c+d’avﬂ77— (56)

(6) Suppose that (o, 8,7) € V;, then
h%{l P (a:;qa,qﬂ;q,qT) = P{(z;a, ;7). (5.7)
q

The limits are pointwise limits in the following sense:

Denote P := {A = (A,...,\,) € Z" /X1 > ... > A\,}. We will see

later that the rescaled Askey-Wilson polynomials on the left hand side of
(5.2) and (5.3) can be written as symmetric Laurent polynomials of the form
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> pep dumy (). All the other functions occuring in theorem 5.1 are symmet-
ric polynomials of the form ) _pi d,m,(x). We will say that a symmetric
(Laurent) polynomial p(s,z) = iueﬁ d,(s)m,(x) tends to the symmetric (Lau-
rent) polynomial p(z) = 3_ s dymy(x) for s tending to zero, if for every fixed
(z1,...,2,) € (C\{O})",

1in(1)p(s7 x) = p(z).

If P(s) := {u € P/d,(s) # 0} is contained in a finite subset J C P for all
s in an open neighbourhood of 0, then lim,_.op(s,z) = p(x) if and only if
limg_q d,(s) = d, for all u € P.

Note that for the limit transitions (5.2), (5.3) and (5.5), a definition of BC,,
type Askey-Wilson polynomials for more general parameter values is needed.
We will introduce this definition later on.

Remark 5.2 The first three limit transitions are especially valid for the param-

eter values a,b,c,d and t satisfying _71 <ab < q%, ¢,d >0 andt € (0,1), in

view of proposition 4.7. Note that these conditions are independent of A € PT.

In view of limit transition (5.6) resp. (5.5), we will first look what happens
with the second order differential operator D?f under the change of variables

c—y; (- 1+c2—c yit+ i_l .
T = Cﬁé (i=1,...,n) resp. x; = 7(1_(1)((171_03/(1)) (i=1,...,n).
Under the change of variables z; = CC;% (i=1,...,n) for c+d # 0, the

second order differential operator D(}f becomes
DEed . — =) (y; 4+ d)d? + ((2 rd(a+1) - 1)) 9,
o= " (5 — )y + D)7 + (2 + a+ By +d(a+1) —¢(B+1)) 9,

+27(y; — o) (y; + D) A(Y) " (8;4) ()9;) . (5.8)
‘We have
males + cayn, e+ eayn) = maly) + > bauler,e)muly)  (5.9)
<A

with by ,(c1,¢2) a polynomial expression in ¢; and cg, of degree [A| — |p| in ¢
and of degree || in ¢g for ¢1,c9 € C. Hence

(D5:2m)) (Z - Z) = (~(c+ ) (DE5Im) () +

c -1
b , DaPed . 5.10
o (g org) P m) 0. B0
pn<A
By proposition 4.3 and by application of (5.9), the left hand side of (5.10) can

be rewritten as

af(a, B57) (—(c+d) M ma(y) + 3 dale, BoedsTymu(y) (511

<A
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for certain dy ,(a, 3,¢,d;7) € C with (¢ + d)'“'d,\w(a,ﬁ,c, d; ) € C depending
polynomially on «, 3,¢,d and 7. By complete induction with respect to A it
follows from (5.10) and (5.11) that

DEGeImy = e (@, B e, dsT)my, (5.12)
P

with Ci’:(a, B, ¢,d;7) depending polynomially on «, 3, 7, ¢,d, and with leading
term cf”)‘\](a, B,c,d;7) = aj («, 3;7) independent of ¢ and d (af given by (4.10)).
Note that

o _ 1
Aly) ™ (9;4) (v) ;jyj_yk-
Define N
Aw):=TTvi™ TI - wwmu -1, (5.13)
i=1 1<k<I<n

then we have that

Ay)™! (ajA) (y) = (v 1 > !

2 —1 -1
Y; k;éjyj+yj — Yk — Yy

With the help of this formula, one deduces that under the change of variables

T = %%, the second order differential operator D?TB becomes
n 2
ofed y; (1 —cy;) (1 —y;/c)(1 — yje/d)(1 —y;d/c) ,
DAW,J,T - Z ( : (1 _ yz)z aj
Jj=1 J
Lot —ey)(d —y;/e)(d — yie/d)(L — y;d/c) 9,
2
(1- yj)s
Lt DA —yje/d)(1 —y;d/c) + (B+ 1)1 — cy;)(1 —y;/c)) 5
Yj 2 J
(1- yj)
2
y; (1 —cy) (A —y;/e)(L —ye/d)(1 —y;d/e) = /. &
+2r 2 d T AW (98) m)y ) -
J
Note that
may + ") = ma(y) + Y exuiu(y), (5.14)
<A

for certain ¢y, € C, hence we have by (5.9) that
m 1+c2—cly+yt) _ —c \/\Im
* ( (T —d)(1—c2/d) ) - ((1 — 0= 02/d)) A(y) +
+ ) baule, d)ia(y)  (5.15)

pn<A
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for certain by ,(c,d) € C with (1=d)(1- cQ/d))w bau(c,d) depending poly-
nomially on ¢ and d. It follows now from (4.3), with similar arguments as for
the proof of (5.12), that

a,B.cd ~ AWJ LN~
Doy 5 = E c\ a, B¢, d; T)my,
pn<A

for ¢,d # 0, ¢ # d, d # 1 with constants c)\W 7 depending polynomially on

a, B and 7. The leading term c’f‘j\v‘](a,ﬁ,c, d;7) = aj(a, B;7) is independent

of ¢ and d (a3 given by (4.10)). The behaviour of the second order g-difference
operators under the limit transitions is given by

Proposition 5.3 Fiz A\ € PT.
(1) Fiz (a,b,c,d) € C* and q € (0,1), then for all p < X\ we have that

1\ [Al=lpl
3 €(cd)? 1 T 13 3
VB (g ( 7 ) A (catadfe)f e gt (o)t

—eflq% (d/c)% ,—eq%b(c/d)% ;q,t) (5.16)

depends polynomially on t and €, and the zero order term with respect to the
variable € is & (a,b,c,d;q,t).

A p
(2) Fiz (a,b) € C? and q € (0,1), then for all p < X\ we have that
. N ) L
Ep (t,e) := ( - > cfzv (equ,e_1q5, —qz, —qfa;q,t) (5.17)
qz ’

depends polynomially on t and €, and the zero order term with respect to the
variable € is c)\ (a,b;q,t).

(3) Fiz (a,b) € C? and q € (0,1), then for all p < X we have that
cf#(b,a, 1,d;q,t) depends polynomially on t and d, and the zero order term
with respect to the variable d is ciu(a,b; q,t).
(4) Fiz (a,3,7) € Vy and ¢,d € C such that c,d # 0, ¢ # d and d # 1, then
for all p < X\ we have that
AW (e, q"t Je,q7 M d/e,c/d; q;q7)

lim £

a1l (1—q)?
(5) Fiz (o, 8,7) € Vj and ¢,d > 0, then for all p < X\ we have that

= cAWJ(a B,¢,d;T).

G CaN 6 diadT)
lim
a1l (1—q)?

(6) Fiz (o, 8,7) € Vy, then for all i < X\ we have that

(a B, e, d;T).

. X (a* " 19,47) _
q11 (1-4¢)?

Sl Bi7).
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Proof: We first prove (2). Fix (a,b) € C?. Proposition 4.1 implies that

éf‘:‘;L(t,E) depends polynomially on ¢, and Laurent polynomially on €. So it

is sufficient to prove that for arbitrary fixed t € C,
~AW,L L
hm 10 (t,e) = c)\#(t).

So fix t € C. Proposition 4.1 gives for fixed a,b,t € C and 0 # € € R that

Al 1/2, —1_1/2 _ _1/2 _ 1/2 3
(;) R OV (5.18)

S e () ", (") : (5.19)

p<A qa*

Let for v € P, &,(€) be the coefficient of m, (z) := .

is equal to

pesy @ in (5.19). This
makes sense, since m,, (q%x/ e) is a symmetric Laurent polynomial for all u €

PT. In fact, we have for 4 € Pt that

(;)'“' i (”) = m (@) + r(a: ) (5.20)

with 7(x;€) a sum of monomials m, (z) with v € P, v, < 0 and |v| < |ul,
with coefficient given by a polynomial expression in €, homogeneous of degree
|| — |v|. Combining this with the following two limits (cf. [S1])

1
lim P (q seqb, e qé,—qé,—qéa;q,t> = (z;a,b;q,),  (5.21)
€

1
lim ¢ (q reqib, e qé,—qé,—qéa;%t) = ¢/ (r;a,b:q,t),  (5.22)
€
and with proposition 4.2, resp. formula (5.19) gives for v € P with v,, < 0 that
lim ¢, (¢) = 0,
and for gy € P that

lim &,(¢) = lim c;‘WL(t €) = c§ (1)

e—0

This proves (2).
(1) We have the following limits (cf. [S1]):

1
q2x 1 191 1 11 1
1LOwAW <e(cd)é;€q2a(d/0)2,e 1q2(c/d)2,—6 1q2(d/c)2,
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1
lim 7" ( (q”)” ieqta(d/e)t, < HqF (c/d)?, —HqF (d/e)?,
€— 5

—eq%b(C/d)%;qJ) = ¢} (z;a,b,¢,d; ¢, 1). (5.24)
The proof is now completely analogous to the proof of (1).

(3) Follows directly from proposition 4.2 and formula (4.7).
(4) An arbitrary second order g-difference operator

D= Z (Tyi — Id) + 7 (2)(Ty-1,; — 1d))

can be rewritten in the following way

0 =3 (4e) (T (D)) @) + Bile) (T (D 1)) @)

i=1
(5.25)
with Dé’* the backward partial g-derivative in direction ¢ given by
- (f = Tyuf) (@)
Db = :
(Dy™1) (@) (1—q)z;

and
Ai(x) = ¢ (1 = @)*a}m; (z),
Bi(z) = ¢ (1 - q)z; (v} (x) — qm; (x)) -

Fix (o, 8,7) € Vj and ¢,d € C such that ¢,d # 0, ¢ # d and d # 1. Rewrite
D aw in the form (5.25), so let

(1 —aw;)(1 —bx;)(1 — cx;)(1 — day)
(1 —2)(1 - gqz3)
(a—x)(b—a;)(c—x;)(d —x
(1—a?)(qg—27)

with A(z) given by (5.13). It is immediate that

(@) = " (@) = 1A @) T (TiA) (),

wH(@) = 61 (2) = D1 Aw) ! (1-1,4) (@)

lim Ai(x;¢,q°T e, q?d)c,c/d;q,q7) B 22(1 — cxz)(1 — xi/c)(1 — xid/e)(1 — x;c/d)
il (1-q)7? - (1—a?) '

To evaluate the limit for B;, we need the following remark. Let z be a complex
variable and fix ¢ € (0,1), then define for u,v € R, DI, by

Ty = Tp)f) (2)
(1-q)2

(0, £) () =\
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with (Tsf) () := f(sz). Then D, , maps C[z] into Cl[z], resp. Clz,27!] into
Clz,z71], and

df

dz(z) Vf e Clz, 2z 1.

lim (D2, f) (2) = (u+v)

Note that Dg,l is the backward partial g-derivative in the variable z. In partic-
ular, we have that

_ (Tq*wA - qu,jA) ()
lim
qll (1 —q)x;

A straightforward calculation gives then that

Bi(z;¢,q° Y e,q?tld/e,c/d;q,q7) zi(1 —cx;)(1 — z;/c)(1 — wic/d)(1 — z4d/c)

iy (1-q)? - (1—a})?
o ((a+ 1)1 —2ie/d)(1 = zid/c) + (B4 1)1 — cxi)(1 — z;/c))
: i-2)
22(1 = ex;)(1 — 2;/c)(1 — zic/d)(1 — xid)e) =, <
+or = Afz)™! (@A) ().

Hence we have

(D o™ el ) ()
lim =
g1l (1—-4g)?

= (DXT5LS) () vfea”.

Consequently, the coefficients satisfy

AW a+1 B+1 . T
.y (e g e, q" T d e c/diq,q) 4wy _
i -~ p )
for all p < A
(5) Fix (o, 8,7) € Vy and ¢,d > 0. Rewrite the second order g¢-difference

operator Dp in the form (5.25). The A;’s and B;’s are then given by the
following expressions:

Ai(z) = (1= ¢)%¢72 (qaz; — ¢) (gbx; + d) "7 Ax) 71 (Trid) (),

q Z;

Bia) = L= D ynr <<x +(d—c)— Cd) A(z)™ (Th-1,A) ()

— <q2abxi + (qad — qbc) — Cd) A(z) 1 (Ty,.A) (g;)> . (5.26)

T4
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Similar calculations as for (4) gives then that

o gfe,
(Dq&q’qu df) (z) _ (D%’E’ﬁ’df) (z) VfeAS,

lim
g1l (1-4q)?
hence the coefficients ciu(qo‘, q%,c,d;q,q7) (u < \) satisfy
X (0748 e dsq,q7)
lim 5
q11 (1-1q)
(6) This is a special case of (5). O

B,J
= C,\,H (O(,ﬂ, (& d7 T)'

Next we will define the BC,, type orthogonal polynomials for more general
parameter values. Fix ¢ € (0,1). Let X denote AW,B or L. Denote m5 := 1,
for X = AW resp. my\ :=m, for X = B and L.

Lemma 5.4 Fiz (a,b,c,d) € Vx (if X = AW ) resp. (a,b,c,d) € Vi (if X =
B) resp. (a,b) € Vi& (if X = L). Let p < A, then there exists a polynomial
Pap ({xvptp<v<n) (independent of X ) and homogeneous of total degree #{v €
Pt /v < A} such that the rational function in t given by

Pau ({5, (0)}ozv<n)
TN CNCEEH0)

is a rational extension of the function t — di{u(t) :(0,1) — C, where di{u(t)
is the coefficient of mff in the expansion of P/\X(t) with respect to the basis
{mX Jv e Pt} (cf definition 3.2, 3.3 resp. 3.4).

cif\{u(t) =

(5.27)

Proof: For the given values of a,b, ¢, d we have that ¢, ,(t) = a;) (t) # a (t) =
oy £\ (t) as polynomials in ¢ if A # p, so dX ,(t) is a well defined rational function
in ¢. In view of proposition 2.5(a) and (2 6) there exists a polynomial py , such
that (5.27) is the rational extension of dX7 (t). The polynomial py , does not
depend on X and can be chosen homogeneous of total degree #{v € P+ /v < A}
in view of remark 2.6. a

Fix (a,b,c,d) € C* (if X = AW or B) or (a,b) € C? (if X = L) such that
abed ¢ {1,¢7,¢72,...} (if X = AW) or ab ¢ {¢%,¢73,...} (if X = B or
L). Then, as observed in paragraph 4, cf\f)\(t) = ax (t) # ap (t) = ¢ ,(t) as
polynomials in ¢ if A # u. Define cffu for these values of a, b, ¢,d by (5.27), and
define
P (a;1) )+ Y dy (5.28)
<A

for t € Ny« dom (di\(u) As a consequence of lemma 5.4, proposition 2.5 and

remark 2.7 we have:
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Corollary 5.5 Keep the same assumptions on a,b,c,d as in lemma 5.4. Then
(0,1) C dom (c‘lg\(#) for all p < X and PX(.;t) = PX(.;t) for all t € (0,1).

Hence for each A € P, the polynomial ]5/\X is a well defined extension of the
polynomial P5* to a larger set of parameters (a, b, ¢, d, t). We will write PyX(.;t)
instead of PX(.;t). For the limit transitions (theorem 5.1), we only need the
extended definition of Askey-Wilson polynomials.

Remark 5.6 According to proposition 2.1 and 2.5, the BC,, type Askey-Wilson
polynomials for general parameter values have the following properties:
Fia: A\ € P*, and let a,b,c,d € C and t € C such that a3V (a,b,c,d; q,t) #
u W(a,b,c, d,q, t) for all p < X, then PAW is an eigenfunction of Daw with
eigenvalue a>\ W(a,b,c,d;q,t). Furthermore, if one can extend the inner product
(., Yaw. for more general values of (a,b,c,d) (abed ¢ {1,q7%,q72,...}), such
that {f,g) aw is continuous in t for t € (0,1) for all f,g € AW, and such that
D aw is selfadjoint with respect to (., .)aw, then the corresponding orthogonal
polynomials (Definition 3.2) are exactly the polynomials P{*W (a,b,c,d; q,t) as
defined by (5.28), for allt € (0,1) (cf. remark 2.7).

Proof of theorem 5.1
We first prove (2).
(2) Let (a,b) € V/ and t € J\(a,b). Note that

atW(eqzb, e g3, —q%, —q2a;q,t) = a2t (a, by g, 1). (5.29)

Hence we have, in view of (5.19), that

A 1 Al 1
€ 2 € - 2
<1> P (q ;aﬁb,e‘lqérqé,—qéa;q,t) = <1> M (q )
q2 € 2 €

q
+ 3 d G, <€) " M, (qix> , (5.30)

pn<A

where
P, ({ (t 6)}p<u<>\)

[yen (87" (@ b30,6) = 0" (a,biq,))

The denominator on the right hand side is non-zero since t € Jy(a,b). Now
apply proposition 5.3(2) and (5.20).
(1) Note that

A\ (te) = (5.31)

“(a,b;q,t). (5.32)



Similar arguments as for (2) give then the desired result.
(3) Same arguments as for (1) can be applied with d playing the role of ¢, since

f L(a, b; q,t) is independent of d and symmetric in a and b.

(4) Fix (o, 8,7) € Vy and ¢,d € C such that ¢, d # 0, ¢? # d and d # 1. Denote
the right hand side of formula (5.5) by Pf‘W’J(x; a, 3, ¢,d; T), then

wa"](x a, B,¢,d;T) )+ de‘f‘] (o, B, ¢, d; T)my ()
<A

for certain constants dAWJ( ,B,¢,d;7) € C in view of (5.15).
wa"](x; a, B,¢,d; T) is an eigenfunction of DA’I%?‘i with eigenvalue af (o, 8;7),

because Py (z;, 3;7) is an eigenfunction of DJT with eigenvalue af (o, 3; 7).
Hence

my

a,B,c,d .
pAW,J( . DAWC]T_a (o, B;7)
X .

s My ad; ==
e H<>\ai( a, 37 >—a,{(a,ﬁ;7')

in view of proposition 2.1 and proposition 4.8. So we have for p < A that

Pxp ({CAW J( aﬁ7 c, d; T)}pgugA)

[T,y (af (e, B;7) — a (e, B; 7))

by proposition 2.5(a) and (2.6), where p) , is the same polynomial as in (5.27).
Note that

i (@, 8,c,d) =

B,L
ai™(c,q* ™ Je,q" T d e, c/d;q,q7) = ay (g%, 4% 4,97,

and af’L(qa,qﬁ;q,qT) > aFL(qa,qﬁ;q,qT) for all A > p and all ¢ € (0,1)
(proposition 4.7). Since py ,, is homogeneous of total degree #{v € Pt /v < A},
we thus have by lemma 5.4 that

¢ ¢ ¢ o ({8 (e,q% %Y e, qP YN d e e/ dq,47)} p<u<n)

W (e —,=q.q") =
Ap \Cs ) sy 704, N -
¢ ¢ d IT,<» (af’L(qa,qﬁ;%qT) - af’L(q%qﬁ;q,qT))
with

AW a+1 ﬁ+1d d: T
c c7 c7 c7c ) b
~AW( ¢ q “+1/c7q6+1d/c,c/d;q,q7) _wp ( q /(lq )2/ / q,q )’
—dq

v,p
al (¢, q%q,q97)
(1-gq)?

BL¢™,qd%q.q) =

We have that

gg&f’L(q“,q[’;q, q7) = al (e, B;7)
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for all v € P, so it follows from proposition 5.3(4) that

ll%ndAE/( ,q* e, qﬁHd/C c/d;q,q7) = dAWJ(oz B,c,d;T)
for all p < A.
The proof of (5) and (6) can be given in a similar way. 0

Remark 5.7 For limit transition (5.6), the condition ¢,d > 0 can be weakened
to ¢+ d # 0 if one uses the extended definition of the big q-Jacobi polynomials.
For subsets of the set of parameter values a,b,c,d,t for which we proved limit
(5.5), a proof of (5.5) was already known by looking at the behaviour of the
orthogonality measure when q tends to 1. See [M1] for a three parameter subset,
and [vD], prop. 4.3 for a five parameter subset. For the limit transitions from
big resp. little g-Jacobi polynomials to Jacobi polynomials ((5.6) resp. (5.7)),
this technique can also be applied. See the end of section 6 (prop. 6.5) for more
details.

6 Some remarks about the limit transitions
We first discuss the possibilities to extend the limit transitions (5.2), (5.3) and
(5.4) to the whole parameter domain. Fix (a,b,¢,d) € Vi (if X = B) o
(a,b) € Vi (if X = L) and fix g € (0,1). Then

P ({E0W X (€)Y p<<n)

yar (X (@,b30.8) = aH (a,biq. 1))

SAW,X __
dy, "~ (te) =

(6.1)

for X = B resp. L and g < X depend polynomially on € and rationally on ¢.
Since a)\ (a b; q,t) is independent of ¢ and d, we have for u < A that

Px.p ({Cip(ba a, 17d, q, )}p<y<)\)
HV<A (af)L(avb; q, )_ au (a b q, ))

Jﬁf(a, b;q;t,d) == (6.2)

depends polynomially on d and rationally on t. Fix A € P*. We have that limit
transition (5.3) holds for ¢ € (0, 1) if and only if for all u < A the following two
conditions are satisfied:

(1) t € dom (dAW’L(. )) for e sufficiently small,

(2) lime_ody V" (t,€) = dk (1)
This follows from (5.20) and (5.30). Similar remarks hold for the limit transi-
tions (5.2) and (5.4). We have the following lemma.
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Lemma 6.1 Fix m € Ng. Let J be a topological space, Jy a dense subset of J

and fo, ..., fm : Jo = C continuous functions. Define the function f : Jyx C —
C by
fte) = Z e fu(t) te Jy,ecC. (6.3)
k=0

Suppose there exist m + 1 different points {eo, ..., en} such that the functions
t— f(t,e): Jo—C (i=0,...,m)

can be extended to continuous functions from J to C. Then the functions
fo,- -, fm can be extended to continuous functions from J to C.

In particular we have that there is a unique extension of f to a continuous
function from J x C to C such that f(t,0) = fo(t) for allt € J (cf. (6.3)).

Proof: We have for all ¢t € Jy the matrix identity

fit) = Ag(e), (6:4)
with f(t) resp. §(t) the column vector with ith entry f(t,€;) resp. fi(t) (i =
0,...,m) and A the matrix with (¢,7)’th entry (¢;)” (4,7 =0,...,m) (i the row
index, j the column index). The lemma follows, since every entry of the column

—

vector f(t) can be extended to a continuous function from J to C and A is
invertible. g

For fixed A € P and fixed a and b, take J = (0,1), and Jy(a,b) for the dense
subset of J (Jx(a,b) given by (5.1)), then in the next proposition we will apply
lemma 6.1 on the functions (6.1) and (6.2), with m the highest degree of the
functions as polynomials in € resp. d. Note that in these situations, an algebraic
proof can be given of lemma 6.1.

Proposition 6.2 Fiz A\ € PT. }
(1) Fiz (a,b,c,d) € V3. Suppose that deV’B(t,e) satisfies the conditions of

lemma 6.1 for all p < X. Then (0,1) C dom (Jfﬁ/’B(.;eD for all € and all
w < X, and limit transition (5.2) is valid for all t € (0,1).

(2) Fiz (a,b) € V. Suppose that &f’ZV’L(t,e) satisfies the conditions of lemma

6.1 for all u < . Then (0,1) C dom (&fZVL( . e)) for all € and all p < A, and

limit transition (5.3) is valid for all t € (0,1).
(3) Fiz (a,b) € V{. Suppose that Jﬁ’;(t,d) satisfies the conditions of lemma
6.1 for all u < \. Then (0,1) C dom (Jﬁj( .;d)) for all d and all j < \, and

limit transition (5.4) is valid for all t € (0,1).
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Proof: In view of lemma 6.1 and remark 2.7, it is sufficient to check that (5.2),
(5.3) resp. (5.4) holds for ¢t € Jy(a,b), so theorem 5.1 gives the desired result.

O
As a corollary, we have
Theorem 6.3 Let t € (0,1), (a,b) € V! and X € P*, then
g% PB(x;b,a,1,d;q,t) = PE(z;a,b;q,1). (6.5)

Proof: Fix (a,b) € V/!. Fix d > 0 such that b > —1/dg, then (b,a,1,d) € VZ.
Hence ciff (t,d) = diﬂ(b, a,1,d;q,t) forallt € (0,1) and for all 4 < A (corollary
5.5). The big ¢g-Jacobi polynomials

P (x:b,a,1,d;q,t) = ma(@) + Y dY ,(b.a, 1,d;q,t)my,(z) (A € PY)
pn<A

are orthogonal with respect to the inner product (., .)i’é’i}"lt’d. Proposition 2.3,

applied to this inner product, implies that dﬁ u(b’ a,1,d;q,t) depends continu-
ously on ¢ for ¢t € (0,1). Hence proposition 6.2(3) can be applied. |

Remark 6.4 The proof of theorem 6.3 for arbitrary t € (0,1) makes essential
use of the interpretation of the polynomials as orthogonal polynomials.

In order to prove the limit transitions (5.2) and (5.3) for all (a,b,c,d) € V2
resp. (a,b) € V[ and all t € (0,1), an interpretation of BC, type Askey-
Wilson polynomials as orthogonal polynomials for more general parameter values
is needed (cf. remark 5.6), so that the same argument as in theorem 6.3 can be
applied.

In the one variable case, Askey-Wilson polynomials for more general values
of (a,b,c,d) have an interpretation as orthogonal polynomials. The orthogonal-
ity domain consists then of a continuous part and a discrete part, the discrete
part coming from residues. In the one variable case, Koornwinder showed that in
the limits from Askey- Wilson polynomials to big resp. little q-Jacobi polynomi-
als, the disrete part of the orthogonality domain of the Askey- Wilson polynomials
blows up to the orthogonality domain of the big resp. little g-Jacobi polynomials,
while the discrete part shrinks to {0} (cf. [K2] p. 812).

Recently, the first author has written down the orthogonality measure for the
multivariable Askey-Wilson polynomials with partly continuous, partly discrete
measure and described in detail the limit transitions to big resp. little q-Jacobi
polynomials for the case t = q* with k € N (cf. [S2]).

Define an inner product |., .]to‘,y’f’c’d on AS for ¢,d > 0, (o, 3,7) € Vj by
1 C C
[fy9)sr = i o / ) f(@)g(x)wy(z;7)dz, f,ge AS, (6.6)
* Tr1=— Tp=—
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with weight function wy(z; o, 8, ¢, d; T) given by

wy(a;7) = (Hu /o) (1+ xi/dw) A@)".

The polynomials {P§ (<

Bed
[, ]gPed

e a,3;7) /N € PT} are orthogonal with respect to

Proposition 6.5 Fiz \,u € Pt
(1) Let a € (0,00), 8 € (0,00) and T € [1/2,00), then

. a gf
lql%lll<m>\a mu>qL,;,1q (ma, mu)J’Tﬁ

(2) Let o, 8,7 € N and ¢,d > 0, then

aﬁcd

,q7,c.d
q @ [mA’mﬂ]JT

h%n<m>\, mH>B ,q,q7
Proof: (1) Fix my,mo € R such that mg > my and my + mgy > 1. Then

(@™ 2:q) o

=(1—z)m2™™
all (qm22:q) o ( )

uniform for z on {z € C/|z| < 1} (cf. [K4]). This implies for the function

gan(@i o 575 ) = g ma (@ ()m @/ (D)o@ (1) 4", 4% 4, 7)
with 2/ (1) = (z1,q"x2,...,¢" Y7x,), and fixed a, § € (0,00), T € [%, 00), that

lqiglgx,ﬂ(x; a, 3573 q) = ma(z)my(z)vy(v; 0, 3;7) (6.7)
uniformly on V := {(x1,...,2,) /1 > 21 > ... > 2, > 0}. So we have:
I 0’ 1 o dyz
im{my, m . = lim Ty, (35T
qT1< A #>L,q,q aTl LI—O /12 0 /wn—o g)\,u. /6 q)

= —hm/ / mx(x)my(z)vs(z; o, B;7)dg
n! q71 =0

_ E/ /wno (z)vy(z; o, B;7)dx

= <m>\7mu>J

For the first equality we used that
¥ 1
| = [ herdge 20,
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for the second equality we used the uniform convergence of the integrand (for-
mula (6.7)) and that vy is symmetric, and for the third equality we used that v
is continuous on [0, 1]™ and the fact that (3.4) is also valid for multidimensional
Jackson integrals with continuous integrands.

(2) For 7 = k € N, the inner product (., .)%>4

Bk simplifies to

Gop =g [ o[ e,

le—d

with weight function

H” /¢, —qri/d; q)
ca.b.e.d: ky _ (qxz/c, qxz/ Doo A
'lU((I/'7 a,0,c,a;q9,q ) P (qaxi/C, _quz/d, q)oo k(x)v

and

k—1
8ule) = (0 OO T TT (- ')
1=0 i#j
(cf. [S1]). We have that

liglw(x;q”‘,qﬁ,a d;q,q") = wy(z;a,B,c,d; )
q

uniformly for « € [—d, c]", if ¢,d > 0 and «, 3,7 € N. Similar arguments as in
(1) gives the desired result. O

With the help of this proposition, it is also possible to prove that the BC),
type big and little g-Jacobi polynomials are g-analogues of the generalized Jacobi
polynomials, with techniques very similar to the techniques used by Macdonald
to investigate the limit ¢ tends to 1 for his orthogonal polynomials associated
with general root systems (cf. [M1]). See also [vD], prop. 4.3, where these
techniques were used for the limit transition from Askey-Wilson polynomials to
Jacobi polynomials (formula (5.5)).
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