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@ Operators with reflection terms and non-symmetric special
functions

@ A special DAHA symmetry
© Askey-Wilson functions
© Non-symmetric Askey—Wilson functions
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Part 1. Operators with reflection terms and non-symmetric
special functions
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Non-symmetric special functions

@ Important multivariable special functions such as
Heckman—-Opdam polynomials and Macdonald
polynomials are associated with a root system R.

@ On R acts the Weyl group W, a finite group generated by
reflections.

@ A multiplicity function o — k, is a W-invariant function
on R.

@ The values k, yield parameters.

@ The usual multivariable special functions are W-invariant,
i.e. symmetric, functions defined in terms of the root
system data including the parameters.

@ If the W-invariance is dropped then we get
non-symmetric special functions.

@ In the one-variable case W = {id, s}, where s: x — —x.
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Non-symmetric Bessel function and Dunkl operator

Ju(X) is the usual Bessel function.

7)== oFi T 5 h0w)
sin(Ax)

T-172(A;i x) = cos(Ax),  Ty/2(A x) = "

d® 2a+1d Sy 22 .
<dx2 + = dX) TN X) = =22 To (X X).

Non-symmetric Bessel function:

. - . iAx Cv)- . _ alXX
Ea(X; X) = TN X))+ ot 1) Tar1(Nx); E_q2( X x) =€
Dunkl operator:

_ df(x) 1 F(X) = F(—x)
(Yf)(X) = dx +(a+§)#
YEL(N ) =iAE(N ), fora=-—1: d‘iew =ixe™.
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Non-symmetric Jacobi polynomials

Pf,o‘”B)(x) is the ordinary Jacobi polynomial.

@A M pap (Z2+27

A e = o, A (25
(2 2(ein) = (3:3) gioy _ Sin((n +1)6)
R, (e"”) =cos(nh), RZ2(e"’)= (n 1Ysind

Non-symmetric Jacobi polynomials:

EYO(z) = R (z) + (z- 2 WRE(2)

4(a+1)
(n=0,1,2,...),
o a, n+aoa+pg+1 _ a+1,8+1
E“P)(z) .= RS ’8)(2)——4(a+1) (z—z HRLTAT(z)
(n=1,2,...).

1 _1 . .
E{ 27 = e (ne ).
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Non-symmetric Jacobi polynomials (contd.)

Differential-reflection operator (generalized Dunkl operator):

df(z)+a+6+1+(a—ﬂ)z

(YN)(2) =~z = - (f(z) — f(z7)).

Non-symmetric Jacobi polynomials are eigenfunctions of Y:

YE(™P) = _pg*?) (n=0,1,2,..)),
YECD) —(n+a+ 8+ 1)EYS (n=1,2,..).

df(e'?)

Fora=p8=—1: (Y)(e") =i T
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g-notation
Assume ge C,q+#0,qm #1forme Z.
g-shifted factorial:

(b;q)k := (1 = b)(1 —ab)...(1 - g 'b),
(b:q) = [J(1 —&/b) (lal < 1),
j=0

(b1, bs: Q) := (b1: Q... (bsi Q.
Terminating g-hypergeometric series (n=0,1,2,...):
q_n7827"' ) (q_n k aZv"'aal’; q)k k
_ z".

’¢’”< brr. by kZ;) Dk (br,- - b1: Q)

Non-terminating g-hypergeometric series:

ai,a,...,ar - (a1,...,ar Q) k
ror- 1< b by 9 ) 2B braan’
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Askey—Wilson polynomials

Let pn(x; a, b, c,d | q) be the usual Askey—Wilson polynomial
(symmetric in a, b, ¢, d). Drop q in further notation.

an
- (ab, ac, ad; q)n

pn(%(z + 2_1); a, bv C, d| q)a

Rn(z;a,b,c,d) :

_ _ _ g ",q" 'abcd,az,az='
Rn(z) - Rn(zv a7 b7 C; d) - 4¢3< ab7 aC,ad qu
Rn(z) is eigenfunction of the (second order g-difference)

Askey-Wilson operator L = [#b:¢9 (symmetric in a, b, ¢, d):
(LF)(2) :== (1 + g 'abed) f(2)
(1—az)(1 —bz)(1—cz)(1 —dz)
(1—22)(1 — qz?)
(a—2z)(b—2z)(c—2)(d - 2)
(1—22)(q - 2%
LR, = (q~" + abcdq"~")R,.

(f(gz) - 1(2))

(f(g'z) - f(2)).




Non-symmetric Askey—Wilson polynomials

See Sahi (1999), Noumi & Stokman (2000, 2004), K (2007),
K & Bouzeffour (2011), K & Mazzocco (2018).

En(z;a,b,c,d) = Ry(z;a,b,c,d)
aq'"(1 - g")(1 - " 'cd)
(1 —ab)(1 — gab)(1 — ac)(1 — ad)
x z7'(1 —az)(1 — bz)R,_1(z;qa,gb,c,d) (n=0,1,2...),

E_n(z;a,b,c,d) = Rn(z;a,b,c,d)
q'~"(1 — " 'abed)(1 — q"ab)
b(1 — ab)(1 — qab)(1 — ac)(1 — ad)
x z7'(1 —az)(1 — bz)R,_1(z;qa,gb,c,d) (n=1,2,...).

Symmetric in ¢, d and has a symmetry for a <> b.

Tom Koornwinder Askey—Wilson functions and DAHA symmetries



Eigenfunctions of g-difference reflection operator

(Y)(2) = z(1+ab- (aqzbzzz) 2()((th dz)zc; — (cd + q)2) 1)

(1—az)(1 — bz)(1—cz)(1 —dz)
(1= 22)(1 - 2)

f(qz)

(1—az)(1-bz)((c+d)gz—(cd+q)) ,,__
’ 41 — 22)(1 - g22) =
(c—2z)(d—2z)(1+ab—(a+b)z) faz ).

(1-2%)(q—2?)
Symmetricin a,band in ¢, d.
YE,=q" 'abcdE, (n=0,1,2,...),
YE ,=q" 'E_, (n=1,2,..)).
Symmetrization yields Askey—Wilson operator:
(Y 4+ g 'abedY")f = Lfif f(z) = f(z7").



Double affine Hecke algebra (DAHA)

Assume a, b, c,d,q € C*, g™ # 1. The DAHA #(a, b, c,d) is
the algebra generated by Z,Z~1, Ty, Ty with relations:

(Ty 4+ ab)(Ty +1) =0,
(To+ g 'ed)(To +1) =0,
(T1Z+ a)(T1Z + b) = 0,
(QToZ ' +¢)(qTeZ ' +d) =0.

Basic representation of the DAHA (on space of Laurent
polynomials in z; later also on other function spaces):

(2)(2) = 2£(2),
(a+b)z — (1 + ab)

(1—az)(1 —b2)

(Tif)(z) = B2 28 gy o S8 228 ),
1 . . .
(Tof)(Z) — q Z((Cd _;q_)zzg (C+ d)q) f(Z) o (C qzz(czjg Z) f(q2_1).

Then (Yf)(z) = (T Tof)(2).
R o comvincer |



Part 2. A special DAHA symmetry
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A special DAHA symmetry

Recall: #H(a, b, ¢, d) is the algebra generated by Z, Z~', Ty, T,
with relations:
(T1 + ab)(T1 + 1) =0,
(To+q 'ed)(To+1) =0,
(T1Z+ a)(T1Z+ b) =0,
(QToZ "+ ¢)(qToZ ' +d)=0.

Symmetric in a,band in ¢, d.

A further symmetry is the algebra isomorphism
To — g 'edTy: H(a,b,c,d) — H(a, b,qgd~", gc ).

Question: Can this symmetry also be found in special functions
associated with the DAHA?
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Symmetry realized in the basic representation

Recall the basic representation:
(Z)(z) = zf(2),
(a+ b)z—(1+ ab)

(T1f)(2) == T2 f(z) + (1- ?Z)(lz— bz) f(Z_1),
1 _
(To(e, d)f)(2) i= 202 D2 LEx D
_ (C _qZZ(zz_ Z) f(qz_1).

Two representations of #(a, b, ¢, d):
(TOa T1,Z) = (T0(07 d)a T1,Z),
(TO? T1 ’ Z) = (q71 CdTO(q71 da q71 C)v 7-1 ) Z)
Show that these reps are equivalent under conjugation by
some invertible w(Z2):
w(Z)To(c,d)w(2)"' = q 'cdTo(q 'd.q 'c),
w(Z2)Tyw(Z2) ' = Ty.
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Computation of w(z)

w2)Tyw(Z2) ' =Ty iff w(z) =w(z).
w(Z)To(c,d)w(Z2)" =g 'cdTo(q 'd, g "c)
iff

wigz™") . (1-c'2)(1-d'2)
¥ gz )i —qd iz )

Possible solution:

_ GC(Z) o (Qd_1Z, qd_1z_1;q)oo
)= G(d ~ (zcz g

where the Gaussian is G;(2) = m.
The solution w(z) is unique modulo multiplication by an
invertible function wy(z) such that wy(z) = wy(qz) = wo(z™1).
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Conjugation symmetry of the Askey—Wilson operator

Y. =TTy, D:=Y+q 'abcdY",
also acting in the basic representation.

If f(z) = f(z~") then (Df)(2) = (L#*9f)(z) = (1 + g 'abcd)f(2)
1—az)(1 —bz)(1 - —d
( aZ)((1 _ ZZZ))(1 _ qczzz))(1 2) (f(qz) — f(2))

(
(a-2)(b- >E NI=2) (1g12) - £(2)),

(1-2%)(q-2?)

w(Z)L20edw(Z)"! = g cdL@b9da e,
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Action of the symmetry on eigenfunctions

w(Z)Labodw(Z)"1 = g TedLaba T da e,

Proposition

Let ¢ be an eigenfunction of L%:¢:9 with eigenvalue \, then w¢
is an eigenfunction of L&0:ad™".ac™" with eigenvalue gc—'d~"1 .

Recall: LR, = (g~" + abcdq"~")R, . So the Proposition is
applicable to Askey—Wilson polynomials iff cd € g”.
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Part 3. Askey—Wilson functions
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Dual parameters

Assume 0 < g < 1,Rea > 0and g~ 'abcd € C\(—o0,0].
For z € C\(—o0, 0] let /z be such that v/z > 0 if z > 0.
Then the dual parameters a, b, ¢, d are well defined by

¥ =q 'abcd, ab=ab, at=ac, ad=ad.

Moreover, taking duals of dual parameters once more, we
recover a, b, c, d.

Duality of Askey—Wilson polynomials:

Rn(qMa; a, b, c,d) = Rn(q"&; &, b, &, d).
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Askey—Wilson function

Very-well-poised-balanced series:

Ws(ab.c.d.ef) W (ab.cdefg L2
8 7 1 My Wy My — 8 7 17777lq7bcdef

L qb a, qaév_qaéubv C, d7 e7f . q2a2
= ®7\ ab,—a}, qa/b, qa/c, ga/d, ga/e, qa/t' T bodef |

Q22
bcdef

<1, symmetric in b, ¢, d, e, f.

Askey—Wilson function (Stokman, Selecta Math. (2003)):

qvad'z,qvad'z7',qad',qa 'd"; q)
(gvaad—',va'bc,qd~'z,qdz71; q)s
"yaca™") (lyd| > q).

¢t (v, z;a,b,c,d) = (
x gWy(vaad™'; az,az™',~a,vaba~

Note the normalization ¢*(v; at') = 1.
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The Askey—Wilson function was earlier studied by Suslov
(1987, 1997, 2001), Ismail & Rahman (1991), Rahman (1992,
1999), Koelink & Stokman (2001), Stokman (2002).
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Askey—Wilson function extends A—W polynomial

e B az,az ' ay,ay"
¢ (’y,Z,a,b,C,d)—4¢3< ab, ac. ad ,q,q>
N (az,az ', &y,&y"',qbd~',gcd",ga 'd""; 9)
(qd~'z,qd~"z-1,qyaa'd-1,qy'aa'd~",ab,ac,q'ad; )

qd~'z,qd 'z, qd~"y,qd" "y
% 4¢3< gbd—1,qcd-1,g?a"1d-1 a9

Hence ¢7(q"&;z;a,b,c,d)= Ry(z;a,b,c,d).
Also, for generic values of the parameters,
(d~'z,qd 'z71,qd™",qd" v " @) €T (i Z:a b, €, d)

extends to an analytic function in z,y € C\{0}. Accordingly the
basic representation of the DAHA acts on the space of analytic
functions on C\{0} divided by (qgd~"'z,9d"'z7"; §)w -
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Eigenfunction of Askey—Wilson operator:
ELeT (v ) =(v+r ey )
This specializes for Askey—Wilson polynomials to

a'Let(q"a )= (q9"a+(q"a) )¢ (q"E; ).
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Symmetries of the Askey—Wilson function

¢t (vy;z;a,b, c,d) is symmetric in b, ¢ and satisfies the
¢ < qd~! symmetry

ad~ ', ga'd ' 9)x
€ (iza0 ) = 08

Ge(2)
Ggo-1(2)

(both symmetries are immediate from the g W> expression).

¢t (y;z;a,b,qd" ", qc™)

Duality (derived from expression as sum of two 4¢3 terms):
¢t (v, z;a,b,¢c,d) =" (z,7; 3, b, &, a)
a < b symmetry:

(bc,ga 'd " q)ee Gi(v)
(ac,gb=1d"";q)ec Ggg-1(7
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The kernel formula

Cherednik kernel (Stokman, JAT (2002)):
(bc,qgad~",gbd~",gcd~",qa'd""; 9) s
(gabcd—1; 9)ae(qd~"2,9d~ 1271, qd~1,qd 17 1; @)

00 2m —1 —1.
\m —m o imme1) 10 abcd~' (ab,ac,abcd™";q)m
" mZ-‘B( R 1—abed='  (gbd~",qcd~",q; q)m

X Rm(z;a,b,c,qd™") Ru(; &, b, &, qd™").

¢t (v;z;a,b,c,d) =

All symmetries of ¢*(v; z; a, b, ¢, d) can be read off from this
formula.
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Part 4. Non-symmetric Askey—Wilson functions
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Definition of non-symmetric Askey—Wilson function

. 7 — & (v 2 _ vgab~'ed
€(v;z;a,b,¢,d) :=¢"(v;z,a,b,c,d) (7= ab)(1  gab)(1 — ac)(1 — ad)

x v 1 —ay)1 —by)z7'(1 — az)(1 — bz) €*(v; 2, qa, gb, ¢, d).
This specializes for v = g~ "4~ respectively v = g to:
En(z;a,b,c,d) = Rn(z;a,b,c,d)

aq' "(1 —q")(1 —q" 'cd)
(1 —ab)(1 —gab)(1 — ac)(1 — ad)
x z7'(1 —az)(1 — bz)R,_1(z;qa,gb,c,d) (n=0,1,2,...),

E_n(z;a,b,c,d) = Rn(z;a,b,c,d)
q'~"(1 — " 'abed)(1 — q"ab)
b(1 — ab)(1 — qab)(1 — ac)(1 — ad)
x z7'(1 —az)(1 — bz)R,_1(z;qa,gb,c,d) (n=1,2,...).
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Eigenvalue equation:
a7y, ¢&(v;z;a,b,c,d) = A1 ¢(v;z;a,b,c,d).

Normalization:
¢(v;a ' ab,cd) =1.
Also,

1

(qd~'z,qd" 'z, qd™"y,qd " q) €(7; 2 2, b, €, d)

is an analytic function in z,~ for z,~ # 0.
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Duality: o
¢&(v;z;a,b,c,d) = €(z,v;a,b,¢,d),

¢ < qd~! symmetry:

(gad~",ga'd""; 9)
(ac,a 'c; Q)
Ge(2)
qu*1 (Z)

€(v;z;a,b,¢,d) =
¢(v;z;a,b,qd", gc ).

a < b symmetry:

. _ (bc,ga'd"iq)  Ga(7) .
¢(v;z;a,b,c,d) = (@c.gb—d: g)w Gy (1) ¢(v;z;b,a,c,d).
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Derivation of kernel formula)

Substitute twice the kernel formula
(bc,qad™",qbd ", ged ™" ga'd"; 9)o
(gabcd—"; 9)o(qd~1z,qd~ 1271, qd~"y,qd" "y~ 1; )
y i(—ﬂ’"(ad)*’”q%m(m*” 1 — g?Mabed~' (ab,ac,abcd™'; q)m
m=0

¢t(v;z;a b,c,d) =

1—abcd~' (gbd~',qcd~",q;q)m

in the right-hand side of

gab—'cd
(1 —ab)(1 —gab)(1 — ac)(1 — ad)
x v 1 —ay)1 —by)z7'(1 —az)(1 — bz) €*(v; z; qa, gb, ¢, d).

&(y;z,a,b,c,d) = ¢"(y;z,a,b,¢,d) —

Then:
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Kernel formula

(bc,qad™ ', gbd™ ", gcd™ ", qa 'd""; q)w
(gabcd—"; q)ee(qd 12, qd~"'z=1,qd~"v,qd~"v"; @)oo

¢(y;z;a,b,c,d) =

oo

imm1) 1 — @?Mabed ™! (ab, ac, abcd”'; q)m
(m+1) )
% Z —1)"(ad)” 1 —abecd-" (gbd—',qcd~",q; q)m

=0

_ab(1-qM)(1—-q"cd™") . m —. .. 1
><( (1—ab)(1—q2mabcd*1)€(q vabed-1;z;a,b,c,qd” )

x &(q"Vabcd—1;~; a,b,& qd™")

(1 —qgmab)(1 — g"abed ") 1 o B
(T —ab)(1 — qFrabed—") © \ gnvabed T - b.c,qd

1 2 B e

¢ (rvaseg= iabead ).
This is an expansion in terms of products of two non-symmetric
Askey—Wilson polynomials in z and ~, respectively.
It matches with the one-variable specialization of Stokman’s (Selecta Math.,
2003) multivariable kernel formula.
All symmetry properties of &(~; z; a, b, ¢, d) can be seen from the kernel
formula.
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