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Zhedanov's algebra AW (3)

Let geC, q#0, g"#1(m=12,...).
g-commutator: [X,Y]q 1= qzXY — g zYX.

The algebra AW (3) has:
m generators Ko, Kq, Ky,
m structure constants B, Cq, C4, Dg, D1,
m relations

[K07 Kl]q — K27
[K1, K2]q = BK; + CoKo + Do,
[Kz, Ko]q = BKg + C1K; + Dg.

(Zhedanov, 1991)



Picture of Zhedanov




Choice of structure constants

Leta,b,c,d be complex parameters. Assume a,b,c,d # 0,
abcd #9g" (m=0,1,2,...).

Let eq, e, e3,€e4 be the elementary symmetric polynomials in
a,b,c,d.

Put for the structure constants:

B :=(1—-q ")*(es +ge1),
Co:=(q-q 1>
Ci:==q '(a-q
Do := —q3(1 —a)’(1 +q)(es + gez + 9°),
D1 :=—-q3(1 - a)’(1 +q)(e1s + ges).

y
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Polynomial representation of AW (3)

Let Asym be the space of symmetric Laurent polynomials
f[z] = f[z71].
Let the operator Dsym act on Asym by
(Dsynf )[2] := Alz] (f[az] — f[z])
+ Az (fla~'z] — f[z]) + (1 + g *abcd) f[z],

where

(1—-az)(1—-bz)(1—-cz)(1—-dz)

A= ey



Polynomial representation of AW (3)

Let Asym be the space of symmetric Laurent polynomials
f[z] = f[z71].
Let the operator Dsym act on Asym by

(Dsymf )[2] := Alz] (f[gz] — f[z])
+ Az (fla~'z] — f[z]) + (1 + g *abcd) f[z],
where

(1—-az)(1—-bz)(1—-cz)(1—-dz)
(1—2?)(1 - qz?) '

The polynomial representation of AW (3) on Asym is given by

(Kof)[2] = (Deya)[2],
(Kaf)[z] := (z + 2 P[],

Alz] =




Askey-Wilson polynomials

Define and notate Askey-Wilson polynomials by

q~",q"tabcd,az,az?!
P := const i, ,
monic symmetric Laurent polynomial of degree n:
Palz] =Pn[z Y =2"4+---+27".

These are orthogonal polynomials (in variable x := %(z +z71))
under certain conditions for g,a, b, c, d.



Askey-Wilson polynomials

Define and notate Askey-Wilson polynomials by

q~",q"tabcd,az,az?!

P := const i, ,
monic symmetric Laurent polynomial of degree n:
Palz] =Pn[z Y =2"4+---+27".

These are orthogonal polynomials (in variable x := %(z +z71))
under certain conditions for g,a, b, c, d.

Askey-Wilson polynomials satisfy

DsymPn = AnPn, where X\, :=q "+ qg" tabcd.



Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials Py[z] are the kernel of an
intertwining operator between the polynomial representation of
AW (3) on Asym (z-dependence) and a representation on
Fun({0,1,2,...}) (n-dependence):

(Ki)z Pn[z] = (Ki)n Pn[z].



Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials Py[z] are the kernel of an
intertwining operator between the polynomial representation of
AW (3) on Asym (z-dependence) and a representation on
Fun({0,1,2,...}) (n-dependence):

(Ki)z Pn[z] = (Ki)n Pnlz].
For Ko 2nd order g-difference equation:

A[z]Pn[az] + B[z]Pn[z] 4+ C[z]Pn[a1z] = AnPnlz].



Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials Py[z] are the kernel of an
intertwining operator between the polynomial representation of
AW (3) on Asym (z-dependence) and a representation on
Fun({0,1,2,...}) (n-dependence):

(Ki)z Pnz] = (Ki)n Pn[z].
For Ko 2nd order g-difference equation:
Alz]Pn[az] + B[z]Pn[z] + C[z]Pn[a™"2] = AnPnlz].
For K; 3-term recurrence relation:
(z +z27Y)Py[z] = anPnya[z] + bnPn[z] + cnPn_1[z].



Askey-Wilson polynomials as intertwining kernels

Askey-Wilson polynomials Py[z] are the kernel of an
intertwining operator between the polynomial representation of
AW (3) on Asym (z-dependence) and a representation on
Fun({0,1,2,...}) (n-dependence):

(Ki)z Pnz] = (Ki)n Pn[z].

For Ko 2nd order g-difference equation:

Alz]Pn[qz] + B[z]Ps[2] + C[z]Pn[q 2] = AnPnlz].
For K; 3-term recurrence relation:

(z +z27Y)Py[z] = anPnya[z] + bnPn[z] + cnPn_1[z].
For K, g-structure relation:

Alz]Pn[qz] + B[z]Pn[z] + Clz]Pnla~"2]
= AnPp11[z] + bnPn[z] + ChPh_1lz].



Relations for AW (3) in terms of Ky, K; only, and the

Casimir operator

AW (3) can also be considered as generated by K, K; with
relations

(9 + 9 1)K1KoKy — K2Kg — KoKZ = BK; + Co Ko + Do,
(a9 + 9 1)KoK1 Ko — KZKy — K1KZ = BKg 4 C1 Ky + Dy.



Relations for AW (3) in terms of Ky, K; only, and the

Casimir operator
AW (3) can also be considered as generated by K, K; with
relations

(a + a7 1)KiKoKy — KZKo — KoKZ = B Ky + Co Ko + Do,
(9 + 9 71)KoKiKo — KgKy — KiKE = BKg + C1 Ky + Dy.
The Casimir operator
Q := K1KoKiKg — (0% + 1 4 q?)KoK1KoK;
+ (a4 +a KEKZ + (9 + g 1) (CoKE + C1K?)
+B((q 4 1+ 9 Y)KoKy + K1Ko)
+(d+ 149 ") (DoKo + D1Ky).

commutes in AW (3) with the generators Ko, K;.



Value of the Casimir operator in the polynomial

representation

In the polynomial representation (which is irreducible for
generic values of a, b, c,d), Q becomes a constant scalar:

(Qf)[z] = Qof[z],

where

Qo = a~*(1 — a)?(a*(es — €2) + q*(e? — ere5 — 2¢7)

— q®(eges + 264 + €3) +q(e5 — 2epe4 — €1€3) + e4(1 — ez)).



A faithful representation on Agym

AW (3,Qp) is the algebra AW (3) with additional relation
Q = Qo.



A faithful representation on Agym

AW (3,Qp) is the algebra AW (3) with additional relation
Q = Qo.

Theorem (THK, 2007)
AW (3, Qo) has the elements

K& (KiKo)'K™ (m,n=0,1,2,..., 1=0,1)

as a linear basis.
The polynomial representation of AW (3, Qg) on Asym is faithful.



Proof of first part of theorem

AW (3, Qo) is spanned by elements K, = K, - - - K, , where
a=(ag,...,ak), aj = 0or 1. Let p(a) the number of pairs (i,])
suchthati <j, o =1, o5 = 0. K, has the form

KNKiKo) K™ (m,n=0,1,2,..., 1=0,1)
iff p(a) =0 or 1.
If p(a) > 1 then K, must have a substring
KiKiKg or KiKgKg or KiKgKiKg.

By substitution of one of the three relations we see that each
such string is a linear combination of elements Kg
with p(8) < p(a).



Sketch of proof of second part of theorem

Note that
(Dsym)" (Z +Z71)™Pj[z] = Ay Pjmlz] + -,
(Dsym)" ™ (Z +Z71) Deym(Z +Z71)™ 1 Py[2]

= )‘jr:nﬁ/\j—i—m—lpj—i-m[z] tee



Sketch of proof of second part of theorem

Note that
(Dsym)" (Z +Z71)™Pj[z] = Ay Pjmlz] + -,
(Dsym)" ™ (Z +Z71) Deym(Z +Z71)™ 1 Py[2]
= A A moaPim[z] + -

If (with some an, | or by, | # 0) we have:
> ko 2 @k (Dsym) (Z +Z 1)K
+ > ki1 Yo bk (Dsym) ™ (Z +Z71) Deym(Z +Z71)* 1 =0
then we have for all j:
Y1 (@mi A + bng A A em-1) = 0.

Then consider maximal | for which an, | or by, # 0, and get a
contradiction.



The center of AW (3, Qo)

By a similar technique we can prove:

The center of AW (3, Q) consists of the scalars.




Double affine Hecke algebra of type (C;, C;)

The algebra § has:
m g,a,b,c,d as before,
m generators Z,Z~ 1, Ty, To,
m relations
(Tl + ab)(Tl + l)
(To+q tecd)(To + 1)
(T]_Z + a)(le + b)
(qToZ 1 +¢)(qToZz 1 +d)

)

)

)

=0
=0
=0
=0



Double affine Hecke algebra of type (C;, C;)

The algebra § has:
m g,a,b,c,d as before,
m generators Z,Z~ 1, Ty, To,
m relations
(Tl + ab)(Tl + l)
(To+q tecd)(To + 1)
(T]_Z + a)(le + b)
(qToZ 1 +¢)(qToZz 1 +d)

(Sahi, Noumi & Stokman, Macdonald’s 2003 book;
preceding work by Dunkl, Heckman, Cherednik.)

)

)

)

=0
=0
=0
=0



Double affine Hecke algebra of type (C;, C;)

The algebra § has:
m g,a,b,c,d as before,
m generators Z,Z~ 1, Ty, To,
m relations
(Tl + ab)(Tl + l)
(To+q tecd)(To + 1)
(T]_Z + a)(le + b)
(qToZ 1 +¢)(qToZz 1 +d)

(Sahi, Noumi & Stokman, Macdonald’s 2003 book;
preceding work by Dunkl, Heckman, Cherednik.)

)

)

)

=0
=0
=0
=0

T, and Tq are invertible.
Y :=T;To, D:=Y +q tabcdY 1.



Polynomial representation of

Let A be the space of Laurent polynomials f[z].

The polynomial representation of ) on A is given by

(Z0)iz] = 2f[2],

(1—az)(1—-bz)

(Taf)fz] = —abflz] + =

(flz ™1~ flz]),

(Tof)[z] := —qted f[z] + (quz(:zz) (f[z] - flaz™1]).



Polynomial representation of

Let A be the space of Laurent polynomials f[z].
The polynomial representation of ) on A is given by
(Zh)lz) = zf[z].

(1—az)(1—-bz)
1-22

(T1f)[z] := —abf[z] + (flz71 - f[z]),

(Tof)[z] := —qted f[z] + (quz(:zz) (f[z] - flaz™1]).

Then
(T:f)[z] = —abf[z] iff f[z] =f[z71],

and
(Df)[z] = (Dsynif)[2] if f[z] =f[z71].



Eigenspaces of D

Let
Qnlz] :=a 'b~'z7*(1 —az)(1 —bz)Py_1[z;qa,qb,c,d | q]
=z"4+...+atb iz ™"

Then
DQn = )\nQn’ TlQn = —Qn-



Eigenspaces of D

Let

Qn[z] :=a*b~*z (1 —az)(1 - bz) Py_1[z;qa, gb,c,d | q]
=z"4+...+atb iz ™"

Then
DQn = )\nQn, TlQn = —Qn-
D has eigenvalues A\p (n =0,1,2,...).
T, has eigenvalues —1, —ab.
D and T, commute.

The eigenspace of D for A\, has basis P,,Qn (n=1,2,...)
or Py (n = 0).



Non-symmetric Askey-Wilson polynomials

Let
ab
fn:ab_l(Pn—Qn) (nzlaz"")7
1 —g"ab)(1 — q"labcd ab(1—qg")(1—-g"1cd
g, - (—-d'ab)l-g )p,  3A—q)(L-g""cd) o

(1 —ab)(1 — g?"—1labcd) (1 —ab)(1 — g?"—1labcd)

(n=1,2,...).



Non-symmetric Askey-Wilson polynomials

Let
ab
fn:ab_l(Pn—Qn) (nzlaz"")7
£ (1 —qg"ab)(1 — gq"tabcd) b ab(1—qg")(1 —qg"tcd) 9
"7 (1-—ab)(1—g2-labcd) " (1—ab)(1—g2"-labcd) "
(n=1,2,...).
Then
YEfn :q_n Efn (n — 1,2,...),

YE,=q" tabcdE, (n=0,1,2,...).

The En[z] (n € Z) are the nonsymmetric Askey-Wilson
polynomials. They form a biorthogonal system with respect to a
suitable inner product given by a contour integral.



Relations for $) in terms of generators Z=, Y+, T,

T? = —(ab+1)T; —ab,

TiZ=Z'T:+(ab+1)Z'—(a+b),

Tz =2zT, — (ab+1)Z '+ (a+b),

T.Y =q ‘abedY "'T; — (ab + 1)Y +ab(1+q 'cd),

T,Y "' =qg(abed) 'YT; 4 gq(abed) (1 + ab)Y —q(cd) *(1+q 'cd),

YZ =qzZY + (1+ab)edZ7'Y 'T; —(@a+b)ed Y 'Ty — (149 ted)Z 7Ty
—(1-qg)(1+ab)(1+q 'cd)Z '+ (c+d)T1+(1—q)(a+b)(1+q 'cd),

YZ'=q'27'Y —q ¥(1+ab)cdZ7'Y Ty +q %@+ b)ed Y ITy
+q'1+qted)z Ty —q Y (c +d)Ty,

Y 'Z=q'zy ' —q(ab) (1 +ab)Z'Y T, 4 (ab) *(a+ b)Y 'T;
+q(abcd) (1 + g~ *cd)Z Ty + q(abed) 1 (1 — q)(1 + ab)(1 4+ g tcd)Z *
— (abed) (¢ +d)T; — (abed) (1 — q)(1 + ab)(c +d),

Y 'zt =gz 'Y '+ q(ab) H(1+ab)z 'Y Ty — (ab) Ha+ b)Y 'T,y
—q®(abcd) ' (14 q'cd)Z T, 4 g(abed) "t (c + d)T;.



Faithfulness of the polynomial representation of $

Theorem (Sahi)

The polynomial representation of § is faithful.
The elements

z™Yy"Tl (mneZz i=0,1)

form a linear basis of §.



Central extension of AW (3)

Let the algebra ,&W(?a) be generated by Kq, Ky, T1 such that T,
commutes with Kg, K; and with further relations

(Ty+ab)(Ty +1) =0,
(a0 + 9 71)K1KoKy — KZKg — KoKZ = B Ky + Co Ko + Do
+ EKy(T1 + ab) + Fo(Ty + ab),
(g + 9 1)KoK1Ko — K§K1 — KiKE =B Ko + C1 Ky + Dy
+ E Ko(T1 + ab) + F1(Ty + ab),

where
E :=—q7?(1-q)’(c+d),

(1 -9)*(1+q)(cd +0),
Fi:=q3(1-9q)31+q)(a+b)cd.

‘I'I

o
I

o



Polynomial representation of ,&W(B)

The following element Q commutes with all elements of ,&W(3):

Q :=(K1Ko)? — (4% + 1 + q Ko (K1Ko)Ky
+(q+97HKEK? + (g + q71)(CoKE + C1K7)
+ (B+E(T1+ab))((q + 1+ g KoKy + K1Ko)
+(q+1+971) (Do + Fo(T1 + ab))Ko
+(q+1+q71)(Dy + Fi(Ty +ab))Ky + G(Ty + ab),

where G can be explicitly specified.



Polynomial representation of ,&W(B)

The following element Q commutes with all elements of AW(3):

Q :=(K1Ko)? — (4% + 1 + q Ko (K1Ko)Ky
+(q+97HKEK? + (g + q71)(CoKE + C1K7)
+ (B+E(T1+ab))((q + 1+ g KoKy + K1Ko)
+(q+1+971) (Do + Fo(T1 + ab))Ko
+(q+1+q71)(Dy + Fi(Ty +ab))Ky + G(Ty + ab),

where G can be explicitly specified.

AW (3) acts on A such that Ko, Ky, T1 act as D, Z+2z274Ty,
respectively, in the polynomial representation of  on A.
This action is called the polynomial representation of AW (3)
on A.



Polynomial representation of ,&W(B)

The following element Q commutes with all elements of AW(3):

Q :=(K1Ko)? — (4% + 1 + q Ko (K1Ko)Ky
+(q+97HKEK? + (g + q71)(CoKE + C1K7)
+ (B+E(T1+ab))((q + 1+ g KoKy + K1Ko)
+(q+1+971) (Do + Fo(T1 + ab))Ko
+(q+1+q71)(Dy + Fi(Ty +ab))Ky + G(Ty + ab),

where G can be explicitly specified.

AW (3) acts on A such that Ko, Ky, T1 act as D, Z+2z274Ty,
respectively, in the polynomial representation of  on A.
This action is called the polynomial representation of AW (3)
on A.

Then (5 acts as the constant Q.



A faithful representation on A

Definition
ATVV(3, Qo) is the algebra AAVV(3) with additional relation
Q = Qo.




A faithful representation on A

Definition
ATVV(S, Qo) is the algebra AAVV(3) with additional relation
Q = Qo.

Theorem (THK, 2007)
,&VVV(3, Qo) has the elements

K (KiKo)KPTI (myn=0,1,2,..., i,j=0,1)

as a linear basis.
The polynomial representation of AVV(& Qo) on A is faithful.
ATVV(S, Qo) has an injective embedding in $.



Definition of spherical subalgebra

From now on assume ab # 1. In £ we have:

T1+1 T1+1_T1+1
l-abl—ab 1-—ab’

In the polynomial representation of § we have:

0 if Tof = —f,

1—ab) ™ {T, + 1) =
( ) (Ta+1) {f if T,f — —abf.

Psym:= (1 —ab)~1(T; + 1) projects A onto Agym.



Definition of spherical subalgebra

From now on assume ab # 1. In £ we have:

T1+1 T1+1_T1+1
l-abl—ab 1-—ab’

In the polynomial representation of § we have:

0 if Tof = —f,

1—ab) ™ {T, + 1) =
( ) (Ta+1) {f if T,f — —abf.

Psym:= (1 —ab)~1(T; + 1) projects A onto Agym.
Write

Then
S(U)S(V) = S(UPsymV).

The image S($) is a subalgebra of $), the spherical subalgebra.



Polynomial representation of spherical subalgebra

In the (faithful) polynomial representation of $) on A, the
spherical subalgebra restricted to Asym yields a representation
of S($) on Asym, which is also faithful. The following diagram is

commutative. .
H — EndA)
I !
S(%) — EndAsym)

Z¢(T1), the centralizer of Ty in §, is a subalgebra on which S is
an algebra homomorphism:

S(UV) = S(UPgymV) = S(U)S(V)  (U,V € Z5(T4)).

Note the embedding A\VV(B, Qo) — Zg(Ty) with
Ko—Y +qtabcdY 1, Ki—Z4+Z1 Ti—Ti.



AW (3,Qo) and AW (3, Qo)

A\VV(S, Qo) generated by Kg, K1, T1 such that T; commutes with
Ko, Kz and (Ty + ab)(T1 + 1) = 0, and further relations
(@ + a7 )KiKoKy — KfKo — KoK
=BK; +CopKp+ Do+ EKy(T1 +ab) + Fo(Ty + ab),
(@ + a7 )KoKiKo — K§Kq — KiK§
= BKg + C1 Ky + Dy + E Ko(Ty + ab) + Fy(T; + ab),
Qo = (K1Ko)? — (0% + 1 + 0 7?)Ko(K1Ko)Ky
+(q+9 HKGKS + (a+971)(CoKF + C1KT)
+ (B+E(Ty +ab))((q+1+g KoKy + K1Ko)
+(a+1+91) (Do + Fo(T1 + ab))Ko
+(a+1+97Y)(Dy +Fy(T1 +ab))Ky + G(Ty + ab).

AW (3,Qp) is ATVV(3, Qo) with additional relation T; = —ab.



AW (3, Qo) mapped onto S(AW (3, Qo))

AW (3, Qo) has basis K (K;Ko) K"T)

(m,n=0,1,2,..., i,j=0,1).
S(AW (3,Qp)) has basis (1 — ab) 1K (K;Ko) K™(Ty + 1)
(mn=0,1,2,... i=0,1).

AW (3, Qo) has basis K§'(K1Kg)'K"
(mn=0,1,2,... i=0,1).



AW (3, Qo) mapped onto S(AW (3, Qo))

AW (3, Qo) has basis K(’,‘(KlKo)iKlmT{

(m,n=0,1,2,..., i,j=0,1).
S(AW (3,Qp)) has basis (1 — ab) 1K (K;Ko) K™(Ty + 1)
(mn=0,1,2,... i=0,1).
AW (3, Qo) has basis KJ(K1Ko)'K]"
(mn=0,1,2,... i=0,1).

U — (1—ab) tU(T; +1): AW(3,Qo) — S(AW (3, Qo))

is algebra isomorphism -
because terms with factor T; + ab in relations for AW (3, Qo)
are killed by factor T; + 1 in S(AW (3, Qp)).



Spherical subalgebra is isomorphic to AW (3, Qo)

S(H) = S(AW(3,Qo)), so the spherical subalgebra S(§) is
isomorphic to the algebra AW (3, Qo).



Spherical subalgebra is isomorphic to AW (3, Qo)

Theorem

S(H) = S(AW(3,Qo)), so the spherical subalgebra S(§) is
isomorphic to the algebra AW (3, Qo).

Sketch of Proof
$ has basis Z"Y"T! (m,n€Z, i=0,1).
S($) is spanned by (T1 +1)Z™Y"(T; +1) (m,n € Z).
We say that
> czkY! =o0(zMY")
=
if ¢k ) # 0 implies [k| < [m}, [I| < |n, (K|, [I[) # (|m], |n]).



Spherical subalgebra is isomorphic to AW (3, Qo)

Theorem

S(H) = S(AW(3,Qo)), so the spherical subalgebra S(§) is
isomorphic to the algebra AW (3, Qo).

Sketch of Proof
$ has basis Z"Y"T! (m,n€Z, i=0,1).
S($) is spanned by (T1 +1)Z™Y"(T; +1) (m,n € Z).
We say that

> czkY! =o0(zMY")

k,lez
if ¢ # 0 implies k| < |ml, [I] < |n}, ([k|, |I]) # (Im], [n]).
The result will follow from

(T1+1)Z™Y"(T1+1) € (T1+1) (AW (3,Qo)+0(Z™Y ")) (T +1).



Proof of theorem, continued

Write (T1 + 1)Z2™Y"(T1 + 1) as linear combination of

zImly Ty + 1), z7MyInlry 1), z=Imy =Ty 42),
z-Imy =Il(T; +1)  moduloo(z™y ")(T; + 1). (1)

This is done by induction, starting with the § relations for T, Z,
le_l, T]_Y, T]_Y _1.



Proof of theorem, continued

Write (T1 + 1)Z2™Y"(T1 + 1) as linear combination of

zImly Ty + 1), z7MyInlry 1), z=Imy =Ty 42),

z-Imy =Il(T; +1)  moduloo(z™y ")(T; + 1). (1)
This is done by induction, starting with the § relations for T, Z,
le_l, T]_Y, T]_Y _1.

Also write (T + 1)K"K{'(T1 + 1) and
(T1 + 1)K KoK KJ ™1 (T1 + 1) (m,n = 0,1,...) as a linear
combination of (1).

These latter linear combinations turn out to span the linear
combinations obtained for (T; + 1)Z™Y"(Ty + 1).



Proof of theorem, example

As an example see for m,n > 0:
(T1+1)Z™Y"(Ty + 1)
- (sz" — ab(gq~tabcd)"z ™y N + o(zm\("))(T1 +1)
and
(T1+2) (K (KaKo — GKoK1 K ™) (T1+1) = (1-ab)(1-?)
X (zmvn — ab(g~tabcd)"Z ™Y " + o(zmvn)) (T1+1).
Hence
(Ty +21)Z™Y"(Ty+1) = (L —ab) *(1—-g*)*!
x (T1+ 1) (K" (KaKo — GKoKa)K ™ +0(Z™Y ™)) (Ty + 1),



The subalgebra related to the —1 eigenspace of T,

Poym = (ab — 1)~1(T1 + ab) projects A onto the —1 eigenspace
Agym Of T1. Write

ST(U) :=PgnUPgm (U € 9).

The image S—($) is a subalgebra of $, and S~ (AW (3, Qo)) is

a subalgebra of S™(9).



Two isomorphic algebras

Theorem

Let AW (3,Qo; ga,gb,c,d) be AW (3,Qy) with a, b replaced by
ga, gb, respectively. Then Kq — g(ab — 1)~1Kq(T; + ab) and
Ky — (ab — 1)71K(Ty + ab) extend to an algebra isomorphism
AW (3,Qo;qga, gb, c,d) — S™(AW (3, Qo)).
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Two isomorphic algebras

Theorem

Let AW (3,Qo; ga,gb,c,d) be AW (3,Qy) with a, b replaced by
ga, gb, respectively. Then Kq — g(ab — 1)~1Kq(T; + ab) and
Ky — (ab — 1)71K(Ty + ab) extend to an algebra isomorphism
AW (3,Qo; ga, gb, c,d) — S™(AW(3,Qo)).

This is related to a result in Berest-Etingof-Ginzburg, Duke
Math. J. (2003), Proposition 4.11 (see also lain Gordon'’s
lecture at this conference).

Sketch of proof -

Rewrite relations for AW (3, Qg) while considering T; + 1 as a
generator. Terms with factor T; + 1 in the relaio/ns for

AW (3, Qo) are killed by factor T; + ab in S~ (AW (3,Qp)). In
what remains, replace Ky by g 1K, and recognize the relations
for AW (3,Qo; qa, gb,c,d).



The subalgebra S—($) is isomorphic to

AW (37 QO; qaa qb7 07 d)

S—(§) = S~(AW (3, Qy)), so the subalgebra S~ () is
isomorphic to the algebra AW (3, Qq; ga,gb,c,d).



The subalgebra S—($) is isomorphic to

AW (37 QO; qaa qb7 07 d)

Theorem

S—(§) = S~(AW (3, Qy)), so the subalgebra S~ () is
isomorphic to the algebra AW (3, Qq; ga,gb,c,d).

The proof is analogous to the proof that S(§)) = S(AW(B, Qo))-
One has to show that

(T1+ab)Z™Y (T, +ab) € (T1+ab)(EW(3,QO)+o(sz”))(T1+ab).



The centralizer of T; in $

Corollary

The centralizer Z(T; ) is equal to AW(s, Qo)-




The centralizer of T; in $

Corollary

The centralizer Z(T; ) is equal to ,&W(s, Qo)-
For the proof write U € §) as

U=(1-ab) tU(Ty +1)+ (ab —1)"*U(Ty + ab).
IfU € Z¢(T1) then so are U(T; + 1) and U(Ty + ab). Hence

U(Ty+1) = (1—ab) Ty + 1)U(T1 + 1),
U(Ty +ab) = (ab — 1)"}(T, 4 ab)U(T; + ab).

So U(T1 +1) € S(H) = S(AW(3, Qo)) C AW(3,Qo) and

U(T1+ab) € S™() = S~ (AW (3,Qq)) C AW (3, Qo).



The center of §

Corollary

The center of 573 consists of the scalars.

Proof LetU € Z(§). Then U € Zg(T1) = AW (3, Qo).

So U € Z(AW(3,Qo)).

Then U(T1 + 1) € Z(S(9)) ~ Z(AW(3,Qp)) ~ C and

U(T; +ab) € Z(S~($)) ~ Z(AW(3,Qo; ga, gb, c,d)) ~ C.

So U is scalar. O



Further problems

In higher rank, any root system, describe in terms of
generators and relations the algebra generated by
polynomial multiplication and by the g-difference operators
for which the Macdonald polynomials are eigenfunctions.

If thus the higher rank analogue of AW (3, Qo) is found,
what is the analogue of AW (3)?

What about representations of AW (3) for values of Q
different from Qg? Are there related special functions?

Higher rank analogues of my results in the nonsymmetric
case.



Usage of Mathematica

| did computations in algebras defined by generators and
relations in Mathematica with the aid of the package
NCAlgebra, see http://www.math.ucsd.edu/~ncalg/

This was developed by J. W. Helton, R. L. Miller and M.
Stankus, in particular for applications in systems engineering
and control theory.

See my Mathematica notebooks on
http://www.science.uva.nl/~thk/art/


http://www.math.ucsd.edu/~ncalg/
http://www.science.uva.nl/~thk/art/
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