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Abstract

This paper gives a rather arbitrary choice of formulas for (¢-)hypergeometric orthog-
onal polynomials belonging to the (¢-)Askey scheme which the author missed while con-
sulting Chapters 9 and 14 in the book “Hypergeometric orthogonal polynomials and their
g-analogues” by Koekoek, Lesky and Swarttouw. The systematics of these chapters will be
followed here, in particular for the numbering of subsections and of references.

Introduction

This paper contains some formulas for (¢-)hypergeometric orthogonal polynomials belonging to
the g-Askey scheme which I missed but wanted to use while consulting Chapters 9 and 14 in the
book [KLS]:

R. Koekoek, P. A. Lesky and R. F. Swarttouw, Hypergeometric orthogonal polynomials and their
q-analogues, Springer-Verlag, 2010.

These chapters form together the (slightly extended) successor of the report

R. Koekoek and R. F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials
and its g-analogue, Report 98-17, Faculty of Technical Mathematics and Informatics, Delft Uni-
versity of Technology, 1998; http://aw.twi.tudelft.nl/~koekoek/askey/.

Certainly these chapters give complete lists of formulas of special type, for instance orthog-
onality relations and three-term recurrence relations. But outside these narrow categories there
are many other formulas for (g-)orthogonal polynomials which one wants to have available. Of-
ten one can find the desired formula in one of the standard references listed at the end of this
paper. Sometimes it is only available in a journal or a less common monograph. Just for my
own comfort, I have brought together some of these formulas. This will possibly also be helpful
for some other users.

Morally, any formula for, say, Jacobi polynomials should fit into a (¢-) Askey scheme of for-
mulas of such type, where, as always, the arrows mean specialization or taking limits. However,
I have not attempted to reach such completeness here. The resulting choice of formulas is rather
arbitrary, just depending on the formulas which I happened to need or which raised my interest.


http://aw.twi.tudelft.nl/~koekoek/askey/

For each formula I give a suitable reference or I sketch a proof. It is my intention to gradually
extend this collection of formulas.

It should be observed that a more conceptual approach to the (¢-)Askey scheme was given
smewhat sketchy by Vinet & Zhedanov [K43] and later more thoroughly by Verde-Star [K41].
Verde-Star’s approach was made explicit by the author in [K25] for the g-Askey scheme, in [K27]
for the Askey scheme, and in [K26] for the Zhedanov type algebras associated with the ¢-Askey
scheme. Approaches to a ¢ = —1 Askey scheme have been made by Pelletier e.a. [K35] and Verde-
Star [K42]. However, orthogonal polynomials belonging to such a scheme were not concidered
in [KLS] and will neither be considered here.

Conventions

The (x.y) and (x.y.z) type subsection numbers, the (x.y.z) type formula numbers, and the [x]
type citation numbers refer to [KLS]. The (x) type formula numbers refer to this manuscript
and the [Kx| type citation numbers refer to citations which are not in [KLS]|. Some standard
references like [DLMF] are given by special acronyms.

N is always a positive integer. Always assume n to be a nonnegative integer or, if N is
present, to be in {0,1,..., N}. Throughout assume 0 < ¢ < 1.

For each family the coefficient of the term of highest degree of the orthogonal polynomial of
degree n can be found in [KLS] as the coefficient of p,(x) in the formula after the main formula
under the heading “Normalized Recurrence Relation”. If that main formula is numbered as
(x.y.z) then I will refer to the second formula as (x.y.zb).

In the notation of g-hypergeometric orthogonal polynomials we will follow the convention
that the parameter list and ¢ are separated by ‘|’ in the case of a g-quadratic lattice (for
instance Askey—Wilson) and by ‘;’ in the case of a ¢-linear lattice (for instance big g¢-Jacobi).
This convention is mostly followed in [KLS], but not everywhere, see for instance little ¢g-Laguerre
/ Wall.
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Generalities

Criteria for uniqueness of orthogonality measure
According to Shohat & Tamarkin [K38, p.50] orthonormal polynomials p,, have a unique orthog-
onality measure (up to positive constant factor) if for some z € C we have

S P2 = oc. 1)
n=0

Also (see Shohat & Tamarkin [K38, p.59]), monic orthogonal polynomials p,, with three-term
recurrence relation zpy,(z) = pp+1(z) + Bupn(z) + Cppn—1(z) (Cy, necessarily positive) have a

unique orthogonality measure if
(o]

S () = . (2)
n=1
Furthermore, if orthogonal polynomials have an orthogonality measure with bounded sup-
port, then this is unique (see Chihara [146]).
If for given orthogonal polynomials the orthogonality measure is unique then these OPs are
complete, see [K38, p.62].

Kernel polynomials and the three-term recurrence relation
For given monic orthogonal polynomials {p,} with respect to orthogonality measure p and with

by, = /an(m)Qd,UJ(fU),

there is the Christoffel-Darbouz formula

Kn($’y) e i ]Mx})j:k(y) — hi pn‘f'l(m)pn(y; :];n(x)pn+1(y) (l’ 7& y) (3)
k=0 "

Fix y € R and suppose that supp(u) C (—o0,y]. Then p,(y) # 0 for all n and the monic

polynomials
hy,
= ——~ Ku(z,y 4
Pn(y) (®3) @

are orthogonal with respect to (y — z)du(x). They are called kernel polynomials (see Chihara
[146, Ch. 1, §7]). There is a pair of contiguous relations relating the polynomialsd p, and gy:

qn(z) :

(z = y)gn(z) = pus1(z) — Anpn(z), (5)
pn(gc) = Qn(x) - CnQn—l(x)a (6)
where
_ pat1(y) _ ha paaal(y)
"o T Rt o) ®

Then the three-term recurrence relations for the orthogonal polynomials p,, and ¢, can be written
in the form (see [K40, §5, Lemma 1))

T pp(x) = pur1(x) + (y — An — Cp)pn(x) + A1 Cppn—1(x), (8)
an(.%') = Qn—i-l(x) + (y — A, — Cn—i—l)Qn(fU) + AnCnQn—l(x)' (9)



In the above formulas put terms containing the factor Cy equal to 0.

In many cases in [KLS, Chapters 9, 14] the normalized three-term recurrence relation is given
in the form (8), already in the Askey—Wilson case (14.1.5), and where it is not written in this
way, it can be done so. See for instance (56) for Jacobi.

If we write the normalized recurrence relation for the p,, as

Tpn(x) = Prr1(x) + by pu(T) + cnpn-1(x), (10)
and compare it with (8) then

This can be recursively solved for the A,, C,, in terms of the b,, ¢, by

Ao =y — bo, Cp = Ap=y—b,—C, (n>1). (12)

Equations (5), (6), (8) correspond to an LU factorization of the Jacobi matrix associated
with the OPs p,, see [K7, Lemma 2.1], where also (12) is given.

Even orthogonality measure
If {p,} is a system of orthogonal polynomials with respect to an even orthogonality measure
which satisfies the three-term recurrence relation

xpn(x) = ananrl(x) + cp pnfl(m)

then
pn(0) _ cona (13)
P2n—2(0) agn—1
Finite systems of OPs of degree up to N with weights on N + 1 points
Suppose we have OPs {p, })\_, which are orthogonal on {xg, x1, ..., ry} with respect to weights
w; (i =0,1,...,N). Then we have recurrence relations
xpn(x) = Appnt1(x) + Bupn(z) + Cppp—1(x) (n=0,1...,N), (14)

where p_1(z) = 0, pyy1(2) = (x —20) ... (x —zy) and py(x) = Ayz + terms of lower degree.
For a proof of the case n = N note that, for z € {xg,x1,...,2x}, we have for certain coef-
ficients By, Cn that xpy(x) = Bypn(z) + Cypn—1(z) by orthogonality and by the fact that
D0, D1, - - -, PN 18 a basis of the function space on this set. Hence zpy () — Bypn () —Cnprr—1(z)
is a polynomial of degree N + 1 which vanishes on {zg, x1,...,zn} and for which the coefficient
N+1 equals the coefficient of oV for py(x). Hence zpn(z) — Bypn(z) — Cnpy_1(z) =
An(z —x0) ... (x — zN).

of



Zeros of an OP of degree n

Let 1 be a positive measure with infinite support on a closed interval I such that |z|?"~! (but
not necessarily |x|?") is integrable on I with respect to u. Let p,(z) be a polynomial of degree n
such that [} py(z) 2" du(z) = 0 for k =0,1,...,n — 1. Then p,(z) has n distinct zeros on the
interior of 1.

Proof Suppose that p, has precisely k < n sign changes on points x1, ...,z in the interior of I.
Then 0 = [; pn(z) H;?:l(x —xj)dp(x) # 0, on the one hand by orthogonality and on the other
hand because the integrand has a definite sign outside x1, ..., zr. So we have a contradiction. [

Appell’s bivariate hypergeometric function F; This is defined by

oo

@)mtn(O)mtn  m n 1 1
Fabeding = Y Wmolno e gpyicn, )
m,n=0 m naE

see [HTF1, 5.7(9), 5.7(44)] or [DLMF, (16.13.4)]. There is the reduction formula

—x —y a,l+a—>

F4<a,b;b,b; ; >= 1—2)*(1—y)* F( xy)
a0y (i)~ wn,

see [HTF1, 5.10(7)]. When combined with the quadratic transformation [HTF1, 2.11(34)] (here

a — b — 1 should be replaced by a — b+ 1), see also [DLMF, (15.8.15)], this yields

1T, —T -y
F <b T s TGy G y>>

_ ((1—x)(1—y)>a 2F1(;a,;(a+1) Ay 2>.

14+ zy

This can be rewritten as

1.1
_ sa,5(a+1) dxy
Fy(a,b; b, b; =(1l—az—y) *oF |22 ——. 16
4(&, i, b;,y) < T—y) 1( b 7(1—(13—y)2> ( )
Note that, if z,y > 0 and 77 + y% <1l,thenl—2—y>0and 0 < (1_4§_yy)2 < 1.
¢-Hypergeometric series of base ¢~! By [GR, Exercise 1.4(i)]:
—1 —1
a1,...,0r _q a; ,...a,.,0,...,0 gay...ap2
; = g, ——————— 17
’”%( bi,... by ! ’Z) s“d)s( VOO e A YR > (a7
forr < s+1, ay,...,a,b1,...,bs # 0. In the non-terminating case, for 0 < ¢ < 1, there is
convergence if |z| < by...bs/(qa1...ar).
A transformation of a terminating 2¢1 By [GR, Exercise 1.15(i)] we have
q—n’b —1 q_n,C/b,O
; = (b ; ; . 18
2¢1< c 34, Z> ( Z/(Cq),q )n 3¢2<C, cq/(bz) 34,4 ( )

6



Very-well-poised ¢-hypergeometric series The notation of [GR, (2.1.11)] will be followed:

1 1

2 2
a1,qai, —qaqy,a4,...,0r41
riaWi(ars ag, a5, 0405, 2) o= par | 101 1,7 | - (19)
ay, —aq 7qa1/a’47 vy qal/a’T-f-l

Theta function The notation of [GR, (11.2.1)] will be followed:
0(x;q) = (2,9/75q)00, 021, 2m3q) = 0(215q) ... O(2m; @) (20)

9.1 Wilson

Symmetry The Wilson polynomial W, (y; a, b, ¢, d) is symmetric in a, b, ¢, d.

This follows from the orthogonality relation (9.1.2) together with the value of its coefficient of
y™ given in (9.1.5b). Alternatively, combine (9.1.1) with [AAR, Theorem 3.1.1].

As a consequence, it is sufficient to give generating function (9.1.12). Then the generating
functions (9.1.13), (9.1.14) will follow by symmetry in the parameters.

Hypergeometric representation In addition to (9.1.1) we have (see [513, (2.2)]):

Wa(?; a,b, ¢, d) = @2 = 10)n(e Z i)(d = i),

(—2iz),
r Qix—n,i:c—%n—i—1,a—|—ix,b+ix,c+ix,d+ix,—n
X ;
o ix—%n,l—n—a+ix,l—n—b—i—ix,l—n—c+ix,1—n—d+ix,1+21x
(21)
The symmetry in a,b, ¢, d is clear from (21).
Special value
Wy(—=a?;a,b,¢,d) = (a+b)p(a+ c)n(a+d)n, (22)
and similarly for arguments —b%, —c? and —d? by symmetry of W, in a, b, ¢, d.
Orthogonality relation Write the right-hand side of (9.1.2) or (9.1.3) as hn0pm.n. Then
hn at+bt+ct+d+n—1 (a+bnla+c)n--(c+d)pn!
ho a+b+c+d+2n—1 (a+b+c+d), ’ (23)
ho — F(a+bI'(a+c)...T'(c+d)
0~ T(a+b+c+d) '

Uniqueness of orthogonality measure Under the assumptions on a,b,¢,d for (9.1.2) or
(9.1.3) the orthogonality measure is unique up to constant factor, and the Wilson polynomials
form a complete system of OPs.



For the proof assume without loss of generality (by the symmetry in a, b, ¢,d) that Rea > 0.
Write the right-hand side of (9.1.2) or (9.1.3) as hypdy, . Observe from (22) and (23) that

’Wn(_GQ; a, b7 ¢, d)|2
hn

Therefore (1) holds, from which the uniqueness of the orthogonality measure and the complete-
ness follows .

By a similar, but necessarily more complicated argument Ismail et al. [281, Section 3] proved
the uniqueness of orthogonality measure for associated Wilson polynomials.

= const. n*B°* (1 4+ 0(1)) asn — oo.

9.2 Racah

Racah in terms of Wilson In the Remark on p.196 Racah polynomials are expressed in
terms of Wilson polynomials. This can be equivalently written as

Rn(x(ac —N+9);a,8,—N — 1,5)

W= @+ 36— N)EIE—N),a+1—L(0—N),B+1(0+N)+1,-1(5+ N)) (24)
- (a+ Da(B+ 3+ Dau(~N)n '

9.3 Continuous dual Hahn

Symmetry The continuous dual Hahn polynomial S, (y;a, b, ¢) is symmetric in a, b, c.

This follows from the orthogonality relation (9.3.2) together with the value of its coefficient of
y™ given in (9.3.5b). Alternatively, combine (9.3.1) with [AAR, Corollary 3.3.5].

As a consequence, it is sufficient to give generating function (9.3.12). Then the generating
functions (9.3.13), (9.3.14) will follow by symmetry in the parameters.

Special value

Sp(—a?;a,b,¢) = (a +b)p(a+c)y, (25)

and similarly for arguments —b? and —c? by symmetry of S,, in a, b, c.

Uniqueness of orthogonality measure Under the assumptions on a, b, ¢ for (9.3.2) or (9.3.3)
the orthogonality measure is unique up to constant factor.

For the proof assume without loss of generality (by the symmetry in a, b, c) that Rea > 0.
Write the right-hand side of (9.3.2) or (9.3.3) as hypdpm . Observe from (9.3.2) and (25) that

‘Sn(_a?; a, b7 C)P
hn

Therefore (1) holds, from which the uniqueness of the orthogonality measure follows.

= O0n*™ee™ ) asn — oo

Special continuous dual Hahn in terms of Wilson

22n

Su(wiab2) = oo,

Wn(im;%a,%(a—i—l),%b,%(b%— 1)) (26)

For the proof compare the weight functions and the values for z = —a?.



Generating functions By (9.3.17) the generating function (9.3.16) has the generating func-
tion (9.7.13) for Meixner—Pollaczek polynomials as a limit case.

9.4 Continuous Hahn

Orthogonality relation and parameter symmetry The orthogonality relation (9.4.2)
holds under the more general assumption that Re (a,b,c,d) > 0 and (c,d) = (@, b) or (b, @).
Thus, under these assumptions, the continuous Hahn polynomial p, (z; a, b, ¢, d) is symmetric in
a,b and in ¢,d. This follows from the orthogonality relation (9.4.2) together with the value of
its coefficient of 2™ given in (9.4.4b).

As a consequence, it is sufficient to give generating function (9.4.11). Then the generating
function (9.4.12) will follow by symmetry in the parameters.

Symmetry

pn(—z;a,b,a@,b) = (—1)"p,(z;a@,b,a,b). (27)
Special value B

7 i" a n b n

pn(ia;a,b,a,b) = "o+ ail'(a +9) (28)
Similarly, p,(z;a,b,a,b) has special values for x = —ia, ib and —ib.
Quadratic transformation For a,b € R or b =a we have [K24, (2.29), (2.30)]

pon(x;a,b,a,0)  Wa(a?a,b,3,0) ponti(z;a,0,a,0)  xWa(a?a,b,3,1) (20)

pan(ia; a, b, @, b) W, (—a2;a b,2, )7 pont1(ia;a,b,a,b)  iaW,(—a?;a b,;,l)

Explicit expression For a,b € R or b =a we have by (29), (9.1.1) and reversion of direction
of summation that

(n+a+b+a+b—1),
n!

1 1 1

—dn,~In+ i dn—a+1,-In-b+1

X 4F3 22 2 2 1], (30)
-n—a—b+3,— 2n—|—1x+1 2n—1x+1

pn(z;a,b,a,b) = 2" 2lam (—3n+iz+ 1)[;n](—ln —iz+ 1)[%n]

Special cases In the following special case there is a reduction to Meixner—Pollaczek:

(2a)n(2a + %)n

a), PRI (2z; 1m). (31)

pn(x;a,a—i—%,a,a—k%) =

See [342, (2.6)] (note that in [342, (2.3)] the Meixner—Pollaczek polyonmials are defined different
from (9.7.1), without a constant factor in front).

For 0 < a < 1 the continuous Hahn polynomials p,(z;a,1 — a,a,1 — a) are orthogonal on
(—00,00) with respect to the weight function (cosh(27z) — cos(27m))_1 (by straightforward
computation from (9.4.2)). For a = % the two special cases coincide: Meixner—Pollaczek with

weight function (cosh(27z)) -



Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.4.4) behaves as
O(n?) as n — oo. Hence (2) holds, by which the orthogonality measure is unique.

9.5 Hahn

Special values

(~1"(B+ D

n(0;a,6,N) =1, Qn(N;o,5,N) = 32
Q0 B.N) =1, QulNia5,N) = 32)
Use (9.5.1) and compare with (9.8.1) and (55).
From (9.5.3) and (13) it follows that
(H)n(N + o+ 1)y
n(N;a,a,2N) = . 33
@anl ) (=N + 3)ala+ 1), (%)
From (9.5.1) and [DLMF, (15.4.24)] it follows that
(_N — /B)J:
; N)y=——" =0,1,...,N). 4
QN(xaauBa ) (a+ 1)$ (JJ 07 ) ’ ) (3 )
Symmetries By the orthogonality relation (9.5.2):
Qn(N —z;0, 8, N)
:Qn .T;IB,O[,N7 35
Qn(N;a, B,N) ( ) (3)
It follows from (42) and (37) that
QN*TL(:E; «, 57 N)
=Qunx;— N—-p—-1,—-N—-—a—-1,N r=0,1,...,N). 36
Qn(zion ) ol ’ b b0

Duality The Remark on p.208 gives the duality between Hahn and dual Hahn polynomials:

Qn(z;a,8,N) = Ry(n(n+a+8+1);a,8,N) (n,ze€{0,1,...N}). (37)

9.6 Dual Hahn

Special values By (34) and (37) we have

(_N_é)n
Ry(N(N 44 +6+41);7,6,N) =~ —9n 38
(N(N +7 6 N) =y (38)
It follows from (32) and (37) that
)%+ 1),
Ry(o(w+y+6+1)7,6N) = “0 0 De g4 ). (39)

(v+ 1)

10



Symmetries Write the weight in (9.6.2) as

% £y + 541 (’y—i—l)m(N)
(a, B,N) := N! . 40
wales By N = N vt (01 s s (40)
Then
(6+ D wn—a (7,6, N) = (—7 = N)ywa(—6 — N — 1,y — N — 1, N). (41)

Hence, by (9.6.2),

Ry(N(N +~v+d+1);7,6,N)

= Ry(x(z—2N—-y—6—1); - N—-0—1,—-N—v—1,N).

(42)
Alternatively, (42) follows from (9.6.1) and [DLMF, (16.4.11)].
It follows from (35) and (37) that

Ry(z(z+~v+0+1);7,0,N)

=Rp(x(x+v+0+1);9,7,N) (x=0,1,...,N). (43)
Re: (9.6.11). The generating function (9.6.11) can be written in a more conceptual way as

. x—Nox+y+1
-ty an (TN ) = Zwm P NI (4d)

o <’Y:;n><6—i]—\r]\i;n) (45)

i.e., the denominator on the right-hand side of (9.6.2). By the duality between Hahn polynomials
and dual Hahn polynomials (see (37)) the above generating function can be rewritten in terms
of Hahn polynomials:

where

N
(1_t)n2pl<””_v’ﬁ”f]§“;t) Fis S weQuaas N0

()OS

i.e., the weight occurring in the orthogonality relation (9.5.2) for Hahn polynomials.

where

Re: (9.6.15). There should be a closing bracket before the equality sign.

9.7 Meixner—Pollaczek

Re: (9.7.1) In addition to the hypergeometric representation (9.7.1) we have, by the Pfaff
transformation [HTF1, 2.9(3)], that

Pi) = g ey (T ) (18)

11



Special values By (9.7.1) and (48) we have:

(2A)n (2M)n

PV(ixg) = el PV (—ikg) = e, (49)
Symmetry
PV (x;9) = (-1)" PV (—a;m — ¢). (50)
Quadratic transformations [K24, (2.33), (2.34)]
PZ(Z)(:U; %W) _ Sn(xQ;a,%,O) Pézzﬂ(x; %ﬂ) _ xS’n(xQ;a,%,l) (51)
PQ(z)(ia; ) Sn(—a%a,3,0)’ PZ(ZZH(M; 37) iaS,(—a?;a, 3,1)

These are limit cases of (29) by the limits (9.1.16), (9.4.14).

Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.7.4) behaves as
O(n?) as n — oo. Hence (2) holds, by which the orthogonality measure is unique.

Generating functions By (9.3.17) the generating function (9.3.16) for continuous dual Hahn
polynomials has the generating function (9.7.13) as a limit case. By (9.7.14) formula (9.7.13)
has the generating function (9.12.12) for Laguerre polynomials as a limit case.

9.8 Jacobi
Orthogonality relation Write the right-hand side of (9.8.2) as hy, 9y 5. Then
hy _ntat+pf+1 (a+1)n([3+1)n’ By — 208D (o + DI(B + 1) |
ho 2n+a+p+1 (a+ B+ 2),n! I(a+B8+2)
hn _ntat+f+1 (B+1),n!
ho (PP 1))z 2nta+B+1(a+l)n(a+B+2),

n

(52)

In (9.8.3) the numerator factor I'(n + o + 8 + 1) in the last line should be I'(8 + 1). When
thus corrected, (9.8.3) can be rewritten as:

o0
/ PP (@) P2 (2) (2= 1)* (2 + 1) do = hy G
1

—1-F>a>-1, m,n<—%(o¢+5+l), (53)
hn _ nta+B+1 (@4 DB+ 2P0+ YP(—a—f-1)
ho 2n+a+B+1 (a+B+2)un = 0 I'(-B)

Following Lesky [382] the Jacobi polynomials in case of orthogonality relation (53) may be called
Romanovski—Jacobi polynomials.

The orthogonality (53) remains true if —1 — 3 > a > —1 and m < n < —3(a + ). Hence
for 0 < n < —3(a+ () the polynomial 9 F1(—n,n+a+ B+ 1;a+ 1;2) = const. P}f“ﬂ(l —2x) =
const. Prgﬁ’a)@x—l) has all its n zeros on the interval (—o00,0) if « > —1, and on (1, 00) if 5 > —1,
see p.6. Hence the polynomial 2 F;(—n, b; c; z) ths all its n zeros on (—o00,0) if b < —n + 1 and
c¢>0andon (1,00)ifb<—n+1land b—c—n+1>0,see [K12, Theorem 1.1].
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Symmetry
PO (=) = (~1)" PP (a). (54)

Use (9.8.2) and (9.8.5b) or see [DLMF, Table 18.6.1].

Special values

pld ) = @ Jg!l)n . pled)(—1) = (—1)”55+ Dn Pﬁ;j;g(—li) _ (—1():5?;;”1)” . (55)
Use (9.8.1) and (54) or see [DLMF, Table 18.6.1].
Normalized recurrence relation Formula (9.8.5) can be rewritten as
2pn(@) = pot1(2) + (1 = Ap = Co)pn(2) + Ap1Cn pp—1 (), (56)

where p,(z) = 2"n! pieP) (x)/(n+a+ B +1), and

2t a+l)(ntat+pB+1) B 2n(n + B)
= C 2n+a+B)@2nt+a+B+1)

n

2n+a+B8+1)2n+a+B+2)] "
Contiguous relations

(n+ta+ 18+ 1)(1—2)PPt () = —(n+ )P (2) + (n+ a+ )PP (x),  (57)
(@n+a+ 8+ 1)PED(@) = (n+a++ DRI (@) - (n+ HPT (). (58)

See [HTF2, 10.8(32) and (35)]. These can be rewritten as

(z — Dgn(x) = pnt1(2) — Anpn (), (59)
pn(x) Qn(x) - Cnanl(iL')a (60)

where ¢, (x) = 2"n! pletth) (x)/(n+ a+ B+ 2), and p,(z), A, and C,, are as above.
Formula (56) can be derived from (59), (60) by substituting these last two formulas in the
following rewritten form of (56) (compare with (5)—(8)):

(z — Dpn(z) = (anrl(J:) - Anpn(x)) —Chy (pn(x) - Anflpnfl(x))

Generating functions Formula (9.8.15) was first obtained by Brafman [109, (12)]. Alterna-
tively (see [109, (9)] or use [DLMF, (16.16.6)]), the left-hand side of (9.8.15) can be written as
Appell’s hypergeometric function Fy:

e 1y 1 :Oo(’Y)k(@+ﬁ+1—7)k (@B) ) .k
Fi(y,a+f+1-va+1,f+15t(@—1), jt(z+1)) kZ:O T DB, fe @it (6

The generating function (9.12.12) for Laguerre polynomials is a limit case of (61) by (9.8.16).

13



Formula (9.8.15) with ¢, = replaced by %(x +y), B2 respectively, takes the form

) oty
Ya+B+1—7 1, Ya+B+1—7v 4
2F1< atl ;o(1 x))2FI( 541 a(L+y)
= (Mrla+B+1 =) (ﬁ)<1+:13y>
P — ). (62
Z (@t De(B+ s (= +)" ity ) 6

k=0

In [109, (14)] the case v nonpositive integer of (9.8.15) is given. When we do this for (62) with
v = —n € Z<p this yields the inverse of Bateman’s bilinear sum, as is given in [331, (2.19),
(2.20)], [DLMF, (18.18.25), (18.18.26)).

Bilinear generating functions For 0 < r < 1 and z,y € [—1,1] we have in terms of F}

(see (15)):

0o (a—l—ﬂ—l—l)nn' — 1

2 lar i, Brn, " ORI = e

rl—z)(1—y) r(l+2)(1+y)
(1+7r)?2 ’ (1+47r)2

2 m+a+pB+1 (a+B+2)pn (@,f) @),y L—T
Zn+a+ﬁ+1(a+1)n(ﬁ+1)nr P B0 = e

r(l—z)(1-y) rQ+2)(1+y)
1+r2 7 (1+47r)2

n=0

< Fi(3a+8+1)3(a+B+2a+16+1 ). (63)

n=0

><F4( (a+B+2),5(a+B+3)a+1,8+1; ) (64)

Formulas (63) and (64) were first given by Bailey [91, (2.1), (2.3)]. See Stanton [485] for a shorter
proof. (However, in the second line of [485, (1)] z and Z should be interchanged.) As observed
in Bailey [91, p.10], (64) follows from (63) by applying the operator pz(eth—D) 4o pz(atitl)
to both sides of (63). In view of (52), formula (64) is the Poisson kernel for Jacobi polynomials.

The right-hand side of (64) makes clear that this kernel is positive. See also the discussion in
Askey [46, following (2.32)].

Quadratic transformations

at+l) a,o (a,—13)
Con (@) _ Po”@) _ PP (222 1) 5)
ety P ploa) ’

2n () 2n n (1)

a+l) a,a a,i
Chat (@) _ Phatl@) _ w222 1) (56)
ot L aa ol
cletday P Pl ()

See p.221, Remarks, last two formulas together with (55) and (77). Or see [DLMF, (18.7.13),
(18.7.14)].
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Differentiation formulas FEach differentiation formula is given in two equivalent forms.

(0= D (@) = ~(nt ) (1 = ) P ), o
67
((1 - x)% - a) PP (1) = —(n+ a) PL"YAHD(g).

o
(69
(@ +)g; +8) PEPa) = (a4 5) P50 0,

Formulas (67) and (68) follow from [DLMF, (15.5.4), (15.5.6)] together with (9.8.1). They also
follow from each other by (54).

Generalized Gegenbauer polynomials These are defined by

S0 (z) := const. PP (222 — 1), Séiﬁ)l(x) = const. # P (227 — 1) (69)

2m

in the notation of [146, p.156] (see also [K5]), while [K13, Section 1.5.2] has oM (z) = const.
1,1

X ST(L/\ 2 2)(30). In [K17, Section 7.1] these polynomials are seen as special cases of the Chihara

polynomials. For o, 8 > —1 we have the orthogonality relation

/ 1 5B () 8L (2) || (1 — 2H)*dz =0 (m #n). (70)
-1

For 8 = a—1 generalized Gegenbauer polynomials are limit cases of continuous g-ultraspherical
polynomials, see (198).
If we define the Dunkl operator T;, by

(T )@) = £/@) + p T TED ()

x
and if we choose the constants in (69) as

@By _ @+ B+Dm Sapyo.2 (a,B) @+ B+ Dmt1 | Sapit)g.2
SZm (.%‘) - (B + 1)m Pm (2.%‘ 1)7 SZerl(‘r) - (ﬁ + 1)m+1 ‘er (233 1)
(72)
then (see [K6, (1.6)])
Ty S0 = 200+ 5+1) 5,777, (73)

Formula (73) with (72) substituted gives rise to two differentiation formulas involving Jacobi
polynomials which are equivalent to (9.8.7) and (68).
Composition of (73) with itself gives

72,509 = 4(a + B+ 1)(a + 5 +2) 54D,
2
which is equivalent to the composition of (9.8.7) and (68):
@ 2peid
dz? r dx
Formula (74) was also given in [332, (2.4)].

) PP (22% = 1) =4(n+a+ B+ D(n+ 8) PP (20 — 1), (74)
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9.8.1 Gegenbauer / Ultraspherical

Notation Here the Gegenbauer polynomial is denoted by C: instead of 07(1)‘).

Orthogonality relation Write the right-hand side of (9.8.20) as hy 0. Then

b A (20
ho_)\+n n!

T3 T(A+3) I A n!

> o= TA+1)  ho(CX1)Z  A+n Ay

Hypergeometric representation Beside (9.8.19) we have also

n/2] e L, 1.1
=0

See [DLMF, (18.5.10)].

Special value
(2A)n
n!

Ch(1) =

Use (9.8.19) or see [DLMF, Table 18.6.1].

Expression in terms of Jacobi

CMx) PO

Cr)f(l) B Pr(ﬁ\_%)\_%)(l) ’

Ca) = 2

Re: (9.8.21) By iteration of recurrence relation (9.8.21):

(n+1)(n+2) n? + 20\ + A — 1
An+MN)n+A+1) Cira(®) + 2+ A—1)(n+A+1) Ca(a)
(n+2X—1)(n+ 2\ — 2)

An+A)(n+A—1)

220N (z) =

Cp_a(z). (79)

Bilinear generating functions

=l A A 1 A 3(A+1) 4r2(1 —22)(1 —¢?)
2 o), " Or D ) = gy e 1( TR

1
2
(re(-1,1), z,y € [-1,1]). (80)

For the proof put 8 := « in (63), then use (16) and (78). The Poisson kernel for Gegenbauer
polynomials can be derived in a similar way from (64), or alternatively by applying the operator
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rALA o pA 0 both sides of (80):

> )\""ﬂ n' n A A 1—7’
n?“ C ( )C ( ) (1_2,’,xy+7,2))\+1
%<A+1>,%<A+2>'4r2<1—x2><1—y2>
X o AL T (1= 2rzy +r?)?
2

> (re(-1,1), z,y € [-1,1]). (81)

Formula (81) was obtained by Gasper & Rahman [234, (4.4)] as a limit case of their formula for
the Poisson kernel for continuous g-ultraspherical polynomials.

Trigonometric expansions By [DLMF, (18.5.11), (15.8.1)]:

A e WOk meome _ ine M —n, A g
C’n(cosﬁ)—kzzok!(n_k)! e = o Fy L x—n® (82)
()\)n 7—1)\71' 1(n+)\)9 : - AT=A . ie”
~ 2l © L A SRSy (83)
W= R =N cos((n—k+ X8+ 5(k — A7)
-l Z (1 =X —n)gk! (2sin 9)’“')‘ ' (84)

k=0

In (83) and (84) we require that ;7 < 6 < 27. Then the convergence is absolute for A > 3 and
conditional for 0 < A\ < %
By [DLMF, (14.13.1), (14.3.21), (15.8.1)]]:

2L(A+3)  (2\)n + D .
W%P()\—i-Ql) O ¢ " %Z:: n—l—)\—l— )ik! sin ((2k +n+1)0) - (85)

— (A +3) (2N, (sin0)12’\lm<ei(n+1)9 2F1< _/\7n+1‘e2i9>>
ﬂ.QF()\_‘_l) A+1), n+A+1"

22T (A 2\ 1., . 1— i0
= — A+ ) (23) (Sin9)_’\ Re((3_21’\7rel(”-i->\)‘9 2F1< A A ;7,6, ))
m2l(A+1) A+1), 1+X+n'2isinf

C22T(A+3) (20 i (Me(1 =N cos((n+k—+ )0 — 2(k+ M)
C (A1) A+ Da & L+ A+ n)ik! (25in )+ '

C (cos 0) =

(86)

We requ1re that 0 < 6 < 7 in (85)
A > 2 and conditional for 0 < A <
with £ = A — 1. Formulas (85) and

and 7 < 6 < 37 in (86) The convergence is absolute for
% For A\ € Z~( the above series terminate after the term
(86) are also given in [Sz, (4.9.22), (4.9.25)].

Fourier transform

(A+1) L)
(A +3)T(3) J-1 CR(1)

See [DLMF, (18.17.17) and (18.17.18)].

(1—y) 2 dy =" 2T\ + 1) 27> Jyyn(). (87)
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Laplace transforms

2 0 2
= Hn n+2\—1 _—t — .
e /0 (k) 21 qp = O () (88)
See Nielsen [K33 p.48, (4) with p.47, (1) and p.28, (10)] (1918) or Feldheim [K14, (28)] (1942).
)\
2 G (1= )2t @/ t)y M e Pt = 27" Hy (2) e (A> —1). (89)

r(A+3) Jo Ca(1)
Use Askey & Fitch [K2, (3.29)] for o = £3 together with (54), (65), (66), (114) and (115).
Addition formula (see [AAR, (9.8.5)]])

" (—DF(=n)g (n 4 2a + 1),
2% ((a 4 1)x)?

Clally (gelao 1
« (1 o $2)k/2Rnoj;k’a+k)(l‘) (1 )k/QRgl ka+k)(y) wl(ca 2 2) Rl(c 2 2)(t), (90)

RE @) = PO @) PEA(1), e =

9.8.2 Chebyshev

In addition to the Chebyshev polynomials 7}, of the first kind (9.8.35) and Uy, of the second kind
(9.8.36),

( é: %
Tn(x) := Pnll)() = cos(nf), x = cosb, (91)
P, *" 2(1)
PP @) sin((n+1)0)
Un(z) = (n+1) —— = - , x =-cosb, (92)
plz 5)(1) sin 6

we have Chebyshev polynomials V,, of the third kind and W,, of the fourth kind,

(=33) g
Vo(z) = P, - () _ cos((n-i- 3)0) = cosh, (93)
Pé_a’i)(l) cos(50)

P @) sin((n+ 1))
n n T = - , X =cosl,
Walw) = (2n +1) RSQ, 5)(1) sin(36) (94)

see [K30, Section 1.2.3]. Then there is the symmetry
Va(=z) = (=1)"Wy(z). (95)

The names of Chebyshev polynomials of the third and fourth kind and the notation V,,(x)
are due to Gautschi [K15]. The notation W, (z) was first used by Mason [K29]. Names and
notations for Chebyshev polynomials of the third and fourth kind are interchanged in [AAR,
Remark 2.5.3] and [DLMF, Table 18.3.1].
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9.9 Pseudo Jacobi (or Romanovski-Routh)

In this section in [KLS] the pseudo Jacobi polynomial P,(z;v, N) in (9.9.1) is considered for

N € Z>g and n = 0,1,...,n. However, we can more generally take —% < N € R (so here

I overrule my convention formulated in the beginning of this paper), Ny integer such that
N — % < Ny < N+ %, and n=0,1,..., Ny (see [382, §5, case A.4]). The orthogonality relation
(9.9.2) is valid for m,n =0,1,..., Np.

History These polynomials were first observed by Routh [K37] in 1885, but not as orthogonal
polynomials (see Natanson [K32] about the history). Romanovski [463] (see also Lesky [382])
independently obtained them in 1929 as orthogonal polynomials.

Limit relation: Pseudo big ¢-Jacobi — Pseudo Jacobi
See also (181).

References See also [Ism, §20.1], [51], [384], [K21], [K28], [K34].

9.10 Meixner

History In 1934 Meixner [406] (see (1.1) and case IV on pp. 10, 11 and 12) gave the orthog-
onality measure for the polynomials P, given by the generating function

e™® f(t) = ipn(x) %n'j
n=0 ’

where

1 __ ko

1—08t\ o>~ 1 — Bt)Bl@—p

eu(t):<1_6t> , f(t):% (ke <0; a>pF>0 or a<f<0).
@ (1 — at)a@=5

Then P, can be expressed as a Meixner polynomial:

x + koo™t

a—p

In 1938 Gottlieb [K19, §2] introduces polynomials [, “of Laguerre type” which turn out to
be special Meixner polynomials: I, (x) = e ™M, (z;1,e™?).

Pu(e) = (—ka(aB) V) " M, ( ha(a) L, 5a1> |

Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.10.4) behaves as
O(n?) as n — oo. Hence (2) holds, by which the orthogonality measure is unique.

9.11 Krawtchouk

Special values By (9.11.1) and the binomial formula:

K,(0;p,N) =1,  K,(N;p,N)=(1-p )" (96)
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The self-duality (p.240, Remarks, first formula)
Kn(z;p, N) = Kz(n;p, N) - (n,2 € {0,1,...,N}) (97)
combined with (96) yields:

Kn(z;p,N)=(1—p )" (x€{0,1,...,N}). (98)

Symmetry By the orthogonality relation (9.11.2):

k) — K1 V). (99)
By (99) and (97) we have also
W = Kp(z;1—-p,N)  (n,ze{0,1,...,N}), (100)
and, by (100), (99) and (96),
n+x—N
KNn_n(N —2;p, N) = <pz> Kn(z;p,N)  (n,z€{0,1,...,N}). (101)

A particular case of (99) is

KH(N_:Ca%w]V):( )" Ky (@ 727N) (102)
Hence
Komi1(N; 3,2N) = 0. (103)
From (9.11.11):
(3)m
Kop(N; L 2N) = —2770 (104)
? (=N + 3)m
Quadratic transformations
K2m(x+Na272N) = (%)ml Rm(xQ;_%7_%aN)a (105)
(_N+ §)m
(3)m 2
Kopmi1(z+ N3 3,2N) = NN 2 T zRy(z® —1; 5,5, N — 1), (106)
§ m
1
Kom(z+ N+ 1;3,2N +1) = = ]5[2) I3 Rp(z(z+1);—3, 5, N), (107)
2
1 (%)m 1 1 _1
Komi1(z+ N +1;5,2N +1) = N =D ( + 3) Bm(x(x 4+ 1); 3, —5, N), (108)
—IN = 5)m+1

where R,, is a dual Hahn polynomial (9.6.1). For the proofs use (9.6.2), (9.11.2), (9.6.4) and
(9.11.4).
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Recurrence relation Formula (9.11.3) holds for n = N if we replace there the term
P(N = n) K1 (;p, N) by (—z)n41/ (0 NY).

Generating functions

N

> (Z) K (z;p, N K, (2; ¢, N)2*
7=0
— (P — Zp—l—pz>m (q — zq—I— QZ>n (14 2)N-m=nf, <n; (-2 +pz)z(q a4 qz),N) |
(109)

This follows immediately from Rosengren [K36, (3.5)], which goes back to Meixner [K31].

9.12 Laguerre

Notation Here the Laguerre polynomial is denoted by L¢ instead of L%a).
Hypergeometric representation
(a+1), -n
o — .
Li(z) = — =11 i (110)
P 1 — 1
) 92 G (111)
n! — x
_ .\
= ( :E') Cn(n+ o), (112)
n!

where C), in (112) is a Charlier polynomial. Formula (110) is (9.12.1). Then (111) follows by
reversal of summation. Finally (112) follows by (111) and (124). It is also the remark on top of
p.244 in [KLS], and it is essentially [416, (2.7.10)].

Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.12.4) behaves as
O(n?) as n — oo. Hence (2) holds, by which the orthogonality measure is unique.

Special value

[0} _ (a + 1)”
L(0) = - (113)
Use (9.12.1) or see [DLMF, 18.6.1)].
Quadratic transformations
Hyy () = (=1)" 22" n! L71/2(22), (114)
Hopyr(z) = (—1)" 22" nl o L2 (22). (115)

See p.244, Remarks, last two formulas. Or see [DLMF, (18.7.19), (18.7.20)].
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Fourier transform

1 > L%(y) -y, Ty : y"
dy = i™ 116
F(a—l—l)/o Lo ¢ Y ¢ T WTY Gy pnter (116)

see [DLMF, (18.17.34)].

Differentiation formulas FEach differentiation formula is given in two equivalent forms.

% (2L (z)) = (n+ a) 2 T L (z), (xci + a> LYz) = (n+a) L2 Yz).  (117)
% (e7"L%(x)) = —e Lo (2), <di — 1> L(z) = —LoTY(x). (118)

Formulas (117) and (118) follow from [DLMF, (13.3.18), (13.3.20)] together with (9.12.1).

Generating functions The generating function (9.12.12) is a limit case of the generating
function (61) for Jacobi polynomials by (9.8.16). By (9.7.14) the generating function (9.12.12)
is also a limit case of the generating function (9.7.13) for Meixner—Pollaczek polynomials.

Generalized Hermite polynomials See [146, p.156], [K13, Section 1.5.1]. These are defined
by

1 1
HY (x) = const. Ly, 2(x?), Hj . (x) := const.x hre (z?). (119)

Then for p > —% we have orthogonality relation
> 2
/ HE (z) H*(z) |z|*"e™ dz =0 (m # n). (120)
—0oQ

Let the Dunkl operator 7T}, be defined by (71). If we choose the constants in (119) as

Hp(e) = IS LA @), i) = SEG D G o
2/m 2/)m

then (see [K6, (1.6)])

T,H" =2n H"_|. (122)

Formula (122) with (121) substituted gives rise to two differentiation formulas involving Laguerre
polynomials which are equivalent to (9.12.6) and (117).
Composition of (122) with itself gives

T HY = 4n(n— 1) HY_,,
which is equivalent to the composition of (9.12.6) and (117):

d> 2a+1d s 2 o 9
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9.13 Bessel

Hypergeometric representation The constraint n = 0,1,2,..., N can be omitted. All
formulas in §9.13 except (9.13.2) remain valid for all integer n > 0. These more general values
of n are even needed in the generating function (9.13.10).

Notation In the notation of Grosswald [255] the left-hand side of (9.13.1) has to be replaced
by yn(z;a + 2).

Orthogonality relation

Replace the constraint a < —2N —1 in (9.13.2) by m,n=0,1,...,N =[—(3+a)/2].
Following Lesky [382] the Bessel polynomials in case of orthogonality relation (9.13.2) may be
called Romanouvski—Bessel polynomials.

9.14 Charlier

Hypergeometric representation

Cp(z;a) = oFy <—n,_—:v; — (11> (124)
- (_a‘fl)” Py (w __n”+ 1;a) (125)
- L) (126)

where LS (x) is a Laguerre polynomial. Formula (124) is (9.14.1). Then (125) follows by reversal
of the summation. Finally (126) follows by (125) and (9.12.1). It is also the Remark on p.249
of [KLS], and it was earlier given in [416, (2.7.10)].

Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.14.4) behaves as
O(n) as n — oco. Hence (2) holds, by which the orthogonality measure is unique.

9.15 Hermite

Uniqueness of orthogonality measure The coefficient of p,_1(z) in (9.15.4) behaves as
O(n) as n — oo. Hence (2) holds, by which the orthogonality measure is unique.

Fourier transforms

2

1 & 1,2 1
— H,(y)e 2¥ e™dy =i" Hy(x)e 27, 127
— [ mw y= 1" () (127

see [AAR, (6.1.15) and Exercise 6.11].

1.2

1 * 2
— Hy(y)e ¥ e™dy =1i"a"e 2", (128)
VT /—oo
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see [DLMF, (18.17.35)].

2

3" e 1,2 .
e [ ey m @ (129)
— 00

see [AAR, (6.1.4)].

14.1 Askey—Wilson

Symmetry The Askey—Wilson polynomials p,(x;a,b,c,d|q) are symmetric in a, b, ¢, d.

This follows from the orthogonality relation (14.1.2) together with the value of its coefficient of
z™ given in (14.1.5b). Alternatively, combine (14.1.1) with [GR, (III.15)].
As a consequence, it is sufficient to give generating function (14.1.13). Then the generating
functions (14.1.14), (14.1.15) will follow by symmetry in the parameters.

Basic hypergeometric representation In addition to (14.1.1) we have (in notation (19)):

(ae™10 be™19 ce10 de™19: q),
(e721% q)n
x gWr (q*”eQie; ae'? bel? cel? de? g™, q27"/(abcd)). (130)

inf

pn(cost;a,b,c,dlq) =

This follows from (14.1.1) by combining (III.15) and (III.19) in [GR]. It is also given in [513,
(4.2)], but be aware for some slight errors. The symmetry in a,b, ¢, d is evident from (130).

Special value and different notation
pa(3(a+a )iab,c.dq) =a™" (ab,ac, ad; g)n, (131)
and similarly for arguments 3(b+b71), $(c+c71) and 3(d+d 1) by symmetry of p, in a,b, ¢, d.

Formula (131) is an immediate consequence of (14.1.1).
We will also write

pn(%(Z—FZ_l);a, bvcad|Q) o d) (q”,q"labcd, az,az
pn(%(a—’—a_l);a?bacvdIQ) — ab,ac,ad

1
4 q> - (132)
Here there is no longer full symmetry in a, b, ¢, d, only in b, ¢, d.

Trivial symmetry From (14.1.1) we see [72, (1.34)]

pn(lU;C% ba Cvd|Q) 1)npn(_x7 —a, _b7 —C, _d|Q)>

= (_
133
Rn(z;a7bacvd|q) :Rn(_z7 —a, _bv —C, _d|q) ( )
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Duality Define parameters a, b, ¢, d in terms of a, b, ¢, d by
i = (¢ 'abed)z, b=abja, ¢é=ac/d, d=ad/a. (134)

Jumping from one branch to the other branch in the square root in the formula for a implies
that a, IN), C, d move to —a, —l~), —¢, —d. Repetition of the parameter transformation recovers the
original parameters up to a possible common multiplication of a, b, c,d by —1, while the branch
choice for a is irrelevant:

~ ~ 1 ~ ~
a= (¢ 'abéd)?, b=ab/a, c=aé/a, d=adla. (135)
From (132) we have the duality relation
R, (aqm; a,b,c,d| q) = Ry, (dq”; a,b,c, ci] q) (m,n € Z>o). (136)

By (133) both sides of (136) are invariant under common multiplication by —1 of a,b,c,d,
respectively a, b, ¢, d.

Orthogonality relation The conditions on the parameters in (14.1.2) can be slightly relaxed:
Let |al,|b|, |c|,|d] < 1 such that pairwise products of a, b, ¢, d are not equal to 1 and such that
non-real parameters occur in complex conjugate pairs.

In fact, the only possible cases which then offend the condition |al,|b|, ||, |d| < 1 are that
either precisely one parameter has absolute value 1 and equals 1 or —1, or precisely two parameter
values have absolute value 1, one equal to 1 and the other equal to —1. Then the weight fucntion
will not cause a singularity by its factors 1 + el and 1 + e~1? in the denominator, since these
are compensated by the factors 1 — €% and 1 — =2 in the numerator.

The orthogonality (14.1.3) involving discrete terms can be given for more general parameter
values as in [72, Theorem 2.5]. There a,b,c,d are real or occur in complex conjugate pairs if
non-real, and pairwise products have absolute value < 1 but are not equal to 1.

Re: (14.1.5) Let

pn($;avbacad|Q) n 7. .n—1
= ky, cee 137
2 (abedq™ 15 q)n v R (137)

pn(x) =

Then

- (1—g¢")(a+b+c+d—(abe+ abd + acd + bed)q" ")
f + . (138)
2(1 — q)(1 — abedg®—2)

This follows because k, — k11 equals the coefficient t(a+a™t— (4, +Cy)) of pu(x) in (14.1.5).

g-Difference equation The ¢-difference operator acting on P,(z) on the right-hand side of
(14.1.7), gives, when acting on Q,(z) := (az,az"'; q)eo, the result

¢"(1 = g")(1 — abedq™ ") Qu(2) — ¢ " (1 — abg"™ ) (1 — acg™ ) (1 — adg™)(1 = ¢")Qn-1(2)
= A(2)Qu(a2) — (A(2) + A=) Qu(2) + A=")Qulg '2). (139)

This formula is implicit in [K41]. Use there (3.1) with the Askey-Wilson parameters (7.15) and
(7.8), and combine it with (14.1.7).
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Generating functions Rahman [449, (4.1), (4.9)] gives:

i (abedg™"; q)pa™

(ab,ac,ad, q; q) t" pn(cosb;a,b,c,d|q)
0 ) ’ ) Yy n

_ (abedtq™ 1 q)s 5 (abedq™")2, —(abedg™")2, (abed) 2, —(abed) 2, ae™®, ac="
(t; @)oo 0% ab, ac, ad, abedtq=1, qt—1 4, 4q

(abedg™!, abt, act, adt, ae®, ae™; q) o

(ab,ac,ad,t=1, ate?? ate=?; q) oo

% o t(abcdqil)%, —t(abcdqil)%,t(abcd)%, —t(abcd)% ,ate? ate="
6% abt, act, adt, abedt?q=1, qt

;q7Q> (It} <1). (140)

In the limit (141) the first term on the right-hand side of (140) tends to the left-hand side of
(9.1.15), while the second term tends formally to 0. The special case ad = bc of (140) was earlier
given in [236, (4.1), (4.6)].

Limit relations

Askey—Wilson — Wilson
Instead of (14.1.21) we can keep a polynomial of degree n while the limit is approached:

- t2(1—9)% 4% ¢% ¢ q% | q)
g—1 (1—gq)3n

= Wy (z;a,b,c,d). (141)

For the proof first derive the corresponding limit for the monic polynomials by comparing (14.1.5)
with (9.4.4).

Askey—Wilson — Continuous Hahn
Instead of (14.4.15) we can keep a polynomial of degree n while the limit is approached:

- pn(cos¢ — (1 — q) sin ¢; ¢*e'?, ¢’e'?, ¢"e™1%, gPe™1¢ | q)
gt (1—q)*

= (=2sin¢)" n! p,(x;a,b,a,b) 0<op<m). (142)

Here the right-hand side has a continuous Hahn polynomial (9.4.1). For the proof first derive
the corresponding limit for the monic polynomials by comparing (14.1.5) with (9.1.5). In fact,
define the monic polynomial

pn(cos ¢ — (1 — g)sin¢; g%e'?, %i?, %1%, gPe~1¢ | q)
(—=2(1 — q) sin @)™ (abedg™ 15 q)n

pn(z) == :

Then it follows from (14.1.5) that

(1-q%e+(1—g e+ Ay + Co
2(1 —¢q)sing Pn

l’ﬁn(l‘) = ﬁn+1(x) +
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where A, and C,, are as given after (14.1.3) with a, b, ¢, d replaced by ¢%'?, ¢’e!?, ¢%e~1?, qge_i‘b.
Then the recurrence equation for p,(x) tends for ¢ T 1 to the recurrence equation (9.4.4) with
c=a,d=n>.

Askey—Wilson — Meixner—Pollaczek
Instead of (14.9.15) we can keep a polynomial of degree n while the limit is approached:

-~ pn(cos¢ — (1 — q)sin¢; ¢*e'?,0,¢*e%,01q)

— AN (e
qtl (1_q)n _n'Pn (:Uvﬂ- ¢) (0< ¢<7T). (143)

Here the right-hand side has a Meixner—Pollaczek polynomial (9.7.1). For the proof first derive
the corresponding limit for the monic polynomials by comparing (14.1.5) with (9.7.4). In fact,
define the monic polynomial

pn(cos¢ — z(1 — q) sin¢; ¢*e'?,0,¢*e%,0| q)
(—2(1 — ) sin¢)" '

pn(@) =
Then it follows from (14.1.5) that

(1—gMel? + (1 —qgNe ¢+ 4, +C, _ ) + Ap1Cp

2(1 —¢q)sin¢ b (1—q2sing ™"
where A,, and C, are as given after (14.1.3) with a, b, c, d replaced by ¢*el?,0,¢*e~% 0. Then
the recurrence equation for p,(x) tends for ¢ T 1 to the recurrence equation (9.7.4).

—1(x),

2 pn(x) = pn1(x) +

References See also Koornwinder [K22].

14.2 g-Racah
Symmetry
_N_ 5 1q;q) _ N1 e
Ro(z; o, B, N1 6 :(/Bq’a—’néané LB, N 67 ). 144
(@500, B, q [q) (00, B30, O ( q [q) (144)

This follows from (14.2.1) combined with [GR, (II1.15)].

In particular,

(Bg, —q; q)n

(aq —Bq; Q)n <_1)n Rn(_-f;ﬁaoéyq_N_l,—l]q), (145)

Rn(x7 «, B?q_N_17 -1 ’CI) =

and
Rn(xv O[, Oé, qiNila _1 | Q) = (_1)71 Rn(_‘rv O[, Oé, qiNilﬂ _]' | q)? (146)

Trivial symmetry Clearly from (14.2.1):

Ry (w30, 8,7,0|q) = Ru(x; 86,061, 7,0 q) = R(x;7, By~ o, vda ™t | g). (147)

For a = ¢~V =1 this shows that the three cases ag = ¢~ or 8dq = ¢~V or y¢ = ¢~V of (14.2.1)
are not essentially different.
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Duality It follows from (14.2.1) that

Ro(q7Y + 76" a7V 3,7,0] ) = Ry(¢7™ + Bg" 57,6,V Blg) (n,y=0,1,...,N).
(148)

14.3 Continuous dual ¢-Hahn

The continuous dual g-Hahn polynomials are the special case d = 0 of the Askey—Wilson poly-
nomials:
pn(z;a,b,¢|q) = pp(x;a,b,c,0]q).

Hence all formulas in §14.3 are specializations for d = 0 of formulas in §14.1.

14.4 Continuous ¢-Hahn

The continuous g-Hahn polynomials are the special case of Askey—Wilson polynomials with
parameters ae'?, be'?, ae™i? be~1¢:

p’n(x7 CL, b7 ¢ ‘ Q) = pn@:v a’ei¢7 beid): ae_i¢7 be_i¢ ‘ Q>

In [72, (4.39)] and [GR, (7.5.43)] (who write p,(x;a,b|q), x = cos(d + ¢)) and in [KLS, §14.4]
(who writes pn(x;a,b,¢,d;q), x = cos(f + ¢)) the parameter dependence on ¢ is incorrectly
omitted.

Since all formulas in §14.4 are specializations of formulas in §14.1, there is no real need to
give these specializations explicitly. In particular, the limit (14.4.15) is in fact a limit from
Askey—Wilson to continuous Hahn. See also (142).

14.5 Big ¢-Jacobi
Different notation See p.442, Remarks:

-n . n+l1 b -1
Py (z;a,b,c,d; q) := P,(qac 'z;a,b, —ac 1 d; q) = 309 ¢ aa fﬂw x;q,q . (149)
qa, —qac=1d
Furthermore,
Py(z;a,b,¢,d; q) = Pp(Az;a,b, A, Md; q), (150)
Pn(1'7 a, b7 (oH q) = Pn(_qilcilw; a, b7 _acila 17 q) (151)

Orthogonality relation (equivalent to (14.5.2), see also [K23, (2.42), (2.41), (2.36), (2.35)]).
Let ¢,d > 0 and either a € (—¢/(qd),1/q), b € (—d/(cq),1/q) or a/c = —b/d ¢ R. Then

(qx/c, _qx/d; Q)oo

/_d P, (z;a,b,c,d;q) Py (z;a,b,c,d; q) (qaz /e, —gbt/d: g)m dgx = hp O (152)
where .
o _ 31 <q2@2d> 1—gqgab  (g,qb, —qbc/d; q)n (153)
ho c 1 — ¢>»*+lab (qa,qab, —qad/c; q)n
and ,
ho = (1 — q)c (¢, —d/c, —qc/d, q"ab; q) (154)

(qa, gb, —qbc/d, —qad/c;q)oo
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Other hypergeometric representation and asymptotics

(—qbdil‘%}q)n qin7qinbilacx71
PTL ) 7b7 7d; = 5 q, 155
(m3a,b:¢,d:q) (—gmated= Y q)n 32 ga, —q b tda—1 1 (155)
— -1, _\n (qbv Cx_l; Q)TL q—n’ q—na—1’ —qbd_ll’. n+l_—1
R e G R S ) B

n

(gb,q;q)n

™V @)k (—gbd~tz;q)y, (e _
(_qac—ld‘ q) ( ) ( ) (_1)kq2k(k 1)(—(11' l)k;_
b) n k

(4,90 On—r  (ab,q; 9k

= (qac™'z)"
=0
(157)

Formula (155) follows from (149) by [GR, (IIL.11)] and next (156) follows by series inversion
[GR, Exercise 1.4(ii)]. Formulas (155) and (157) are also given in [Ism, (18.4.28), (18.4.29)]. It
follows from (156) or (157) that (see [298, (1.17)] or [Ism, (18.4.31)])

-1 _ g..—1.
lim (qac™'z) ™ P, (z;a,b,¢,d; q) = (™’ —dz™ "5 q) o

n—00 (—qac™'d, qa; q)so ’

(158)

uniformly for x in compact subsets of C\{0}. (Exclusion of the spectral points x = cq™, dg™
(m=0,1,2,...), as was done in [298] and [Ism], is not necessary. However, while (158) yields 0
at these points, a more refined asymptotics at these points is given in [298] and [Ism].) For the
proof of (158) use that

1 -1\ —n . . _ (Qb,CZI)_l;q)n —de_]‘JY. -1
nh_}H;o(qac ) Pn(ﬂc,a,b,c,d,Q)—(qa’_qac,ld;q)n 1¢1( L dzt ), (159)

which can be evaluated by [GR, (I1.5)]. Formula (159) follows formally from (156), and it follows
rigorously, by dominated convergence, from (157).

Symmetry (see [K23, §2.5] and combine with (149)).

Pp(x;a,b, ¢, d; q)
Pn(_d/<qb)7 a, b7 ¢, d7 q)

In particular (symmetric big q-Jacobi polynomials),

= Pn(_x7 b7 a, d7 G Q) = Pn(xv _de_1> _ac_1d7 Gy da q) (160)

P, (—z;a,a,1,1;q) = (=1)"Py(x;a,a,1,1; q). (161)
Special values
Pu(c¢/(qa);a,b,c,d;q) = 1, (162)
ad " (qb7_qbc/dSQ)n
Pn_d ba 7b’ 7da = N ) 1
dftaia b i) < bc) (40, —qad/c;q)n (163)
1 ad\" (=gbe/d; q)n
Pu(c;a,b,¢,d; q) = g2 () Coadlea) 164
( )= ¢ ) (—qad/c;q)n (164)
b;q)n
Pu(~d;a,b,c,d;q) = ¢2"" D (~a)" (4b: D (165)

(qa;q)n
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Recurrence relation See (14.5.3). Forn=1,2,...

ac*lxpn(x; a, b7 ¢, d7 Q) = AnPn+1(‘T7 a, b7 ¢, d7 Q)
+ (1 - An - Cn)Pn(.Z', a, b7 c, d7 q) + Cnpn_1(1'7 a, b7 c, d7 q)? (166)

where
4 (1 —q""ta)(1 — ¢"ab)(1 + ¢"lac 1d)
n (1- q2n+1ab)(1 _ q2n+2ab) ’
Cp = "2 (1—g¢")(1+g"bed ') (1 — ¢"b)
" (1 —g*ab)(1 — ¢g**+lab)
For n = 0:

(1 — ga)(1 + qac™'d)

-1
Po(asa,b.c,d;q) =
ac I 0($,CL, , Cy 7(:Z) 1_q2ab

Pl(x;CL?baCad;Q)
ga(c — d — q(bc — ad))

c(1 — g%ab)
In (166) we have 1 — A, —C,, =0forn=1,2,...ifa=b,c=dor ab=1, acd~! = 1. In (167)

the last term on the right vanishes if a = b, ¢ = d, but not if ab=1, acd™' =1, a # 1.
So for symmetric big g-Jacobi polynomials we have

PO(x;aa b7 Cy d7 q) (167)

1— qn—i—laQ
nt1 2 1—4q"
+0"e g Pi@aa L 1) (168)
Equivalently,
L—g"a” "' —q")
xpn(x) = 1_€I27n+1(12pn+1<$) + mpn_l(x), (169)

where p,(z) = (qa) " P, (z;a,a,1,1;q).
Second order ¢-difference equation (see (14.5.5). Let P,(z) = P,(x;a,b,c,d;q).

(¢7" = 1)(1 = " lab) Po(x) = qabe*(z — ¢~ o~ 'e)(w + ¢ b7 d) (Pa(ge) — Pu(2))
+ 273z —¢)(x +d)(Pu(qg '2) — Py(x)). (170)

Quadratic transformations (see [K23, (2.48), (2.49)] and (201)).
These express big ¢-Jacobi polynomials P, (z;a,a,1,1;q) in terms of little g-Jacobi polynomials
(see §14.12).

Pl 2,q 1, a*; ¢*)
PQn(ﬂf;a, aa]-a]-;Q) (( (I) 1 (12'(]2) ) (171)
2
ax Pr y 4 a
P2n+1($ a, a’aLLQ) d ((p § Z a2: Z ; (172)
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Hence, by (14.12.1), [GR, Exercise 1.4(ii)] and (201),

' ' _ (an; q2)n " q—n’ q—n+1 g 9
Pu(z;a,a,1,1;q) = 20N (qaz)"™ 261 q—2"+1a—2’q , (az) (173)
(3] 2. 2
(4 On k_k(k—1) (90”5 4" )n—k —2k
= =2 (qa)" —1)kq "R, 174
(o ), 4 k:O( ) (4% ¢*)k (4 Dn—2k (174)

g¢-Chebyshev polynomials In (149), with ¢ = d =1, the cases a = b= ¢ sanda=b= q%
can be considered as ¢-analogues of the Chebyshev polynomials of the first and second kind,
respectively (§9.8.2) because of the limit (14.5.17). The quadratic relations (171), (172) can
also be specialized to these cases. The definition of the ¢g-Chebyshev polynomials may vary by
normalization and by dilation of argument. They were considered in [K4]. By [24, p.279] and
(171), (172), the Al-Salam-Ismail polynomials U, (x;a,b) (g-dependence suppressed) in the case
a = ¢ can be expressed as ¢-Chebyshev polynomials of the second kind:

1— n+1
Un(,,) = (a70)2" = Pa(b™ 32502, 47,1, 130)
Similarly, by [K8, (5.4), (5.1), (5.3)] and (171), (172), Cigler’s ¢-Chebyshev polynomials T,,(z, s, q)
and Uy, (z, s, q) can be expressed in terms of the g-Chebyshev cases of (149):

T (2, 5,q) = (—8)2" Po((—gs) 22347 2,q72,1,1;¢),

3

o 1, =gt 111
Un(xﬂsv(ﬁ = (_q 8)2 qun((_qs) 2[L‘;q2,q2,1,1;q).
Limit to Discrete ¢-Hermite I
lima™" P,(z;a,a,1,1;q) = q¢" hp(z;q). (175)

a—0

Here hy,(z;q) is given by (14.28.1). For the proof of (175) use (155).

Pseudo big ¢-Jacobi polynomials Let a,b,¢c,d € C, zy > 0, z_ < 0 such that % >0

for x € z_q” Uz q”. Then (ab)/(gcd) > 0. Assume that (ab)/(ged) < 1. Let N be the largest
nonnegative integer such that ¢ > (ab)/(gcd). Then

(C:C, dx; Q)oo
(m,n=0,1,...,N), (176)

/ Py (cxz;e/b,d/a,c/a; q) Pp(cx;c/b,d/a,c/a;q) dgz = hpbmp
z-qPUzy P

where

hy _ (_1)n <62)n %n(n—l) 2n (Q7qd/a7 qd/b; q)n 1 - qu/(ab) (177)

(qed/(ab), qc/a, qc/b;q)n 1 — ¢**ed/(ab)
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and

(az,bx; q) oo (qg,a/c,a/d,b/c,b/d; @) O(2—)24,cdz_z15q)
ho = ——————dgr = (1 - q)z¢ : .
o qPUz,g? (€7, dT5q) oo (ab/(gqed); q) oo O(cz_,dz_,cz4,dz45q)

(178)
See Groenevelt & Koelink [K20, Prop. 2.2]. Formula (178) was first given by Slater [K39, (5)] as
an evaluation of a sum of two 219 series. The same formula is given in Slater [471, (7.2.6)] and
in [GR, Exercise 5.10], but in both cases with the same slight error, see [K20, 2nd paragraph
after Lemma 2.1] for correction. The theta function is given by (20). Note that

Pn(CCC; C/ba d/av C/CL; q) = Pn(—q_la:]j; C/bv d/CL, _a/ba 1; Q) (179)

In [K18] the weights of the pseudo big g-Jacobi polynomials occur in certain measures on
the space of N-point configurations on the so-called extended Gelfand-Tsetlin graph.
Limit relations

Pseudo big ¢-Jacobi — Discrete Hermite 11

lim """V P, (¢ a i a,a,1,1:q) = ha(23q). (180)

a—00

For the proof use (174) and (236). Note that P,(¢ 'a~l'iz;a,a,1,1;q) is obtained from the

right-hand side of (179) by replacing a, b, c,d by —ia~!,ia™1, i, —i.
Pseudo big ¢-Jacobi — Pseudo Jacobi
L(CN—14+i _N— “N-1 —Neiv— P,(z;v,N)
lim P. (i (-N-1+4iv),.. ,—N-1 _—N-1 N+iv—1, _ n\Ls Yy ] 181
i P (i e $q) Pa—ii V) (181)
Here the big g-Jacobi polynomial on the left-hand side equals P, (cx;c/b,d/a,c/a;q) with
= iq%(N-i-l—iz/), h— _iq%(N—&-l—i-iy)’ c— iq%(—N—l—i-iz/)’ d— _iq%(—N—l—iy)‘

14.7 Dual ¢-Hahn

Orthogonality relation More generally we have (14.7.2) with positive weights in any of the
following cases: (i) 0 <vg<1,0<dg<1; (i)0<yg<1,6<0; (iii)y<0,6>q¢"; (iv)
v>q N, §>q¢ N, (v)0<gy<1,6=0. This also follows by inspection of the positivity of

the coefficient of p,_1(z) in (14.7.4). Case (v) yields Affine g-Krawtchouk in view of (14.7.13).

Symmetry

g™

Ry(x;7,0,N | q) = 0

(,yé‘qN-i-l)nRn(,y—l(;—lq—l—]\fx; 5_1q_N_1,'Y_1q_N_1,N | q)

(182)
This follows from (14.7.1) combined with [GR, (III.11)].
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14.8 Al-Salam—Chihara

Standardization and notation The definition (14.8.1) by ¢-hypergeometric representation
follows the convention of [72, p.25] that Q,,(z;a,b|q) = pn(z;a,b,0,0|q), where p,(z;a, b, c,d|q)
is the Askey-Wilson polynomial (14.1.1). In [Ism, (15.1.6)] these polynomials are notated
pn(z;a,b|q), equal to a™/(ab; q), times Qn(z;a,b|q) as in (14.8.1).

Symmetry The Al-Salam—Chihara polynomials @, (z;a,b|q) are symmetric in a, b.

This follows from the orthogonality relation (14.8.2) together with the value of its coefficient of
x™ given in (14.8.5b).

Orthogonality relation Just as in Section 14.1 the condition |al,|b| < 1 on the parameters
in (14.8.2) can be slightly relaxed into |al,|b] < 1, ab # 1.

¢~ '-Al-Salam—Chihara
Re: (14.8.1) For x € Z>¢:

1
Qu(3(ag™ +a™"¢")sa,b]¢7") = (=1)"b"q 2"V ((ab) " q),,

-n ,—x ,—2,T
q ,q9 ",a °q n _g—
X 3¢1< (ab)_l 14,4 ab 1) (183)
— x —lxz qba_l;Qx q—x’a—2qx n
= (—ab™!)" g 2"+ ((albl-q)) 2¢>1< -t 01 “) (184)
Iz —iax(z qba_l;q£E n - -
= (cab g bl R (i qat) ). (155)

Formula (183) follows from the first identity in (14.8.1). Next (184) follows from [GR, (II1.8)].
Finally (185) gives the little g-Jacobi polynomials (14.12.1). See also [79, §3] and [K9, §3].

Orthogonality

00 _ Qma72 a72 a —1. . _ 2 _ _ _
> . (1q— a—zggq bc}é—?).q);q) (a1 )" (QmQn) (3 (ag™ + a¢%);a,b| ¢ )

=0

CL_Q' 9 - —n?
- Mm (ab) ™) (aB)"4 ™" O (186)

The constraints for having positive weights in (186) are (ab)~! < 1, 0 < ga~'b < 1. Equivalently,
we are in one of the following cases:

1. a,b>0,ab>1, ga"'b < 1.
2. a,b<0,ab>1, qa"'b< 1.
3. a =1ag, b = iby, ag, by > 0, qaalbo < 1.

4. a = —iag, b = —ibg, ag, by > 0, qaalbo < 1.
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Formula (186) with constraints follows from (185) together with (14.12.2) and the complete-
ness of the orthogonal system of the little g-Jacobi polynomials, See also [79, §3]. An alternative
proof is given in [64]. There combine (3.82) with (3.81), (3.67), (3.40).

Normalized recurrence relation

2P () = Por1(2) + 5(a +0)g "pa(@) + 1(¢" = 1)(abg ™" = Dpy_a (@), (187)

where
Qn(z;a,b] q_l) = 2"p,(z).

Limit to Big ¢ !-Hermite In (185) and (186) replace (a, b) by (ilf%7 iabfé) with 0 < ag <1
and b > 0. Then let b | 0. By (14.8.17) and (14.12.14) we arrive at big ¢~ !-Hermite polynomials
as duals of g-Bessel polynomials.

14.9 g-Meixner—Pollaczek

The g-Meixner—Pollaczek polynomials are the special case of Askey—Wilson polynomials with
parameters aei¢, 0, ae‘i¢, 0:

1 i i
P, (z;a,0|q) := an(x; ae'?,0,ae7?,0|q) (z = cos(f + ¢)).

In [KLS, §14.9] the parameter dependence on ¢ is incorrectly omitted.

Since all formulas in §14.9 are specializations of formulas in §14.1, there is no real need to
give these specializations explicitly. See also (143).

There is an error in [KLS, (14.9.6), (14.9.8)]. Read x = cos(6 + ¢) instead of z = cos .

14.10 Continuous ¢-Jacobi

Symmetry
1
PTEOC’B)(—.I‘ ’ q) _ (_1)nq§(a—,3)n Péﬁ’a) (iL' ‘ Q)- (188)

This follows from (133) and (14.1.19).

14.10.1 Continuous ¢-ultraspherical / Rogers
Re: (14.10.17)

11
Cr(cosb; B q) = @0 B2 43 142,92

(B% @)n 1 g 2", Bq2", Breif Bre1?
-— 11 11 ; ) (189)
_Baﬂ2q47_/82q4

see [GR, (7.4.13), (7.4.14)].

Special value (see [63, (3.23)])

(/62;(1)71 1n

Co(L(B2 +872):8]q) = G (190)
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Re: (14.10.21) (another g-difference equation). Let Cy[e'?; 8| q] := Cp(cos®; 3| q).

— 2 1 — -2 1 1 1
L Culabnpla + L Gulais Bl = (@ g E) Gl Bl (191)

see [351, (6.10)].
Re: (14.10.23) This can also be written as

Culg?z 8la — Culg ™22 81q) = ¢ 2" (B — 1) (2 — 2 Cn_1[2; 48 dl. (192)

Two other shift relations follow from the previous two equations:

(B+1)Cnlg?2 81 ql = (¢ 2" + q2"B)Cul2: B q) + ¢ 2"(B — 1)(z — B2~ )C_1[2; 48]

(193)
(B+DCulg 2z 81d) = (3" +q2"B)Cul=: 8] + 472" (8 = (=™ = B2)Cua[z:48 | d).
(194)
Trigonometric representation (see p.473, Remarks, first formula)
e
Limit for ¢ | —1 (see [63, pp. 74-75]). By (195) and (82) we obtain
ln Com (a3 0| = a) = G20 = 1)+ 03 V2 - 1),
131{111 Comsr(z;—¢" | —q) =2z Cél()\+1)(2x2 —1).
By (78) and [HTF2, 10.6(36)] this can be rewritten as
i Con a5 0" =) = (5 PPV ) (196)
lim G (a5 —¢*| =) = 2 ((;;;1))2 2 PN (202 1), (197)
By (69) the limits (196), (197) imply that
lqigl C(x; —¢* | — q) = const. ST(l%A’%/\_l)(x), (198)

where the right-hand side gives a one-parameter subclass of the generalized Gegenbauer polyno-
mial. Note that in [K17, Section 7.1] the generalized Gegenbauer polynomials are also observed
as fitting in the ¢ = —1 Askey scheme, but the limit (198) is not observed there. Instead, the
generalized Gegenbauer polynomials are obtained in [K35, Figure 1] as ¢ — —1 limits of little
q-Jacobi polynomials.
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14.11 Big ¢-Laguerre

Symmetry The big ¢-Laguerre polynomials P, (z;a,b;q) are symmetric in a, b.

This follows from (14.11.1). As a consequence, it is sufficient to give generating function
(14.11.11). Then the generating function (14.1.12) will follow by symmetry in the parameters.

14.12 Little ¢g-Jacobi

Notation Here the little g-Jacobi polynomial is denoted by p,,(x; a, b; q) instead of p,, (x; a,b| q).

Basic Hypergeometric Representation In addition to (14.12.1) we have (see [K23, (2.46)])

. —-n ,n+l1
Cabed) = (—ab)—ng—in=1) (@i @n  (a7",¢" ab, gbz .
pn(m)agb)Q) ( qb) q 2 (qa’q>n 3¢2 qb’O ,q,q . (99)

Special values (see [K23, §2.4]).

1 n Lo (abiq)
n lb 1;(17 b, — (—gb)™ " én(n 1) (q y 4 )n ’ 201
Pnlq q) = (—qb)"q (4@ O (201)

n(n+1) (qb; Q)n (202)

1
n(l;a,b;q) = (—a)" q2 :
Pa )= (=) (qa; q)n

14.14 Quantum ¢-Krawtchouk

¢-Hypergeometric representation Forn =0,1,..., N (see (14.14.1) and use (18)):

qa "y
K™ (y;p, Niq) = zqﬁl( o ;qmq"“) (203)
-n ,—N
_ N+1. q n’q /y,O X )
= (pyq" " q 39252( IV 10,4 | . 204
( Jn392{ (N N (o) (209

Special values By (203) and [GR, (II.4)]:
K™ (Lp, Nig) =1, KI™(¢7"5p,Niq) = (pg; - (205)
By (204) and (205) we have the self-duality

Eid"™(q" Nip, Niq) _ K&™(¢"V;p, N;q)

n,x €{0,1,...,N}). 206
Ki"™ (g Nip,Niq) K™ (¢ N;p, Niq) ( { /) 200
By (205) and (206) we have also

Ky™q "p,N;g) = (0¢"507 e (e {0,1,...,N}). (207)
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Limit for ¢ — 1 to Krawtchouk (see (14.14.14) and Section 9.11):
lim I (1 + (1= q)ap, Niq) = Kn(23p7", N), (208)
q—

lim K™ (g5 p, N q) = Ky (z;p~, N). (209)
q—

Quantum ¢ !-Krawtchouk By (203), (205), (17) and (212) (see also p.496, second formula):
K™ (yip, Nig ") 1 (Q—my—l N)

= —— 1 2% N 4pyq 210

K™ (qN;p, Nyg™t) (paha7n gV (210)

= K2 Ny;p! Nig). (211)

Rewrite (211) as
_ _ _ _ _ _ _ N
K31+ (1—q Ygz;p ' Nyg™") = ((pg) 5 q l)nKﬁff(lJr(l—Q)q N(%’q—x);p,N;q)-

In view of (208) and (217) this tends to (99) as ¢ — 1.
The orthogonality relation (14.14.2) holds with positive weights for ¢ > 1 if p > ¢!

History The origin of the name of the quantum g¢-Krawtchouk polynomials is by their inter-
pretation as matrix elements of irreducible corepresentations of (the quantized function algebra
of) the quantum group SU,(2) considered with respect to its quantum subgroup U(1). The
orthogonality relation and dual orthogonality relation of these polynomials are an expression of
the unitarity of these corepresentations. See for instance [343, Section 6].

14.16 Affine ¢-Krawtchouk
¢-Hypergeometric representation For n=0,1,..., N (see (14.16.1)):

KAH( N ) 1 ¢ <qn’ qiNyil -1 > (212)
D, INSG) = T 7 1 291 4, D
n (r=t¢ L7 Y N Y

a"y,0 )
= 1q,q | - 213
32 ( g, pq (213)

Self-duality By (213):
KM p,N;q) = KM (g™ p,N;q)  (n,2€{0,1,...,N}). (214)

Special values By (212) and [GR, (IL.4)]:

K" (Lp Nig) =1, KaN(qip Nio) = oo (215)
b n
By (215) and (214) we have also
KN™(q":p,Niq) = (216)

(pg) Y ¢ 1)z
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Limit for ¢ — 1 to Krawtchouk (see (14.16.14) and Section 9.11):

lim K T(1+ (1= )30, N3 q) = K21 = p, ), (217)
;LH%Kﬁﬁ(q*x;p,N;q) = Kyp(xz;1—p,N). (218)

A relation between quantum and affine ¢-Krawtchouk

By (203), (212), (215) and (214) we have for x € {0,1,...,N}:

_ K}T(q™p.Nig)

K¢V p,N;q)

_ KM(q"p,Niq)
K3 (q#:p,N;q)

Formula (219) is given in [K3, formula after (12)] and [K16, (59)]. In view of (209) and (218)

formula (220) has (100) as a limit case for ¢ — 1.

K3 (¢ %p e N Ny g)

(219)

(220)

Affine ¢~ !-Krawtchouk By (212), (215), (17) and (203) (see also p.505, first formula):
KAff : ,N; -1 —n7 —N B
n (y b q )) — 2¢1<q Yy 1 n+1> (221)

KM (gN;p,Nig! g PP
= K™ (¢ Ny:p™t N3 q). (222)
Formula (222) is equivalent to (211). Just as for (211), it tends after suitable substitutions to

(99) as g — 1.

The orthogonality relation (14.16.2) holds with positive weights for ¢ > 1if 0 < p < ¢~ V.
History The affine ¢-Krawtchouk polynomials were considered by Delsarte [161, Theorem 11],
[K11, (16)] in connection with certain association schemes. He called these polynomials general-
ized Krawtchouk polynomials. (Note that the 2¢9 in [K11, (16)] is in fact a 3¢9 with one upper
parameter equal to 0.) Next Dunkl [186, Definition 2.6, Section 5.1] reformulated this as an
interpretation as spherical functions on certain Chevalley groups. He called these polynomials
g-Kratchouk polynomials. The current name affine q-Krawtchouk polynomials was introduced
by Stanton [488, (4.13)]. He chose this name because, in [488, pp. 115-116] the polynomials arise
in connection with an affine action of a group G on a space X. Here X is the set of (v —n) xn
A 0
SA B)’ where A € GL,(q),
> -T=BTA 1 +8.

matrices over GF(q). Let G be the group of block matrices (

A O

B € GLy_,(q) and S € X. Then G acts on X by (SA B

14.17 Dual ¢-Krawtchouk
Symmetry

Kn(z;¢,N|q) = " Kp(c ;¢ N q). (223)
This follows from (14.17.1) combined with [GR, (III.11)].

In particular,
Kn(z;—1,N [q) = (=1)" Kp(—z; -1, N [q). (224)
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14.20 Little ¢-Laguerre / Wall
Notation Here the little g-Laguerre polynomial is denoted by p,(x; a; ) instead of p,(z;a|q).

Re: (14.20.11) The right-hand side of this generating function converges for |zt| < 1. We
can rewrite the left-hand side by use of the transformation

2¢1<0’0;q72>= .1 0¢1<;q,cz>.
c (Zvc_I)oo C

0 (_1)n q%n(n—l)

(t; @)oo 201 ((Zqo;%l‘t) =>

= (&9

Then we obtain:

pul(rsa;q)t"  (|ot] < 1). (225)

Expansion of z"

Divide both sides of (225) by (t;¢)s. Then coefficients of the same power of ¢ on both sides
must be equal. We obtain:

n __ a: g (q_n;q>k nk T a
T _( aq)nkzzo (Q§Q)k q pk(a aQ)' (226)

Quadratic transformations

Little g-Laguerre polynomials p,(x;a;q) with a = qi% are related to discrete g-Hermite I poly-
nomials hy,(z; q):

B —1)g—n(n—1)

palz® 47 ¢%) = (()(1-22) han(23q), (227)
_1)ng—n(n—1)

zpn(2?;¢; %) = ((2]3622) hont1(; q). (228)

14.21 ¢g-Laguerre

Notation Here the ¢-Laguerre polynomial is denoted by L%(z;q) instead of Lﬁf“) (x;q).

Orthogonality relation
(14.21.2) can be rewritten with simplified right-hand side:

[0}

o0 T
Ly (x;q) Ly(x;q) ————dxz = hp dmnp a>—1 229
| o e e n o la>-1) (229)
with
hn  (¢*T0)n (%0 7
o _ L b= — : , 230
ho (¢ 9)ng" 0 (@)oo sin(ma) (230)

The expression for hg (which is Askey’s ¢g-gamma evaluation [K1, (4.2)]) should be interpreted
by continuity in a for a € Z>¢. Explicitly we can write

ho = q 2% (g1g)0 log(g™h) (@ € Zo). (231)
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Expansion of z"

L — (4™ )k
" = qfin(n+2a+1) anrl; q ) qk L z3q). 2392
( )n ];)(qa+1;Q)k k( ) ( )
This follows from (226) by the equality given in the Remark at the end of §14.20. Alternatively,
it can be derived in the same way as (226) from the generating function (14.21.14).

Quadratic transformations

g-Laguerre polynomials L (z;q) with a = :l:% are related to discrete g-Hermite IT polynomials

ho (5 q):

n n2—n
L’1/2( 2 4?) = (=1)"¢? 7 (z39) (233)
n T 5q — (qz;q2)n 2n\T54),
(_1)nq2n2+n -
$L711/2($2; q2) = W hont1(7; q). (234)

These follows from (227) and (228), respectively, by applying the equalities given in the Remarks
at the end of §14.20 and §14.28.

14.27 Stieltjes-Wigert
An alternative weight function

The formula on top of p.547 should be corrected as

w(z) = % 73 exp(—y*In?z), >0, with 7%= — (235)

2lng

For w the weight function given in [Sz, §2.7] the right-hand side of (235) equals const. w(q_%w).
See also [DLMF, §18.27(vi)].

14.28 Discrete g-Hermite I

History Discrete ¢ Hermite I polynomials (not yet with this name) first occurred in Hahn
[261], see there p.29, case V and the ¢-weight 7(x) given by the second expression on line 4 of
p.30. However note that on the line on p.29 dealing with case V, one should read k? = ¢
instead of k? = —¢"™. Then, with the indicated substitutions, [261, (4.11), (4.12)] yield constant
multiples of ha, (¢~ 2; q) and ha,11(¢'x; q), respectively, due to the quadratic transformations
(227), (228) together with (4.20.1).

14.29 Discrete g-Hermite 11

Basic hypergeometric representation (see (14.29.1))

— q—n q—n+1
hn(25q) = 2" 2¢1< " Lg% —q2x_2> : (236)
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