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Prelude: one variable, g = 1

monomial Pm(x) xm

factorial Pm(x) (—1)™(=X)m

quadr. factorial | Ph(x; a) (=)™ — X)m(a+ X)m

Jacobi Po(x; 0 B) | (ot oy (~mmieto4T x)

P2(x) = x(x —1)...(x = m+1),
Pr(xia) = (x* = a®) (6 = (a + 1?) (6 — (a + m—1)?),
(even) monic polynomials determined by vanishing properties.

Limits:
Pm(x; a,
77( g = Pp(x) + lower degree,
Pm(x)
PP (x; @) = Py(Xx?) + lower degree;

(2a)"MPE(x + o, a) =5 PH(x),

a— 0
Pm(x; o, B) — Pm(x —1).



monomial

Prelude: one variable, g = 1, binomial formulas

Pm(x) xm
factorial Pm(x) (—1)™(=X)m
quadr. factorial | Ph(x; a) (=)™ — X)m(a+ X)m
Jacobi Pm(xia,8) | edtn o F, (—mvm;ﬁﬂ“ ;x)
Prn( onﬁ_i( mx(m+a+8+1k &
m(0;a, B) &= (a+ 1)kk!

]
ali=5

(a+B+1) Z PP(m+a/;a’) Py(x)

2 PPk 4 atral) Pel0ia)
(1—x)" = (™ —x)k, e,
> (%)

Pm(1—x) _ i PP(m) Py(—x)
Pm(1) = PP(k) Pk(1)
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Prelude: one variable, g-case

Throughout 0 < g < 1. Four classes of polynomials:

monomial Pm(x: q) xm
g-factorial P (x; q) X"(x7 q)m
quadr. g-factorial | P¥(x; g, a) (2x.2xiq)m

(_1)mq%m(m—1)am

; Pm(x:q:a1,82,83,84) q "q" arzazas,arx,aix
ASkey Wilson Pm(a1:9:21,80,33,84) 403 a1ap,a1as,a184 :9:9

Put (x;y) =x4+x"1—y—y!
Po(x:q)=(x-1)(x=-q)...(x = ¢™"),
m—1 ' m—1
Ph(x;g.a)= [[(x+x"'—aq/—a'q?) = [[ (x:aq’).
j=0 j=0

monic polynomials resp. monic symmetric Laurent polynomials
determined by their vanishing properties.
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Prelude: one variable, g-case, limits

monomial Pm(x; q) xM

g-factorial P2(x; q) x™(x 1 @)m
(ax,ax=';,qQ)m

(~1)mq2™m=1 gm

Pm(x;q;a1,82,83,84) 2 q*”,q”*‘a1a2a3a4,a1x,a1x*‘,q q
Pm(a1:0:a1,80,83,84) 3 aiap,a183,a18 M

(
quadr. g-factorial | P¥(x; g, a)

Askey-Wilson

Pm(X; q; @1, az, as, as)
Ph(x:q, ) = Pu(x; ) + lower degree;

PR (x; q)

a "Ph(ax; q,a) =X PR(x; q),

- ay—
a;™ Pp(aix; q; a1, 8, a3, a) — Pm(X; Q).
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Prelude: one variable, g-case, binomial formulas

a "P¥(ax; q,a) =X P2(x;q),
a|— o0
—

afm Pm(aix; q,t; a1, ag, as, as) Pn(x; Q).

m K
Pm(X; q; 31,32,33,34) _ Z q
Pm(a1; q; a1, az, as, as) ¢ (a1ap,a1a3, @124, G Q)k

x (™™, g™ 'ajaxazas; Q) (a1x,a1x ' q)k

ag:z(q*‘iagagaz;)% in: P,i(p(q’"aq  a, 311) P/i(p(X; q, 31)
— PP(qka,; q.a,) Pr(ar; q; a1, a, as, a)

X:=aiX, a4—oo
—

m q—m7X—1 m > m —m x— 1 Q)k ok
- 2¢0< rq7q X E (q X) ;
B o ( KD (q; g)«

k=
m P ip
i Z PR(g™ ) P, (X Q)
P}(p ) P(1:q)




Prelude: one variable, limits for g 1 1

monomial Pm(x; q) xM
g-factorial Pm(x;q) X™(x q)m

(ax,ax';q)m

quadr. g-factorial | P2(x; g, a) (XA iQ)m
(—1)mq2™" =D gm

Askey-Wilson | grUidassnd) | g (¢ aaaaaxar g q)
Pm(x; q) = Pm(x),
(@—1)""Ph(a*; ) — Ph(x),
Pm(x;q) = Pm(x — 1),
(1-9)2"Ph(a" q.q%) — Ph(x; a),
PR(X:,G%) = (—4)" Pm(§(2 = x — x7 1)),
Pm(x; q; g1, =%t 1, 1) = (=4)" Pp(3(2 — x — x7 "), B).
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Fixedn. A=(A\1,...,A\n) €Z" M >X>...>2X\p>0)isa
partition. Set of all such X is denoted by A,. A has length
C(A) = [{j | \j > 0}| and weight |A| := Ay + - + Ap.

Example X\ = (5,3,3,1) has Young diagram

dominance partial ordering:

w<X iff p+-Fp<M+---+XN (i=1,...,n).
inclusion partial ordering:

pCA it <N (i=1,...,n).

Wy := Sp x (Z2)".

X=(X1,...,Xn), X" == x{"" .. X", A= (M1, ..., \p) partition.
MA(X) == D e X MA(X) =32 e, XH-
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polynomials of A and BC type

Throughout n>2, 0<g<1, O0<t<1, 7>0.

1| A | Macdonald P\(x;q,t)

2 | A | interpolation Macdonald PP?(x; q,t)

3 | BC | BC, interpolation Macdonald P;p(x; q,t a)

4 | BC | Koornwinder P\(x;q,t; a1, as, as, as)
51 A Jack P\(x;T)

6 | A | interpolation Jack P‘Ap( 7)

7 | BC | BC, interpolation Jack PP(x;7,a) (new)

8 | BC | Jacobi P(x; 7 v, B)

For 1,2,5,6,8 and for P;P(x%; Ta) N7 = my 430, Un My
For3,4: =my+ 3, 5\ UnuMy.
Definition by orthogonality for 1,4,5,8.
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Inventors of interpolation functions

interpolation Jack:
Sahi (1994), Knop & Sahi (1996); Okounkov & Olshanski (1997)

interpolation Macdonald:
Sahi (1996); Knop (1997); Okounkov (1998)

BC,, interpolation Macdonald:
Okounkov (1998)
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Okounkov Olshanskii
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Orthogonality

_ d

A2) =D (2)A(z7Y), §L=TIL1§3 z’ :

Macdonald and Jack: 7{PA zym, (27 A(2) % =0ifp< A\
(ziz q)oo

A4(2) =[T1<icj<n m

Homogeneous of degree |\|.

resp. [Ti<icjcn(1 — 227 ')

Koornwinder: j{PA(z) m,(z) A(z) % =0if u < A

12[ (27 @)oo (212, 21z @)oo
e (812), @22, 832}, 842}; Q) o 1<idjen (t2iZ;, t‘z,-zj_1;c7)oo
Jacobi: [;5 10 Pa(x) mu(x) A(x) dx = 0if p < A.
n
=[Ixa-x)° T Ix—xl*.
j=1 1<i<j<n

In all cases full orthogonality can be proved.

Tom Koornwinder BC-type interpolation Macdonald polynomials




Interpolation

Leté:=(n—-1,n—-2,...,1,0).

W+ T70;T)

0

+70+ ;T :
(M ToF i) =0 ifnot\Cyp,
v (
v

-

g't’; q.t)

3.0

in particular =0 if |u] <A, p# A\
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Young diagram of partition A consists of boxes (i, j) with
i=1,...,4(\)andj=1,...,\. The conjugate partition \" has
transposed diagram. Then £(\') = Ay.

Example )\ = (7,5,5,2,2), N =(5,5,8,3,3,1,1):

If u Cc Athen A — p:={se€ X\ |s¢ u}isa skew diagram.
A — p is a horizontal strip if )\}—uj’. <1(G=1,...,\).
Then write u < .

Example = (5,5,3,2,1),\—pu= OO0
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The diagram of A\ € A, becomes a tableau T if the boxes (i, j) of
A are filled by numbers T(i, ).

Then T is called a semistandard tableau of shape A\ with entries
in{1,....n}if T(i,j) € {1,2,..., n} is weakly increasing in j
and strongly increasing in i.

Similarly T is a reverse semistandard tableau if T (i, j) is weakly
decreasing in j and strongly decreasing in i. If T is

semistandard then S(i,j) := n+ 1 — T(i,j) gives a reverse
semistandard tableau S.
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Tableaux (cntd.)

Example (semistandard tableau)
A=(7,5,5,2,2),¢(\) =5,n=6:

1[1]1[3]4]6]6]
2|2]2]/5]5
3/3/5/6/6
45

5|6

In general, let:

M) = {se \| T(s) < i}, this is a partition.

Then: 07 =XO c X c ... c A1) c A" = X\ and

A X1 = fse X| T(s) =i}

T restricted to the diagram of A() is a semistandard tableau of

shape \() with entries in {1,...,i}. In the example:
()c(B)c(3,3)c(4,8,2)c(5,3,2,1)c (55,3,2,1) c (7,5,5,2,2).
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Combinatorial formula for Macdonald polynomials
X q7 Z”l/fT a, t)HXT(s):

LISPY
sum over all semlstandard tableaux T of shape A with entries in

{1,...,n}, so T(s) = i for s in the horizontal strip A() — \(=1),

H% y/xi-(a, ). Hence
NCEHESY
-

n
- Z H Py jxi-n(Xi; g, t), where
-

i=1
P)\/;L(Z; q, t) = w)\/p(q) t) Zp\'_l“l if A e Aﬂs JURS Anf1s M < )\5
and := 0 otherwise.

—.

Il
R

(] A0
(%(im(r (g, x P ‘)

1

Hence we have the branching formula
P)\(X1 yoo s Xn—1,Xm q, l')) = Z P)\/N(Xn; q, t) PM(X1 ,ooy Xp=1:4, t)
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Combinatorial formula (cntd.)

060.0 = ST (0.0,

T i=1
Then v, ,,(q,t) = wf\//u/(t, q), where

er(x) PA(x: g, 1) Z%/A q,t)P.(x;q,t) (Pieri formula).

bl’(s: q7 t)
wu/u(q7 t) = H e
se(R\0), p D5 G 1)

Here s € (R\C),,, iff s € vin arow of x intersecting with y — v
but outside each column of x intersecting with o — v.

1 o qa,\(S)t//\(s)"’1
b)\(S; q, t) = 1— qak(s)'H t/A(s) ’

a(i,f) == Xi—J, W()) =k > 1] =]}
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Combinatorial formula (cntd.)

For a reverse semistandard tableau T with entries in {1,...,n}
put \) .= {se T | T(s) > i}. Then
A=) XD = fse T| T(s) =i}

Now write the combinatorial formula for Macdonald polynomials
as a sum over reverse semistandard tableaux:

Pi(x: g, t) Zq/zr q.t) [ [ xr(s) » where

SEA
wa 00
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Combinatorial formulas for interpolation polynomials

Macdonald polynomials:

Py(x;q.t) Z"L/JT a.0) [[xres) -

LISPY
Interpolation Macdonald polynomials:

1P X q7 Z¢T(q7 H qag\(s)tn—T(s)_/;\(s)) -

SEA
BC,, interpolation Macdonald polynomials:
P®(x;q,t,a) = ZwT g, t) [[xrsy: gH O TO-AO ),

SEA
ai,))=j—-1, L(iL,j)y=i-1, xy)=x+x"1-y—y!

The T-sums are over all reverse tableaux T of shape A\ with
entriesin {1,...,n}.
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Combinatorial formulas (g = 1)

o n b)\([)(s; T)
H H byi-n(s;7) "

i=1 s€(R\C), (i

i=1) /()

.. as)+7(h(s)+1)
Oa(si) = ;A(s)+r/i( s)+1 -

Jack polynomials: Py (x; 7) Zwr ) [ xrs) -

SEA

Interpolation Jack polynomials:
PY(x;7) = Zwr ) [T (xrs) — &\(s) = m(n = T(s) = £(9))) -
SEA
BC, mterpolatlon Jack polynomials: (new)

PY(xi7,a) = limgs (1 — @) 2MP(a%: 9,97, q%) = X7 vr(7)
2
% ser (¥(s) = (80() +7(n = T(s) = K(s)) + 2)®).
The T-sums over all reverse tableaux T of shape A with entries
in{1,...,n}.



Limits, g T 1

Py(x;q,q7; g, —¢° 11, 1) = (=) P12 - x — x7T); 70, B),
4

(1—-q)2MPP(g5; 9,97, 9%) — PP(x;7,0),
PP(x;q,.q,q%) — (-4 P\(1(2 - x — x7");7),
(- 1) PP q.q7) — PP(x;T),
Pi\p(x; q,q9") — Py(x — 1”,7’),
Px(x;q,97) = Pa(x; 7).
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Limits, g fixed

Highest term:

Px(x;q,t; a1, a2, as, as)

P;p(x; q,t,a) = Py(x; g, t) + degree lower than |\[;

PP(x;q,1)
P\(x;7; a, B)
PP?(x,7)

PP(x;7,a) = P\(x?;7) + degree in x2 lower than |A|.

} = Py(x; ) + degree lower than |},

parameter to cc:
a MPP(ax; q,t,a) =3 PP(x; q, 1),
5"17IAI Py(aiX; q,t; a1, @, as, as) "5 Py(x;q,t) (new).

(2a) " MPP(x + o, a, 7) =3 PP(x,7),

Py(x;7; a, B) a0 Pyx(x —1"; 7).
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Binomial formula for Koornwinder polynomials

g = (q 'a1axa3a4)?,
a\a, = ajap, ajay=ajas, a,d, = aias.
Binomial formula (Okounkov, Transf. Groups, 1998):
P\(x;q,t; a1, @, a, as)
P)\(f531 v q, t; aq, ao, as, 84)
Pi(q*td); g, t, ) PP(x:q.t,a1)
= PR(grta); g, t, &) Pu(tai g tiar, a. a5, a4)
This implies the duality
P\(g"tay;q,t, a1, a0,a83,a4) P.(q°&,; q.t; &, ), a3, a))

P\(tai;q.t;ar,a0,a3,a4)  P,(t°d);q.t a,, a,,a,, a))
if P,L(t5.a1;q, ta,ap a3 a4) _ Pu(t‘s.aq;q, t; d,, a,, ay, aj) |
Pl (g tay; q,t, ar) PP(qutod,; q,t, d,)

Clear if & = a1. In general clear from evaluation formulas.
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Binomial formula for Macdonald polynomials

Binomial formula (Okounkov, Math. Research Letters, 1997):
PA(X:q.t) _ = PR a.t) PR(x:g.1)
Py(19;q,t) _ucA PP(quts; g, t Pu(t;q,t)’
PA(qyta;qv t) PV(ths;qa t)
P(ta.0) — Ptq.1)
Compare with binomial formula for Koornwinder polynomials.
P\(x;q,t; a1, az, as, as)
P\(¥ay;q,t; a1, ap, a3, as)
PI(@Pdiq.t.a)  Pl(x:q.ta)
PP (qutoa); g.t ) Pu(ta; q.t;ar, 2, a3, 84)

This implies the duality

BCA

ali_r>n a{w P\(aix;q,t; a1, as, as,as) = Pr\(x;q,t)
4 (o)

Proof Verify for x = @’ in evaluation formulas.
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Binomial formula for BC,, Jacobi polynomials

Let o’ = S(a+ B +1).

Py(x;T; o, B) _ Z P,if()\ +70+a;7,d)  Pu(x;T)

P(0;Ti a, B) PR(u+ 78+ of;maf) Pu(0i7i 0, B)°

BCA

P\(z;q,q7;q*", —g°*1,1,-1)
Pr(@ ottt q,q7; gt =711, 1)
Z PE(C]/\"_T‘HQI; q.q", qa’) PEJ(Z; q.q7, qa+1)

25 PR(grtite’ q,q7, q') Pul@tetTiq, 97 g2, -7, 1, 1)
together with (for g 1 1) the limits
Pn(z:q.q7: g, =g 1, 1) — (—4)M Py(
PP(2:G.97,9%) — (—4)X Py(
(1—-aq)2NPP(g% q,97,9%) — PP(x; T, q).

Tom Koornwinder BC-type interpolation Macdonald polynomials
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Binomial formula for BC, Jacobi polynomials (cntd.)

So Pa(ximia, ) =Y CruPu(x;T)
HCA
with ¢, ,, , up to products of elementary factors, given by
PE’(A + 70 + /5 7,d’), which can be expressed by a certain sum
over all reverse tableaux of shape . with entries in {1,..., n}.

On the other hand Macdonald (manuscript, 1987;
arXiv:1309.4568) gives this as a certain sum over all standard
tableaux of shape \/u and with entriesin 1,... |\ — pl.

The relationship between both expressions is not clear.
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Binomial formula for Jack polynomials

P\(1+x,7) Z P,if()\—i—Té;T) P.(x;T)
Px(1;7) P:F(,LL—FT(S;T) P.(1;7) '

P}F()\—I-Td;T) B <)\

PLp(u—i—T(S;T) M

pnCA

Hence > (Lassalle, 1990).

Theorem (Beerends & K., unpublished; Résler, K. & Voit, 2013)

IE\n Pi(x; T a,8) = Px(x — 1; 7).

Proof Leta — ooin
P\(x;7; o, B) Z P,if()\+7'5+a’;7',a’) P.(x;T)

PO T, B) LS PR+ 70+ oim o) Pu(0iTi e, B)

and use that (2a) " WPP(x + a;7,a) = PP(x;7), a — .
It is now sufficient to verify the Theorem for x = 0 by using the
evaluation formulas.
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Reduction formula for BC,, interpolation Macdonald

n
0 _1 _ _
PLP(z; g.t,a) = (_a)nan 5 Nun(pn—1) H ((zja; q)#n(zj 13; q),ltn)
j=1

ip
X PM—Mn1 n

(z:9,t,g"a).

In particular for p = (u1, p2)-

Also use that a sum over all reverse tableaux T of shape (m, 0)
with entries in {1,2} is a single sum.

Thus the combinatorial formula for P£70(21 ,Z2;q,t a) gives an

explicit expression for P}E1 m (21,22, 9., a).
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Explicit formula for BC. interpolation Macdonald

(~1)m-m

tm1 —mzam1+m2q%m1 (m1 _1)q%m2(m2_1)

P;g17m2(z1722; q7 t? a) =

1 -1 . m ma 5—1 4.
x(z1a,2; a,2,8,2, & Qq)m, (9" 21ta, 9™ 2; ' 1a; Q)my—my

g ™tMe t qMza,q™z,'a
X 493 1—my+mp p—1 Am mey—pa T
q'-m+mat—1 gMmezta, qmez; 'ta

Thus, by Okounkov’s binomial formula, this gives an explicit
formula for Macdonald-Koornwinder polynomials
Pn1,n2(z1 ) 22, q; tv a1 ’ 327 a37 34).
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Explicit formula for BC. interpolation Jack

P;g‘,mz(Xan;T,a)=(a+X1,a—x1,a+X2,a—X2)m2

X(T+O£+X1 + Mo, T+ a — Xy +m2)m1,m2

><4F3< —My + Mo, 7, Mo + &+ Xo, Mo + ¢ — Xo ;1).
1T—m+m—7,7+a+Xg+Mo, 7+a— X+ My

Together with (C7, _,, is Gegenbauer polynomial)

Pm17m2(X1,X2; T) =

— m,)!
(my — mp)! (px)dmemrcr X + X2
(T)my—m 2(x1X2)2

we have by the binomial formula for BC, Jacobi polynomials an
explicit expression for these polynomials.

Much earlier (1978) in a very different way obtained by
K. & Sprinkhuizen.
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Branching formula for Koornwinder polynomials

Van Diejen & Emsiz, arXiv:1408.2280, obtained a branching
formula and hence a combinatorial formula for Koornwinder

polynomials.
Pr(X1,....Xni Q. t; &1, @2, a3, &4) = Z Py/u(Xni Q. t; @1, @z, @3, as)
nw
X P,U«(X'l,"'vxnf‘l;qa £ a1,32,33,a4)«

The sum is over all 1 such that /() < n— 1 and 3v with

p=rv=A
d
P)\/,LL(X; q,t ay, az, as, 34) = Z Bﬁ/u(q> t;ay, a, as, 84) <X; a1>q,kv
k=0
k—1 .
d={jI X =u+1}, (Xar)ex:=][(xda).
j=0
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Branching formula for Koornwinder polynomials (cntd.)

Forpcm’ let (m"—p)j:=m—ppp—; (G=1,...,0).

Bﬁ/u(qa t, ai, ap, as, 34)

— ()K=l oM =N N Xer
_( 1) C(n_1),\1_ﬂ,7>\1_k(t.q,a1732,a37a4),

where Cf\‘f are Pieri coefficients:

E/(x;t a) = Z 1{[()(/-,.;1‘/"—13),

1<i<...<jr<n i=1

E/(x;t,a) P\x(x;q,t; a1, ap, as, a4)

= Z Ch(a,t: a1, @z, as, &) Pu(x: q, t; @1, @, @3, aa).-
7
Here A € A, and the sum runs over all 1 € A, such that there
exists v € AN p with A — v and p — v vertical strips and
AN=v|+p—v| <.
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Branching formula for Koornwinder polynomials (cntd.)

The branching formula for Koornwinder polynomials is much
more complicated than the branching formula for Macdonald
polynomials, but the latter one is obtained from the first one by
taking the highest degree part at both sides of the identity.

There is no obvious relation between the Van Diejen-Emsiz
branching formula for Koornwinder polynomials and Okounkov’s
branching formula for BC interpolation Macdonald polynomials.
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