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This talk is dedicated to Grigori Olshanski on the occasion of
his seventieth birthday.

By his 1997 papers with Okounkov on shifted Schur functions
and shifted Jack polynomials he was one of the pioneers on
interpolation polynomials in connection with multivariate
orthogonal polynomials associated wih root systems.
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(g-)Pochhammer symbols:
Letqe C,0<|q| <1, n¢€ Zso.

(@)n:=ala+1)...(a+n-1),

(a:q)n:=(1—-a)(1—gqa)...(1—q" 'a),
(@1, ak q@)n = (a1:q)n- - (ak q)n.

(&0~ = [1(1 - ¢/a),
Jj=0

(a1, 5,8k Qoo = (21, 9)0 - - - (k; G) c0-
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Interpolation:

Qo
x(x=1)...(x=n+1)=(-1)"(—x)n

is the unique monic polynomial of degree n which vanishes
atx=0,1,...,n—1.

2]

x—Dx-q)...(x—=q¢"") =x"(x"1q),

is the unique monic polynomial of degree n which vanishes
atx=1,q9,...,q9" "

o
o - , (az,az™'; q)
H(z+z*1—aq/—a*1q*/): > : ’71n
=0 (—1)ngz""=1) an

is the unique monic symmetric Laurent polynomial of
degree n which vanishes on a, aq, ..., aq" ' (and their
inverses) .
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Askey—Wilson polynomials:
pn( (Z+Z ) a,b,C,d|CI)
pn( (a+a ) a,b,C,d\Q)

o q ", q" 'abcd, az,az=!
= 4¢3< ab, ac, ad 9.9

Rn(z;a,b,c,d|q) =

n

(g7",q"'abcd; q)k (az, az™"; q)k
g~k (ab, ac, ad, g; q)« '

k=0
Orthogonality. 0< g<1; |a|,|b|,|c|,|d| < 1 with pairwise
products of a, b, ¢, d # 1, and non-real a b, ¢, d in complex
conjugate pairs.

2.
AL (z)=A4+(z;a,b,c,d,;q) = @z b(ZZ, CZC{)(;OZ D’
A(2) = D (2)D(27).
/ Rn(z) Rm(2) A(2) % =0 if n#£ m.
|z|=1
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Dual parameters a, EN,E, d:
2:=(q'abcd)z, ab=ab, ac=ac, ad=ad.
Then

(g~",q" 'abed; q)« = (a(aq"),a(aq")”
Hence

(a(ag").a(aq")":q), (az,az""; q)«
g% (ab,ac,ad, q; q)«

I

n
Rn(Z; a, bv Cvd| q) = Z
k=0

from which the duality relation
Rn(a 'q ™ a,b,c,d|q) = Rm(a'q " a,b,c,d|q) (m,neZsy),
since both sides are equal to
min(zm,n) (q‘”,ézq”; q)k (g™, a2q™; )k
= q *(ab,ac,ad,q;q)k
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Limit of Askey—Wilson polynomials

n

Rn(az;a,b,c,d|q) =
k=0

(", q"'abed; q)k (222,271 q)k g¥ ‘

(ab,ac, ad, q; q)«

For a — oo the classical g-binomial formula

n

3 (@275 @k gk gLk (k1) (g0 K
Zn = -_— —1 2 Z

pur S C A (=1"q (7°2)

_ 4 (g:9)n B B k1
"2 G, C - NET D e,

For g — 1 the classical binomial formula

n

z”:kZ:O(Z)(z—Uk.
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Partitions:

A= (M,...,Ap) €Z"suchthat \y > Ao > --- > X, > 0.
A}l is the set of all such partitions.

A has weight |A\| .= X+ -+ + Ap.
d:=(n-1,n-2,...,0).

Dominance and inclusion partial ordering. For A, € Aj}:

p< X iff g+t < XA F N (F=1,0..,0);
WCA ff <N (i=1,...,n).

Symmetrized monomials. For \ € A}:

mx):= > Xt M (x) = Y xt (Wh = Spx (Z2)").

These are symmetric polynomials and symmetric Laurent
polynomials, respectively.
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Macdonald weight function (0 < q,f < 1):

(XiX'_1 1 q)oo
I =

DL(X) = Ay(xiq.1) = o
i e

1<i<j<n

A(x) == Ay ()AL (x7T).
Macdonald polynomials Define for A € A}

Pr(x:q.t) = = Unumu(x), Uy =1,
n<A
such that
P Py a) 2 P g
T X1 Xn

(Note that P,(x~') = P,(x) for x € T" c C".)

Then P, (x) is homogeneous of degree |\| in x and there is full
orthogonality:
4 dx;  dxp ,
Py\(x) Pu(x ") A(X) —...— =0 if o # A
Tn X1 Xn
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Koornwinder weight function. 0 < qg,t < 1,
lal, |bl,|c|, |d| < 1 with pairwise products of a, b, ¢, d # 1 and
non-real a, b, ¢, d in complex conjugate pairs.

AL (x) = A4 (x; q, t;a,b,c,d)
ﬁ ;oo (X%, X% @)oo
e ax,,bx,, cx,, dx;; @)oo (X%, X5 Q)oo
A(x) == A, (x)A,(x~1). Forn=1no t: Askey—Wilson case.
Koornwinder polynomials (1992). Define for A € A}

1<i<j<n

P\(x;q,t;a,b,c,d) = Z ummu uyy =1,
such that HEA
PAX) P) D) TP g it
Tn X1 Xn

Then full orthogonality (for i # ).

5-parameter generalization of 3-parameter Macdonald BCj,
polynomials.
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A-type interpolation polynomials (Kostant & Sahi, Sahi,
Knop, Knop & Sahi, 1991-1997)

Let7 = (74,...,70) € C"With 0 < |7y| < || < -+ < |mn] < 1.
Letg,t e C,0<|ql,|t] <1.
For A € A} define PP (x; g, 7) as the unique symmetric
polynomial of degree |A\| = Ay + - -- + A, such that its term
involving x* has coefficient 1 and
PPA(GhTiqm) =0 if pe NS, |ul < [Nl # A
In the principal specialization T := t° = (t"~', "2, ... 1)
moreover the following two properties hold:
Extra-vanishing property:
PPA(q*t; q,t%) = 0if p e A and A & pu.
Expansion in terms of Macdonald polynomials:
PPA(x; q,t%) = me (x;q,1), bya=1.
pCA
Hence r~MPPA(rx;q,t0) — Py(x;q,t) asr— .
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BC-type interpolation polynomials (Okounkov, 1998)

7,q,t as before,and ac C, 0 < |g| < 1.

For A € A/} define P;p’B(x; g, 7) as the unique Wjy-invariant
Laurent polynomial of degree || such that its term involving x*
has coefficient 1 and

PY(qiTiq,m) =0 if e Ag, lul < AL # A

In the principal specialization r := t°a we have moreover:

Extra-vanishing property:
PP (gt a; q,t°a) = 0if e A and A € p.
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Okounkov
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Limit formulas
lim r-APy(rx; q,t a,b, ¢, d) = Py(x; g, 1),
lim r"MPPE(rx; g, Pa) = Py(x; g, 1),

r—oo
lim r=AIPPA(rx; q, %) = Py(x; q, t).

So Koornwinder polynomials and BC-type and A-type
interpolation polynomials all have the Macdonald polynomials
as highest degree part.

lim a Py (ax; q.t;a,b,c,d) = Px(x;q,t),

a—oo

Jim a MPPP(ax; g, a) = PP (x; q,t%).
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Binomial formulas.
For Koornwinder polynomials (Okounkov, 1998;

recall that @ := (g~ 'abcd)?)
P\(x:q,t a b, c.d)
Py\(t°a; q,t;a,b,c,d)
_y P Pi(q*a q. ') PPP(xiq.t'a)
PPE(qutsz; g, t03) P.(t’a;a,b,c.d,t;q) "

MC)‘

For A = ()\1,0,...,0) the first factor on the right becomes

elementary.
For Macdonald polynomials (Okounkov, 1997):
PA(x:q.t) _ = PP (aMiq,t) P, ““‘(X g, 1)

PA;a.1) 2= PPA(getd q.10) Pu(t’:q.1)
Okounkov (1997) gives also a binomial formula for A-type

interpolation polynomials.
Formulas are related by limit relations. Formulas imply duality.
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BC-type interpolation polynomials for n=2 (K, 2015)
From Okounkov’s (1998) combinatorial formula:

q Fm(my—1)—Jmp(mz—1)
)_ ( ) —Mp gMy+mz

(t, P2t Q) my—my

1 1 (q™*m; q) kg H
x (axy,ax; ', axp,ax; ;g
( 1 2 2 )m2 IKZ>O (q2m2 taz; q)j+k
JHK<my—ms
(q™axi, q™ax; " q); (q™axz, q™ax; ' )«
(q1—m1 +met=1 g, q)j (q1—m1+m2 t-1,q; 9)k

1p7
Pm1 mz(x17X2 q7

2my(m—1)—1mo(mo—1)

q

2 1 =
(—1)mM—m2 gmi+ms (axi, axy ,axg,ax - q)mp
X

(q™taxy, q™tax; ' @)my—m,

q—m1 +my t qm2 an qm2 aX
X 403 1—m+mpp—1 gm: m. ~1:4.q]-
q 1 21— ,q 2taX1 q 2tax
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Limit for g — 1 of BC-type binomial formula:

On the left (Heckman—Opdam) BC-type Jacobi polynomials.
In first factor on the right BC-type interpolation polynomials for
q = 1. In second factor on the right Jack polynomials.

For n = 2 both factors on the right have explicit expressions,
and the formula was derived quite differently in 1978 by
Sprinkhuizen & K.
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Nonsymmetric Macdonald polynomials

Ex(x;9,t) (A€ Ap:=(Z>0)") and

nonsymmetric Koornwinder polynomials
E\(x;a,b,c,d,t;q) (A€Z") can be defined as
eigenfunctions (polynomials or Laurent polynomials,
respectively) of suitable g-difference-reflection operators
(generalized Dunkl operators) coming from the polynomial
representation of a suitable double affine Hecke algebra.

Expansion of symmetric polynomials in terms of
non-symmetric polynomials () € A}):
P, = Z ax,E, (Macdonald polynomials),
HESHA

Py = Z by ,.E, (Koornwinder polynomials)
neWh

for suitable coefficients ay , and b ,,.
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The one-variable cases:
In Macdonald case just z” (trivial Weyl group, no distinction
between symmetric and non-symmetric).

Nonsymmetric Askey—Wilson polynomials
(Sahi, 1999; Noumi & Stokman, 2004)

En(z;a,b,c,d;q) =

| . g'""(1 - q"(1 — ¢"'cd)
An(2:2,b.¢.0:9) = 57— 2p) 7 — ab)(1 — ac)(1 — ad)

x az~'(1 — az)(1 — bz)Rn_1(z; qa,gb,c,d;q), n>0,
E _,(z;a,b,c,d;q) =

q'~"(1 — g"ab)(1 — g"'abed)
(1 —gab)(1 — ab)(1 — ac)(1 — ad)
x b~ 'z71(1 — az)(1 — bz)R,_1(z;qa,qb,c,d;q), n>1.

Rn(Z; av b7 07 dr q) -

The symmetric Askey—Wilson polynomials are symmetrizations
of the nonsymmetric Askey—Wilson polynomials.
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Nonsymmetric interpolation
Let7 = (74,...,70) € C"With 0 < |7y| < || < -+ < |mn] < 1.

The case A,_ (Sahi, Knop).

Simple roots e1 — €o,...,65_1 — €n. @ € Ap, \a\ E, 1 ]a,].
Let w, be shortest element in S, such that w;'a = ot € A},
Then, for i < j, w1 (i) < wy'(j) iff o > o

Let 0 < |q| < 1. Polynomials f(x) of degree < d are uniquely
determined by values f(o)) on@ := W, (a € Ap, |a| < d).
The case BC,, (Disveld, Stokman, K)

Simple roots ey — €y, ..., €n_1 — n, en. a € Z", |a| == %, |l
Let w,, be shortest element in W), such that w;'a = at € A},
Write w, = 0474 (04 € {£1}", 14 € Sp). Then, for i < j,

(1) <7 () & Jei| > |yl or 0 < aj = +aq;.

Let 0 < |q|, |a| < 1. Laurent polynomials f(x) of degree < d are
uniquely determined by values f(a) ona := q*W,T (o € 77,
la| < d). Here (war); := (7,_1;))®"(*), where sgn(0) := 1.

Tom Koornwinder Nonsymmetric Okounkov interpolation polynomials



Idea of the BC,, existence proof (constructive by recurrence)
IC1,n:={1,2,...,n}.
Ang={p€Z"||p| <d},
R(n,d,l) :={a € Nyg|aj#0foralljand a; # —1if i € I°},
T(n,d,l):={acNyg|a;#0ifiec [}
Note that
R(n,d,[1,n]) = T(n,d,0), T(n,d,[1,n]) = Ang.

By complete induction with respect to n+ d:
@ Forevery map f: R(n,d, ) — C there is a Laurent
polynomial f € P, such that f(a(q, 7)) = f(«) for all
o € R(n,d,l) and deg(x,f(x)) <d—-n+k VJCI.
@ Forevery map 7: T(n,d, ) — C there is a Laurent
polynomial f € P, such that f(a(g, 7)) = f(«) for all
a € T(n,d,l)and deg(x,f(x)) <d  VJC /I
Both items are successively proved by complete induction with
respect to |/|.
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Thecasen=1: a=qg*re"(® (a€Z,0<|q||r| <1

For given f: [—d, d] — C find Laurent polynomial f(x) of degree
< d such that f(@) = f(a) (Ja| < d).

First deal with mterpolatlon points0 =rand -1 =g "7~ 1.
Then use @ = g*—&"(®)(gr)%"(®) and reduce to mterpolatlon
problem with d, 7 replaced by d — 1, gr. In practice:

Ansatz f(x)=c¢1+ (x —7)fi(x). Then f(r) = ¢,

f(a) =c1 + (a—1)fi(a) for |o| < d,a #0,thena — 7 # 0.
Ansatz fi(x) = co+ (x~' — gr)fa(x). Then f; (q—17—1) = Gy,
i@ =c+ (@' —qgr)h(a)for|a] <d, a#0, -

thena—' — gr #0.

With @ = g*(gr)*®"(®) and given fr: [-d +1,d — 1] = C

find Laurent polynomial f>(x) of degree < d — 1 such that

h(a) = f(a) (Jof <d-1).

Note: If f,(x) of degree < d — 1 then (x~! — g7 )f(x) of degree
< dand (x — 7)fi(x) = (x — 7)(x~ " — g7)f(x) of degree < d.
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Symmetric BC-type interpolation polynomials in different
normalization:

For A € A} there is a unique Wj-invariant Laurent polynomial
R\ (x; q,7) of degree || such that

Ra(:q,7) = 6xp i pe A, Jul <IN, 7= gir.

Nonsymmetric BC-type interpolation polynomials:
For o € Z" there is a unique Laurent polynomial G, (x; g, ) of
degree |a| such that

G.(B;q,7) = dap F8€Z" 18] <|al, B = qBWBT.
Expansion of R, in terms of the G,:

Riux)= > Ga(x) (AeA}).

acWh
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The case n=1:

_ (qsx sx—1 -q)
Gl 0:8) = (grense g, m etz
q sx (QSX q)m 1 (SX ' )m+1
(qmsz'q)m+1 (q1 i q)m 1

Then, with Rn(x; ¢, 5) = (S (m e 7,5),

Ro(x) = Go(x), Bm(x) = Gm(x) + G_m(x) (m € Z-op).

G-m(x;q,8) =

However, a binomial formula E,(z"';a,b,c,d;q)

_%pk(zaqn)aQ)pk(zaq % pk(zaq(n)abQ)pk(ZabQ)

—k(ab,ac,ad,q;q)« q~kab(ab;q)k1(ac,ad:q)k(q:q)k—1 ’

Lok (k>0)
py (z:a,b;q) == az"'(z — a)(z - b)(qaz,qaz"

where p/(z;a;q) = (az,az”

Lk (k>1),

Zag(n) :=aq" (n>0), Zag(—n):=a 'qg" (n>0).
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Extra-vanishing:

By computer algebra experiments there is indication of
extra-vanishing for G, (x; g, 7) in the principal specialization
r:=ta (al|t <1),ie.,

G.(§°Fa; q,t°a) = 0 notonly if 3 € Z", | 3| < |al, B # «, but
also for certain other g € Z", depending on «, but not on g, t, a.

a=(3,1) a=(22)
green dot = (0, 0), brown dot = «, black dots = other g with |3| < |a/,
red dots = points v with 7 extravanishing
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Comparison of interpolation polynomials for A-type and
BC-type (usually in principal specialization = = t° or t’a):
@ Duality. For A-type (non)symmetric: yes; for BC-type
(non)-symmetric: no.
@ Limit from BC-type to A-type. For symmetric polynomials:
yes; for nonsymmetric polynomials: quite probably.

@ Highest degree part. For (non)-symmetric A-type:
(non)-symmetric Macdonald polynomials; for symmetric
BC-type: Macdonald polynomials, not Koornwinder
polynomials; for non-symmetric BC-type probably
nonsymmetric Macdonald polynomials.

@ Extra-vanishing. For (non)symmetric A-type and for
symmetric BC-type yes. Probably also for nonsymmetric
BC-type.

@ Combinatorial formula. Yes for symmetric A-type and
BC-type. Unknown for nonsymmetric A-type and BC-type.
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Comparison (continued)

@ Binomial formula. For (non)symmetric Macdonald and
A-type interpolation polynomials: yes; for Koornwinder
polynomials: yes; for (non)symmetric BC-type interpolation
polynomials: unknown; for nonsymmetric Koornwinder
polynomials: probably not.

@ Eigenvalue equation. For (non)symmetric A-type: yes; for
symmetric BC-type: with a q%-shift in the a-parameter
(Rains, 2005); for non-symmetric BC-type: unknown.
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