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Some personal recollections

1969-1970

Dick Askey on sabbatical at Mathematical Centre Amsterdam.
Inspired by him | started working on group theoretic
interpretations of special functions.

| had three heroes in this area.
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Different approaches

Vilenkin and Wigner started with the Lie group and identified
matrix elements of irreducible representations with special
functions. Only special parameter values came out.

But Miller started with the special functions and their differential
recurrence relations, and he built from them a Lie algebra and
next a local Lie group. This worked for all parameter values.



Symmetry and separation of variables

After a second book in 1972, Willard’s third book appeared in
1977, on which | wrote a review for Bull. Amer. Math. Soc.
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Sy v and separation of variables, by Willard Miller, Jr., Addison-Wesley
Publishing Company, Reading, Massachusetts, 1977, xxx + 285 pp., $21.50.

Symmetry and Separation

Ol EHblcs Separation of variables is a technique for solving special partial differential

equations. It is taught in elementary courses on partial differential equations,
but the method usually does not achieve the status of a mathematical theory.
Because most references do not give a precise definition of separation of
variables, I invented a definition myself. Let us call a partial differential
equation in n variables x,, . . . , x, separable if there are n ordinary differen-
tial equations in x,, ..., x,, respectively, jointly depending on n — 1 inde-
pendent parameters (the separation constants), such that, for each choice of

With a Foreword by
Richard Aske

Univensity of

A the parameters and for each set of solutions (X, .. ., X,) of the o.d.e.’s, the
171 function u(x,, ..., x,) == X;(x)) - - - X,(x,) is a solution of the p.d.e. Under
Amdios Weslpaiidag Copery the terms of this definition a converse implication often holds: If u =

e
- X, -+ X, is a factorized solution of the p.d.e. then, for some choice of the
parameters, the X;’s are solutions of the o.d.e.’s. The most familiar cases of

separability deal with a linear second order p.d.e. which separates into n
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Hankel transform
Normalized Bessel function:

o (_1,2vk B
Ja(X) = (4X). = oF1< ;—lxz) .

ja(X):ja(—X), ja(O): 1, jﬁ%(X):COSX, j%(X):
Eigenfunctions:

(O’Xz + T dX) ja()\X) E) ja(AX)
Hankel transform pair:

() = /O - F(x) T (Ax) X2 ax,

~

f(x F(N)Ta(AX)N20FT d,

): 220‘+1r(a+1)2/0



Non-symmetric Hankel transform

Non-symmetric Bessel function:
. ix _ Alx
Ea(X) = Ta(X) + 2ot Ja+1(X), so 57%(x) =e”.

Non-symmetric Hankel transform pair:

700 = [ 10 £u(-20) X o

_ 1 * 2 2041
00 = g 17 /_OO F(0\) Ea () A2 dA.

Differential-reflection operator:

f(x) — f(—x)

(YO(x) = F(x) + (o + }) x

(Dunkl operator for root system Ay).
Eigenfunctions:

Y(Ea(X.)) = iAEa(N.).



Askey-Wilson polynomials

Assume 0 < g < 1.
Monic Askey-Wilson polynomials as symmetric Laurent

polynomials):
Pn[Z] = Pn[Z; a, ba Cvd | q] = Pn(%(z+z_1))

(ab, ac, ad; q)n g ",q" 'abed, az, az"!
= — 493 .q,q ) -
a’(abcdg"-1; q)n ab, ac, ad

Eigenfunctions of second order g-difference operator L:

(LPn)[2] := AlZ] Pnlqz] + Az~ "1 Palq " 2] — (Al2] + Az ']) PalZ]
= (g7"—1)(1 — abcdq" ") P,[Z],
(1—az)(1 —bz)(1 —cz)(1 —dz)
(1-22)(1 — qz2) '

These are on the top level of the g-Askey scheme.

where A[z] =
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Non-symmetric Askey-Wilson polynomials
Further assume: a,b,c,d # 0, abcd #q~" (m=0,1,2,...),
{a,p}n{a', b~} =0.

In terms of

Pnlz] = Pplz;a,b,c,d | q],
Qulzl =a b 'z (1 — az)(1 — bz) P,_4[z; qa, gb, c,d | q]

the nonsymmetric Askey-Wilson polynomials are defined by:

b
a;—_1(Pn— Q) (n=12..), Eld:=1,
(1 —g"ab)(1 — g" 'abcd)
(1 —ab)(1 — g2"~'abed) "
ab(1 —g")(1 — " 'cd)

T -ab)(i - riabed) (1T

E_n =

En =




Eigenfunctions of g-difference-reflection operator
Let

z(1+ab-(a+b)z)((c+d)g— (cd+q)z)

(YDl = a - 2)q- 2) el
(1 - az)((11 - zbzz))((11 —_quZZ))(1 )
e Py e
e ]
Then

YE_n — qin E_n (n: 1,2,...),
YE,=q" 'abcdE, (n=0,1,2,..).

These come from |. Cherednik’s theory of double affine Hecke
algebras associated with root systems, extended by S. Sahi to
the type (C)’, C;). Here his case / = 1 is considered.



Double affine Hecke algebra of type (CY, Cy)

This is the algebra $) generated by Z, Z~1, Ty, T, with relations
ZZ'=1=27Z""Zand

(Ti +ab)(T1 +1) =0, (To+q 'ed)(To+1) =0,
(TiZ+a) (T1Z+b) =0, (qToZ "' +¢c)(qToZ™" +d) =0.
This algebra acts faithfully on the space of Laurent polynomials:

(Z)[z] = z f[z],

b)z b 1-—b _
(T2 = EEDZZ 0280 gy (=820 202) gy
—1 o
(Tonlz] = 2L 20D g7
e ez

ThenY =T, To.



Eigenspaces of T,

» T, acting on Laurent polynomials has eigenvalues —ab
and —1.

» Tif=—abf <= fis symmetric.

» Tif = —f <« f[z]=z""(1 — az)(1 — bz)g[z] for some
symmetric Laurent polynomial g.

Let A be an operator acting on the Laurent polynomials. Write
flz] = filz] + z7'(1 — az)(1 — bz)f[z] (f;, f, symmetric Laurent
polynomials). Then we can write

(Af)[2] = (A1 fr+Arh)[z]+27 (1—az)(1-bz)(Az fi+Azh) (2],

where the A;; are operators acting on the symmetric Laurent
polynomials. So

f o (i, h), A<—><A11 A12>.

Azx1 Az



Rewriting the eigenvalue equation for E, in matrix form

<<Y11
Y4
<<Y11

Y24

Here

< (1 — q"ab)(1 — g"'abed) Py[z; a, b, c,d | g] )
X

Yio o Pnlz;a,b,c,d | q -0
Yoo) 9 —a 'b7"P,_4[z;qa,qb,c,d | q] ’

Yi 2) n—1 >
- abcd
Yoo 9

—(1-9"(1 — g"'cd) Pr_1[z;qa, gb, c,d | q]

B ab
Yii=q labed — 1-ab La,b,c,d;q’

1 — abed — abq + abcdq + Lag.bg,c,d:q
q(1 — ab) ’

Yoo =

where L, p ¢ 4.q is the second order g-difference operator L
having the p,[z; a, b, ¢, d | q] as eigenfunctions.
On the next sheet the shift operators Yaq, Yio.



The shift operators

(c—2)(d - 2)(9lg 2] - 9[2])
(1 —ab)(1 — z2)(1 — gz3)
z(1 - cz)(1 — dz) (glgz] — g[2])
(1 —ab)(1 — z2)(1 — gz?)

(Y219)[2] = z

b(a—z)(b—z)(1 —az)(1 — bz)
(1-ab)z(q—2%)(1 — qz?)
x ((cd +q)(1+2%) — (1 + g)(c + d)z) h[Z]
_ab(a—z)(b - z)(c - z)(d — z)(aq — z)(bg — 2) hlg2]
q(1 — ab)z(1 — z%)(q — )
ab(1 —az)(1 — bz)(1 — cz)(1 — dz)(1 — agz)(1 — bgz)
- g(1 — ab)z(1 — z2)(1 — qz2)

(Yizh)[z] = &

hlqz].



An equivalent form for the eigenvalue equations

The eigenvalue equations for E, and for E_, are equivalent to
the four equations
Lapecd.qPnl-iab,c,d|q]

= (q7"—1)(1 —abcdq" ")Py[.;a,b,¢,d | g,
Lga,gb,c,d:qPn—1 [.;qa,gb,c,d|q]

=(g~™" —1)(1 — abcdq")P,_+[.; qa, qb,c,d | q,
Y21Pp[.;a,b,c,d | q]

-1 _ 1)(1 — cdg™"
__(q 1)(—ab 9 )P,,,1[.;qa,qb,0,d|CI]7

Yi2Pn_1].;qa,qb,c,d | q]

_ ab(q~"— ab)(1 — abcdq" ") P
T 1—ab "

[..ab,c,d]|q



Non-symmetric Bessel functions in vector-valued form

We can rewrite the equations

ix

£aX) = Tol) + 51 1)

ja—H (X)v

(YN06) = 100 + (o ) LT,
Y(Ea(AN.)) = iNEa(N.).

in the form

0 xd%—l—Za—i-Z , Ja(AX)
X' 0 2ty Jat (Ax)



Applications of the vector-valued approach

By writing the nonsymmetric Askey-Wilson polynomials in
vector-valued form, we can obtain two results which would have
been impossible or much harder in the Laurent polynomial
form:

» Orthogonality relations with positive definite inner product

» Limit to nonsymmetric little g-Jacobi polynomials



Orthogonality relations: scalar case

Let (., .)ab,ca.q e the Hermitian inner product on the space of
symmetric Laurent polynomials such that the P,[.; a, b,c,d | q]
are orthogonal in the familiar way:

(Po.;a,b,c,d | ql, Pm[.;a,b,¢,d | Qllapcdq=h""6nm,

where

ha,b,c,d;q = (q7 ab, ac, ad, be, bd, cd; q)n
n " (abed; q)2n(gn1abed; q)n

(Assume that a, b, ¢, d are such that (., . )a,¢,q0.qg @nd
(., -)gagb.c.d:q are positive definite.) Then

et (1-qM(1 — g™ 'cd)
hazape.dia (1 — qnab)(1 — q"~'abcd)
" (1 —ab)(1 —gab)(1 — ac)(1 — ad)(1 — bc)(1 — bd)
(1 — abcd)(1 — gabcd) '




Orthogonality relations: vector-valued case

For g1, hy, g», ho symmetric Laurent polynomials define an
hermitian inner product

((91,h1),(92, h2)) == (91, G2)ab,c,0:¢ — @D(1 — ab)(1 — qab)
(1 —ac)(1 —ad)(1 — be)(1 —bd)
. (1 — abed)(1 — gabced) (h1, h2)ga,gb,c.d:q -

Then the E, (n € Z) in vector-valued form are orthogonal with
respect to this inner product. (Need only to check that E, is
orthogonal to E_.)

Theorem
If moreover ab < 0 then the inner product is positive definite.

In earlier papers (Sahi, Noumi & Stokman, Macdonald’s 2003
book) a biorthogonality was given in the form of a contour
integral, and there were no results on positive definiteness of
the inner product.



The (g-)Askey-Bessel scheme
See Koelink & Stokman, NATO, Tempe, 2000.

Jacobi

Askey-Wilson
: : Askey-Wilson
big g-Jacobi g-Bessel
little g-Jacobi big g-Bessel
little g-Bessel

(Jackson’s 3" g-Bessel)

/

Bessel




Already done: red boxes and arrows

Jacobi

Askey-Wilson
: : Askey-Wilson
little g-Jacobi big g-Bessel
/ little g-Bessel

(Jackson’s 3" g-Bessel)

/

Bessel




Little g-Jacobi polynomials

Monic little g-Jacobi polynomials as ordinary polynomials:

1 nqn(nf1)/2 agq; q qn7abqn+1
quJ(X a, b; q) ( )(abqn+1;q()n )n 201 < aq g, qX) .

They are limits of Askey-Wilson polynomials:

P},qJ(x;a,b;q):limA”PﬁW(ﬁx;—q 2a,gbx,—q'2, 27" | q),

P . (x: qa, qb; q) = lIm A" P (0 ~q*a,¢?bX,—q'2, 27" | q)



Nonsymmetric little g-Jacobi polynomials
YAV oYYy o PAW([z;a,b,c,d | q] _o,
(AR 7N g —a b~ 'PA¥ [z, qa,qgb, c,d | q]

AW AW
(i ) - 1)
(1 — g"ab)(1 — @"'abed) PAV|[z; a, b, ¢,d | q] 0
X .
—(1=q")(1-q" "ed) P¥[z:qa.qb,c.d | q]

Substitute: a — —q'/2a, b — gb), ¢ — —q'/2, d — X1,
z— X 'x andlet\]O0:

v,y vy n P (x; a,b; q)
51 Yoo a q “1(x;qa,qb; q)

lJ
((Yﬁj Y%) - qn+1ab> ( (1- q”“a—fb)PqJ x;a,b; q) )
Yor Yo —(1-49"q" 1/2Pq (x;9a,qb; q

= 0.
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