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This talk based on:

Tom H. Koornwinder,

Dual addition formulas associated with dual product formulas,

arXiv:1607.06053 [math.CA]

Tom Koornwinder Dual addition formulas



Addition formula for Legendre polynomials

Jacobi polynomials P9 (x), (1) = (2T 1n ;1)”

b

1
| PEP0PED ) (1014207 dk =0 (m £, a,5> ).
—1

Legendre polynomials Py(x) := P,(,O’O)(x), Pn(1) =1.
Addition formula for Legendre polynomials:
Pn(cos 04 cos 0, + sin 64 sin 02 cos ¢)

(n— k)l (n+ k)!
22k ()2

= P,(cos 61)Px(cos 6) +22
k=1

x (sin 61)KPY) (cos 6) (sin 62)* PK) (cos 6,) cos(ke).

n n
Product formula for Legendre polynomials:

Pn(cos 01)Pp(cos 02) = / Pn(cos 64 cos f2+sin 04 sin 62 cos ¢) do.
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Linearization formula for Legendre polynomials

min(/, m)

S *—/() j(I+m—j)!

§
=DM = D D

x (2(/ +m—2j) +1) Prym2i(X).

Askey’s question

Find an addition type formula corresponding to this

dual product formula for Legendre polynomials just as the
addition formula for Legendre polynomials corresponds to the
product formula for Legendre polynomials.

Compare with rewritten product formula:
VIV Paztxy)
—VimE i (T R)(d - y?) - 22

Corresponding addition formula expands Pp(z + xy) in terms of
Chebyshev polynomials of dilated argument.
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Rewritten addition formula for Legendre polynomials

Chebyshev polynomials T,(cos 6) := cos(né),
11
Ta(x) = const. PS 272 (x), Th(1) =1.
Rewritten product formula:
1 VI Pn(z + xy) dz
T )i i V(1 21— y7) - 22

Rewritten addition formula:

Pn(X)Pn(y) =

n

Po(z + Xy) = Pa(x)Pa(y) +2 (n —2/2'(577): K)!
k=1 :
<(1-x2) P () (1) PR () T («1 SV y2> .
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Hint from a Hallnas-Ruijsenaars product formula

Jacobi functions:

o 1 ) 1—iA
o\ (1) = 2F1< ot Pt +’2)+21(a+5+ ), |nh2t>.

Transform pair for suitable forg (o> g > —%):

/ () 69t (sinht)zo‘“ (cosh 1251 gt

) = const. / a(\ (;S(aﬁ |C()\)\2

Dual product formula for Jacobi functions (8 = —%) by Hallnas
& Ruijsenaars (2015) reveals weight function for Wilson
polynomials with parameters +i\ + iy + sa + 1 (cases a =0

1 ol
and 1 due to Mizony, 1976): ¢\ 2(1) d)éu’ 2)(t)
Miv£ixtip+ia+1)[

= const. ¢, 2 .
/0 v r(2iv)

dv.




Linearization formula for Gegenbauer polynomials

Renormalized Jacobi polynomials RY(x) :=

Gegenbauer linearization formula (Rogers, 1895):

min(/,m)

' m! /+m+a+§—2j
a+1),2a+1)m a+ 3

RV ()RG (x) =

(a+ H)jla+ 3)—jla+ %)mfj(za‘F )I+m i glee)
=DM = )+ 3)irm m=2j

MW, 101 g a0 t()
:Z k ra—%—m—1,—l—a—} Rlea) (x) (I=m, oz>—%),

(%)

I+m—2j

where w, g - s(x) are the weights for the Racah polynomials
Rn(x(x+y+5+1);a,ﬁ,7,6) y=-N-1,n=0,1,...,N).
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Racah polynomials

Rn(x(x+’y+5+1);a,5,’y,5)

—nn+a+pB+1,-x,x+v+56+1 >
= F ’ ,1 s :*N*‘I,
43< at 1,840+ 1,v+1 "
N
Z(Hmﬂn)(X(X+’y+5+1);a,ﬂ,y,&) Wa,,@,wﬁ(x) = hn;a,ﬁ,w,(ﬂsm,na
x=0
_y+6+1+2x
Wo76(X) = y+0+1

(a+1)x(B+0+1)x(y+1)x(y + 6+ 1)x
(—a+v+5+1)x(=B+~v+1)x(d+1)xx!’

hnaprs = a+B+1 B+n(a+B8—v+p(la=0+1),n!
ho.apqrs a+B+2n+1 (a+Dpla+B+1)p(B+5+1)n(y+1)n’

N
B+ 2)n(=
hoosns = 3 Whnsl) = (T G

x=0
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Racah coefficients of R\, »(x)

(ev,c) (o) u —m—1,—/—a_l(j)
H/ ’ ()()anr,7 (X):Z 2

j=0 O;a—%,a—%,—m—1,—l—a—%

Ro) (%)

(I>m,a« > —5). More generally evaluate

N[ —

S(I,m) =

M-

T
o

H (Oc,ot)
Waf%,af%,fmftf/faf%(/) Rl m=2;(X)

X Fi’n(j(j—/—m—oz—%); a—%,a—%,—m—L—/—a—%).
By Racah Rodrigues formula, summation by parts, and a
Gegenbauer difference formula we get

20+ 1)1 n(2a + 1 3
Si(lm) = 2 E VenBa D menld 2 im 2 gy
22n(0é + é)/(OZ + é)m(Zoz + 1)/+m(Oé + 1)n
X RIS () REET (x).
Then Fourier-Racah inversion gives:



Dual Gegenbauer addition formula

Theorem (Dual addition formula for Gegenbauer polynomials)

m
a,x _l) (—m)n(2a+ 1)’7
g N~ atn (=)
I+m—2/( ) nz_:o ot %n 22”(a & 1),27 n!
x (¢ = )R () R ()

><Rn(j(j—/—m—a—%);a—%,a—%,—m—h—/—a—%)

(I>m, j=0,1,...,m).

Compare with addition formula for Gegenbauer polynomials:

n
e 5 k(0420 + )20 + 1) ;
1,1 zZ
% R(Oé"rk,a"rk) x)(1 — 2 %kR a+k1a+k) R(O‘ 5, 2) )
n—k (x)( ye) n—k ) Kk V1= x2 \/1 —y2
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A common specialization

The two addition formulas have the common specialization

1 Zn: <n> a+k (n4+2a+ 1)(2a + 1)k (1—X2)k(F?,(ff;k’a+k)(X))2.

o k oe—i—%k 22k(a—|—1)§

This implies that

IRY(x) <1 (-1<x<1,a>—

).

N =
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Degenerate linearization formula

Let I > m. Gegenbauer linearization formula:

/' m! D+ mtatl-2f
R(O‘va) X R(O&,OZ) X)) = 2
i (X)Rmn " (x) (2a+1)/(2a+1)m§ oz—l—%
(o + %)/‘(a + %)/—/(a +3 ) —/(20‘ + 1)I+m—l H(a a) (x)
JEU =DM =) (o + $)em- m2
Assume x > 1, divide by R,(a’a)(x) and use
Fi’,(fﬁ)zj(x) 1\ m—2j
im — " — (x+ (x2-1)2)"7 (x> 1).
=00 Rl(a,a) (X) ( ) ( )
We obtain:
(a,) m Oé+ ) 1 of
a,a 2)m—j 2 q4\5\M—4
Ry (x) (2a+1 ,Z 5 (x+(x2—1)2) .
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Degenerate dual addition formula

Let I > m. Gegenbauer dual addition formula:

m
a,a +n (_/)n(_m)n(2a+1)n
R () =52
rem-2/(X) ;J a+in  220(a+1)Zn!

S A OO T A €)

<Au(i~ 1= m—a~ 1) a~a-fom-t—-a-})

Assume x > 1, divide by R,(a’a)(x) and use asymptotics as
I = 00 of R (x). We obtain:

1m2j _xm atn (=1)"(=m)s(2a + 1),
(x +(x®—1)2) 2/:;::00[4_;” 20(a+ 1), n!

x (X2 = 1)2" Rt 3y Qu (j; a — 3,0 — 3, m),

whre Q) is a Hahn polynomial.
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Further perspective

@ Find dual addition formula for g-ultraspherical polynomials.
Linearization formula also due to Rogers (1895). Probably
g-Racah polynomials will pop up.

© Find addition-type formula on a higher level which gives as
limit cases for ultraspherical polynomials both the addition
formula and the dual addition formula.

© Find group theoretic interpretation of dual addition formula,
for instance for a = % in connection with SU(2).
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Happy birthday to Charles next month!

Tom Koornwinder Dual addition formulas



