Comment on the paper “Macdonald polynomials and algebraic integrability”
by O. A. Chalykh

Note by Tom H. Koornwinder, T.H.Koornwinder@uva.nl, December 6, 2010
Chalykh computed in [1, §4.1] a Baker-Akhiezer (BA) function for root system Aj. It is given

by his formulas (4.1), (4.4) and (4.6). Let me write his resulting BA function ¢ = 9(z, z;m),
depending on a parameter m € Zx>g, as a 2¢1 :
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Observe the following properties of 1.
e We have
U(x,z3m) = (—z, —z;m). (2)

Indeed, for generic x the 2¢; in (1) can be written as
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and then the right-hand side can again be written as a 2¢1, see [3, (1.8)] (or more generally
[2, Exercise 1.4(ii)]). Then the resulting identity can be rewritten as (2).

e We have
Ba,mm) = d(e,—mm)  (@=1,...,m). 3)
Indeed, now write the 9¢1 in (1) as
m—x m—x
Cj = Cm—x—j,
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and write the right-hand side again as a 2¢1. Then the resulting identity can be rewritten
as (3).

e We have
Y(x,2;m) = P(z,x3m). (4)

Indeed, (4) is a rewritten version of the transformation formula [2, (II1.2)].

e We have
¢($azam):¢($a _Zam) (Z: lavm) (5)
Indeed, combine (3), (2) and (5).



e Note that we can use (1) as a definition of ¢)(x, z; m) for general integer m by the convention
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We have
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Indeed, (6) is a rewritten version of [2, (II1.3)]. Note that ¥ (z, z; —m) (m € Z~¢) has poles
for x € {1,2,...,m — 1} and for z € {1,2,...,m — 1}, by which there are no immediate
analogues of (3) and (5) for ¢(x, z; —m). However, (2) and (4) remain valid for negative
integer m.

With 1) given by (1) we can now review [1, Proposition 4.2, formula (4.10) and Lemma 5.4]:

1. 1 is a normalized BA function. Indeed, (1) has the form [1, (4.1)]:
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and it satisfies the normalization condition [1, (4.10)]:
U (z;m) = H(qj*:r . quﬂc)'
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The function v also satisfies condition [1, (4.2)], since this condition can be rewritten
as (5).
2. 1 is symmetric in x and z, see (4).
3. ¥ satisfies the difference equation
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Indeed, (7) combined with (4) is a rewritten version of [2, Exercise 1.13], see also [3, p.15
below].

4. 1 satisfies [1, Lemma 5.4]:
Y(wz,wzsm) =P(z,zzm)  (weW).

Indeed, this turns down to (2).



Next I will discuss [1, Theorem 5.11] for root system A;. First we identify Macdonald
polynomials for that root system with continuous g-ultraspherical polynomials. Following (2.10),
(2.11), (2.1) and (2.13) in [1] the Macdonald polynomial then has the form
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where f,_2; = foj_,, and f, = 1, and it satisfies
DP, = (¢"t+q¢ "t )P,

where D is the difference operator given by

tql‘ _ t—lq—x tq—z _ t—lql‘
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By the reasoning in [4, (9.10) and following] we obtain
2. 2
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where C), is a continuous g-ultraspherical polynomial, see [2, (7.4.2)]:
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Now observe [2, (7.4.5)]:
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where
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(Note that, by [2, (IT1.1)], the 2¢; in (10) coincides with the o¢; for S, (e; t1/2, (qt)'/2, —t1/2, —(qt)'/?)
in [5, (3.4)].) Observe that
Drim(g®:q7™ | ¢%) = ¢""q 2™ D, m;m). (11)

After replacing in (9) ¢,t, e, n by ¢%,¢~2™, ¢%, n+m, respectively, we arrive at the first identity
in [1, Theorem 5.11] for A;:
m .
Y@, n;m) + (=, n;m) = [[ (" = ¢ Pogm(ws0,47™). (12)
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For the derivation of the second identitity in [1, Theorem 5.11] for A; we apply [2, (IIL.3)]
to (10). Then we obtain in particular the identity

5n m 1(qa;.q2m+2 | q2) _ 1 Dn+m(qx;q72m | q2)
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Substitution in (9) yields

m
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= Dism(q":47"™ | 6) = Dom(a 347" | 6°).
By substitution of (8) and (11) we arrive at [1, Theorem 5.11] for A;:

Y(zmim) =z, —nym) = [[( " =7 [] (@7 —a¢77*) Pomoa(wig,q™ ). (13)

m m
j=1 j=—m

References

[1] O. A. Chalykh, Macdonald polynomials and algebraic integrability, Adv. Math. 166 (2002),
193-259.

[2] G. Gasper and M. Rahman, Basic hypergeometric series, 2nd edn., Cambridge University
Press, 2004.

[3] T. H. Koornwinder, g-Special functions, a tutorial, arXiv:math/9403216v1 [math.CA],
1994.

[4] 1. G. Macdonald, Orthogonal polynomials associated with root systems, Sém. Lothar. Com-
bin. 45 (2000), B45a; arXiv:math/0011046v1 [math.QA].

[5] M. Rahman, Askey-Wilson functions of the first and second kinds: series and integral
representations of C2(x; B | q) + D%(x; 8| q), J. Math. Anal. Appl. 164 (1992), 263-284.



