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1 Representations of SU(2) and Jacobi polynomials

Literature: Sugiura [3, Ch. 2] and Vilenkin & Klimyk [4, Ch. 6]; furthermore Askey, Andrews
& Roy [1] on special functions.

1.1 Preliminaries about representation theory

Let G be a group. Representations of G can be defined on any vector space (possibly infinite
dimensional) over any field, but we will only consider representations on finite dimensional
complex vector spaces. Let V' be a finite dimensional complex vector space. Let GL(V') be the
set of all invertible linear transformations of V. This is a group under composition. If V' has
dimension n and if we choose a basis eq,...,e, of V then the map =z = xie1 + -+ + zpe, —
(x1,...,2n): V — C, is an isomorphism of vector spaces. There is a corresponding group
isomorphism GL(V) — GL(C"™) which sends each invertible linear transformation of V' to the
corresponding invertible matrix with respect to this basis. We denote GL(C") by GL(n,C): the
group of all invertible complex n x n matrices. Here the group multiplication is by multiplication
of matrices.

Definition 1.1. A representation of a group G on a finite dimensional complex vector space V'
is a group homomorphism 7: G — GL(V'). A linear subspace W of V is called invariant (with
respect to the representation 7) if m(g) W C W for all ¢ € G. The representation m on V is
called irreducible if V' and {0} are the only invariant subspaces of V.

Definition 1.2. Let 7 be a representation of a group G on a finite dimensional complex vector
space V. Choose a basis e1,...,e, of V. Then, for g € G, the linear map m(g) has a matrix
(m3,(9))i,j=1,..n With respect to this basis, which is determined by the formula

w(g)ej =Y mii(g) e
=1

The m; ; are complex-valued functions on G' which are called the matriz elements of the repre-
sentation 7 with respect to the basis ey, ..., e,.

Remark 1.3. Let End(V) be the space of all linear transformations A: V' — V. If 7 is a map
of the group G into End(V') such that 7(g192) = 7(g1)7(g2) for all g, g2 and 7(e) = id, then 7
maps into GL(V) and 7 is a representation of G on V.



Definition 1.4. A topological group is a set G which is both a group and a topological space
such that the maps (g1, 92) — g1g2: G X G — G and g — g~ ': G — G are continuous.

Example 1.5. GL(n,C) can be considered as an open subset of c by associating with the
element T = (t; ;)i j=1..n € GL(n,C) (detT # 0) the n? complex coordinates t; ;. Then the
group GL(n,C), with the topology inherited from (C"Q, is a topological group.

Let V' be an n-dimensional complex vector space. With any basis of V' the group GL(V)
is isomorphic with GL(n,C). Give a topology to GL(V) such that this isomorphism is also a
homeomorphism. Then GL(V) is a topological group and the topology is independent of the
choice of the basis.

Definition 1.6. A representation of a topological group G on a finite dimensional complex
vector space V' is a continuous group homomorphism 7: G — GL(V).

Remark 1.7. Let G be a topological group, V a finite dimensional complex vector space and
m: G — GL(V) a group homomorphism. Let ey,...,e, a basis for V. Then the following five
properties are equivalent:

a) 7 is continuous;
b) for all v € V the map g — 7(g)v: G — V is continuous;
c) for all j the map g — 7(g)e;: G — V is continuous;

d) for all v € V and for all complex linear functionals f on V'
the map g — f(7(g)v): G — C is continuous.

e) The matrix elements 7; ; of 7 with respect to the basis ey, . . ., e, are continuous functions
on G.

Be aware that these equivalences are not necessarily true if V' is an infinite dimensional topo-
logical vector space.

Remark 1.8. If 7 is a representation of G on V and if H is a subgroup of G then the restriction
of the group homomorphism 7: G — GL(V') to H is a group homomorphism 7: H — GL(V),
so it is a representation of H on V.

If G is moreover a topological group then H with the topology inherited from G becomes a
topological group.

If, furthermore, 7 is a representation of G as a topological group on V' then the restriction
of m to H is a representation of H as a topological group on V.

Definition 1.9. Let V be a finite dimensional complex vector space with hermitian inner
product ( , ). A representation 7 of a group G on V is called unitary is 7(g) is a unitary
operator on V for all g € G, i.e., if

(r(g)v,m(g) w) = (v,w) for all v,w € V and for all g € G.

Remark 1.10. Let V and G be as in Definition 1.9 and let 7w be a representation of G on V.
Let e, ..., e, be an orthonormal basis of V' and let 7(g) have matrix (m; ;(g)) with respect to



this basis. Then the representation 7 is unitary iff the matrix (; j(g)) is unitary for each g € G.
One of the ways to characterize unitarity of the matrix (m; ;(g)) is that

mii(g) =mi(g™h) (i,i=1,...,n).

Proposition 1.11 (Complete reducibility of unitary representations).
Let V and G be as in Definition 1.9 and let m be a unitary representation of G on V. Then:

a) If W is an invariant subspace of V' then the orthoplement W+ of W is also an invariant
subspace.

b) V can be written as an orthogonal direct sum of subspaces V; such that the representa-
tion w, when restricted to V;, is irreducible.
1.2 A class of representations of SU(2)

Fix | € {0, %, 1,...}. Let H; be the space of homogeneous polynomials of degree 2l in two

complex variables z1, 22, i.e., consisting of polynomials f(z1, z2) with complex coefficients such
that f(cz1,cz) = c? f(21, 22) for all ¢, 21,22 € C. Then the monomials zf"z?" (n=-l,—-l+
1,...,1) form a basis of H;, and H; has dimension 2/ + 1. For reasons which will become clear
later, we will work with a renormalized basis

1
21 \ 2
Yl (21, 20) == <l _ln> P (n=—-l,—1+1,...,1). (1.1)
For A € GL(2,C) and f € H; define the function #!(A)f on C? by

(A=) = f(A2) (2= (21,22) € C?), (1.2)

where A’ is the transpose of the matrix A. So

<tl (CCL Z) f> (21,22) = f(az1 + cz2,bz1 + dz2), where (CCL Z) € GL(2,0C).

From this it is clear that (t/(A)f)(21,29) is again a homogeneous polynomial of degree 2l in
21, z2. Moreover, t! is a representation of GL(2,C) on H;, since t!(I)f = f and

(t(AB)f)(2) = F((ABY'z) = f(B'A'z) = (£/(B) f)(4"2)
= (AEB)N) =) = ((AEB) ) (2).

The matrix elements tﬁn’n (m,n = —1,—1+1,...,1) of t with respect to the basis (1.1) are
determined by

l
tg)h = > th(9)vh (g€ GL2,0)), (1.3)

m=—I



Since

<tl (Z Z) 1/1£L> (21, 22) = (l 2ln> E(az1 + c29)! 7" (bzy + dzg) T, (1.4)

(1.3) can be written more explicitly as

l

1 1
20 \? 20 \? b
<l B n> (az1 + c20)' " (bzy + dzp)! " = Z (l - m> tlmm <Z d) Zmmlm

m=—1

(Z Z)eGL(Q,(C). (1.5)

From (1.5) we see that tfn’n (CCL 2) is a homogeneous polynomial of degree 2/ in a,b,c,d, so

tﬁn’n is continuous on GL(2,C). By Remark 1.7 ¢ is then also a representation of GL(2,C)
considered as a topological group.

For fixed n we can consider (1.5) as a generating function for the matrix elements tﬁnm with
m = —I,...,[l: the matrix elements are obtained as the coefficients in the power series expansion
of the elementary function in zi, zo on the left-hand side.

From (1.5) for n = [ elementary expressions for the matrix elements tln,l can be obtained

(exercise):
1
io(a b\ _ (20 N2 im
ot 0= ()2 ) e o

From (1.5) we can derive a double generating function for the matrix elements tﬁmn: Multiply

both sides of (1.5) with
1
2l 2 l—n, l4+n
(l —n> wy "y

l

1 1
20 2/ 21 \2 b
(az1w1 + barws + czown +dzpwn)” = 3 <l - m> <l - n) b (CCL d)

m,n=—1

and sum over n. Then we obtain

% Zi—mzé—km wll—nwl2—i-n7 <CCL Z) c GL(Q,(C). (17)

Formula (1.7) implies the symmetry

! a b\ a c

tm,n (C d) - tn,m <b d) ) (18)
1 a b ol d c
tm,n (C d) - tfm,fn <b CL> . (19)

while (1.5) implies that



From (1.8) and (1.9) we obtain a third symmetry

1 a b 4l d b
b (® D)=t (1 1), 010

Let SU(2) denote the set of all 2 x 2 unitary matrices of determinant 1. This is clearly a
subgroup of GL(2,C). Note that SU(2) consists of all matrices

(Z _ac> with a,c € C and |af? + |c|? = 1. (1.11)

Hence, as a topological space, SU(2) is homeomorphic with {(a,c) € C? | |a|? + |c|* = 1}, which
is the unit sphere in C?, i.e., the sphere S3. In particular, SU(2) is compact.

The representation ¢\ of GL(2,C) given by (1.2), becomes by restriction a representation
of SU(2). Put a hermitian inner product on H; such that the basis of functions v}, (n =
—l,—l+1,...,1) is orthonormal.

Proposition 1.12. The representation t' of SU(2) is unitary.

_ac 2) . In view of Remark 1.10 we have to show

a —¢ ; a ¢
o (&) =t (1)

b
Since, by (1.5), tlmm <Z d) is a polynomial with real coefficients in a, b, ¢, d, we have

a —c ! a —c
ti”’” <c a) = tnn (c a > ’
l a —c 4l a c
b, <c a ) = tnm (—c a> '

This last identity follows from (1.8). O

Proof The inverse of <(Z —ac> € SU(2) is <
that

Hence we have to show that

Exercise 1.13. Give variants of the representation ' of GL(2,C) (see (1.2)) which also define
representations of GL(2,C) (for instance using the entry-wise complex conjugate of A and/or
powers of the determinant of A, or replacing A’ by A~!). What happens with these representa-
tions if you restrict them to SU(2)?



1.3 Computation of matrix elements of representations of SU(2)

We can use the generating function (1.5) in order to compute the matrix elements tlmm. First
we expand the two powers on the left-hand side of (1.5) by the binomial formula:

l—n
- e
(azy + cz9)! "zZ( P e lez e
J

Jj=0
I4+n
l
(b21 +dzg)™ =) < Z”) brayd TR LR
k=0

Hence the left-hand side of (1.5) can be rewritten as

% l—n l+n I+n 4 4 A e
< ) < )( ) jbkcl*”ﬂd”r”*szkzgl ik, (1.12)
=0 k=0

Jj=
In this double sum we make a change of summation variables (j, k) — (m, j), where j+k = [—m.
Hence
(4, k) — (I =k —j,7) with inverse map (m,j) — (5,1 —m — j). (1.13)

Now we have

0<j<l—-nand 0<k<Il+n <=
—l<m<land 0<j<l—mand —m—-n<j<l—m. (1.14)

Indeed, the inequalities to the left of the equivalence sign in (1.14) imply that 0 < j + k < 21,
hence 0 <1 —m < 2[, hence -l <m <1[. Also, 0 < k<Il+nimplies0 <l —m—j <Il+n,
hence —m —n < j <1 —m. Conversely, —m —n < j <l —m implies (substitute m =1 —k — j)
that =l —n+k+j <j<k+7j, hence 0 <k <l+n. (Note that —I < m < to the right of the
equivalence sign in (1.14) is not strictly needed because it is implied by the other inequaltities
on the right.)

We conclude that the double sum (1.12) can be rewritten by the substitution j +k =1—m
as follows:

é l (I—=m)A(l—n) I I
( > Z Z < n>< +n ) ]bl m— ]Cl n— ]dn+m+j l m l+m (115)
m=—I J - —J
Jj=0V(=m—n)
Here the first summation is by convention over all m € {—I,—l + 1,...,l}. In the second

summation the symbol V means maximum and the symbol A means minimum. The range of
the double summation in (1.15) is justified by the equivalence (1.14). Note that the second
summation is an inner summation since its summation bounds depend on m, which is the
summation variable for the outer summation. The summand in (1.15) is obtained from the
summand in (1.12) by the substitution k¥ =1 —m — j.

Since (1.15) is a rewritten form of the left-hand side of (1.5), it must be equal to the right-
hand side of (1.5). Both (1.15) and the right-hand side of (1.5) are polynomials in 21, zo with
explicit coefficients. Hence the corresponding coefficients must be equal. We conclude:



Proposition 1.14.
_1
y a b _ 21 2/ 2]
mn\e d l—m l—n

Note that the summation bounds in (1.12) reduce to one of four alternatives depending on
the signs of m +n and m — n:

(I—m)A(l—n)

[

l—n Ptmn\ pi-m—i dn—j gntm+j
J l—m—j

(1.16)

j=0v(—m—n)

0<j<l—-m if m4+n>0 and m—n > 0;
0<j<l—-n if m+n>0 and m—n <0;

—-m-—-n<j<l-m if m+n<0 and m—n >0;

—m-n<j<l—-n if m4+n<0and m-—-n<0

These four alternatives correspond two four subsets of the set {(m,n) | m,n € {-I,—-1 +
1,...,1}}, which have triangular shape, overlapping boundaries, and together span the whole
set. These four subsets are mapped onto each other by the symmetries (1.8)—(1.10).

Hence it is sufficient to compute tﬁnm it m+mn>0,m—n>0. For a while we only assume
m+n > 0 and not yet m —n > 0 Then (1.16) takes the form

_1 1
tinm <C£ 2) _ <l _2lm> 2 (l iln> 2 Z <l ; TL) <l _l ;ij)ajblmjclnjdnerij' (117)
Jj=0

We will rewrite the right-hand side of (1.17) first as a Gauss hypergeometric function (with
some elementary factors in front) and next as a Jacobi polynomial. For this derivation remember
the Pochhammer symbol

(a)o :==1, (a)y :=ala+1)...(a+k—1) (k€ Zso).
In particular, note that

(n:!k)! ~(n+ 1), n! _



Now we have for m +n > O:

l a b
Lt )

<(l+m) (1 —m)
(+n)(—n)

1
!> 2 (I —n)! (l+n)! @Il d—n—j gntmetj
Jl=n—7)l—m-—7)n+m+j)!

Jj=0
(U +m) (I —m)! 2 (I + n)l bl—mel—ngmtn
R < ! ) (i

({+n)({l—n) —m)! (m+n)! .
(I —m)! (1 —n)! (m +n)! ad\’
Xj;(l—m—j)! U—n—H) (m+ntj! (bc>
(M) I+ )\ E Bmdmnamn (<4 m); (< +n); [ ad)?
= ((l_m)!(l—n)!> (m+n)! = (m+n+1),;! <bc> . (1.18)

1.4 Hypergeometric series

An infinite series Y ;- ¢ is called a hypergeometric series if ¢y = 1 and there are complex-valued
polynomials P, @ in one complex variable such that Q(k) # 0 for k € Z>(¢ and

P(k)
Cht1 = Ck A7y k€ Z>o). 1.19
+1 — Q(k) ( = ) ( )
This property is satisfied if
(a)k---(ap)e &
cL = z 1.20
o (e (1.20)
for certain complex ay,...,ap, bi,...,bg, z with by,...,by ¢ Z<o. Then

B (a1 +k)...(ap+k)z
Tk k). (bt R+ k)

Conversely, we see that for any hypergeometric series we can write ¢ in the form (1.20). (If the

polynomial @ in (1.19) has no root —1, then multiply P(k) and Q(k) by 1+ k.) The reason

for including the factor k! in the denominator of (1.20) is to let the series ), c¢; naturally

start with & = 0. Indeed, if we consider (1.19) also for k¥ € Z-o and write it in the form

ek = c+1Q(k)/P(k), then we get ¢, =0 for k € Z¢ if Q(—1) =0 and P(k) # 0 for k € Zp.
For ¢, given by (1.20), denote the hypergeometric series Y -, ¢k by

o0
at,...,Qqp )k k
F, ; =, F :by, .. E . 1.21
p (1<b17“"bqu> p q(alv y Ap; 01, 0 kk' ( )

If for some i and for some n € Z>o we have a; = —n, while a; ¢ {-n+1,...,—1,0} for j # 1,
then the series (1.21) terminates after the term for k& = n. Then the series is a polynomial



of degree n in z. In that case, if we replace in (1.21) > 72, by > p_,, the sum will remain
meaningful if one or more of the parameters b; take integer values < —n.

In the nonterminating case we can apply the ratio test for convergence of the series (1.21).
We see that the series has radius of convergence oo if p < ¢, 1 if p = g+1, and 0 if p > g+1. Then,
for p < ¢+ 1, the hypergeometric series is certainly an analytic function in the complex variable
z on the open disk with that radius and with center 0. We call this function a hypergeometric
function.

The hypergeometric series generalizes the geometric series

R(Le) =3 4=t (<
iz = 2= — 2 .
140 o 1— 2
k=0
The general case of the 1 Fy series is the infinite binomial series

1F0<i;z) =) %zk =(1-27% (2] <1). (1.22)
k=0

The oFp series is the exponential series:

x  _k
— z
0F0<_;Z> =Y 5=¢ (:€0)
k=0

The general o F series is called Gaufl hypergeometric series:

2F1(“’b;z> = ZMJ (2] < 1). (1.23)

c — (c)rk!

See Dutka [2] for the early history of hypergeometric series. He attributes the introduction of
the o F) series to Euler in 1778 (see [2, (11)]), which is much earlier than Gauf}’ first memoir on
this hypergeometric series in 1813.

The FEuler integral representation

a,b \ I'(c) . b —a
2F1< . z) _r(b)r(c—b)/o A1) 1 —t2)""dt  (Rec >Reb>0) (1.24)

is also misnamed according to [2]. Its first occurrence is in the thesis by Vorsselman de Heer
(Utrecht, 1833), see [2, (27)]. However, according to Dutka, Euler obtained a tranformed version
of the right-hand side of (1.24) of which Euler showed that it satisfies a transformed version of
the differential equation (1.32). Formula (1.24) can be proved for |z| < 1 by expanding (1—¢z)~¢
as a power series (see (1.22)), next interchanging summation and integration (justify this), and
finally using the beta integral. From (1.24) one can see that the right-hand side, as a function
of z, has an analytic continuation to C\[1,00). This shows that the Gaufl hypergeometric series
(1.23) extends to a one-valued analytic function on C\[1,00). For the moment we have shown
this analytic continuation only for Rec > Reb > 0, but the property can be extended to general



parameter values (for instance by using that (1.23) is a solution of the differential equation (1.32)
below).
Gauss’ summation formula evaluates

a,b \  T(c)I'(c—a—Db)
2F1< . ,1) = T(c—a)T(c—0) (Re(c—a—10)>0), (1.25)

where

o (a’cb; 1> — lim o F <“’Cb;x> _ i (@)r ()i (1.26)

zT1 s (C)kk!

Here the infinite series converges absolutely converges if Re (¢ —a — b) > 0 and the limit then

exists because summability implies Abel summability. If moreover Rec > Reb > 0 then (1.25)

follows by letting z T 1 in (1.24). (GauB obtained it in a different way.) For the general case

that Re (c —a — b) > 0 one has to use analytic continuation of (1.25) with respect to a, b, c.
Another important corollary of (1.24) is Pfaff’s transformation formula

2F1<a’cb;z> =(1—2)° 2Fl(“’c_ b._= ) . (1.27)

c z-1

If Rec > Reb > 0 then (1.27) indeed follows from (1.24) by substitution of ¢ = 1 — s for the
integration variable. For the general case one has to justify analytic continuation of both sides
of (1.27) with respect to the parameters b and c. (Pfaff obtained (1.27) in a different way.)
Note that we can expand the right-hand side of (1.27) as a power series in z/(z — 1) if Rez < 1.
Hence (1.27) gives an analytic continuation of the left-hand side from the open unit disc to its
union with the half plane {z € C | Rez < 3}.

As observed by Vorsselman de Heer in 1833, combination of two versions of (1.27) yields
Euler’s tranformation formula

b —a,c—b
o F <a’c ;z> =(1—2)*" R (C CL’CC ;Z> . (1.28)

Euler obtained this in 1778 in a different way.
Termwise differentiation in (1.23) yields the differentiation formula

d a,b ab a+1,b+1
dZ2F1<C;Z>—czF1< el ;Z>- (1.29)

Note that all parameters are raised by 1. Similarly one obtains

d c—a,c—b c—a,c—b
— (2 oF T iz =R T 1.
P (z 9 1( et 1 ,z)) cz 9 1( . ,z), (1.30)

which, combined with (1.28), yields

d a+1,b+1 a,b
c(1 — a+b—c+1 ’ . — 011 _ \atb—c U, ) )
E» <z (1-2) 2F1< et 1 ,z>> ez (1—2) 2 1 7 (1.31)

10



Note that here all parameters are lowered by 1. Combination of (1.29) and (1.31) yields Fuler’s
differential equation

(2(1 - z)j; +(c—(a+b+ 1)2)% - ab> o F (a’cb; z) = 0. (1.32)

Exercise 1.15. Derive from (1.24) that
e—iﬂc F(C)

a,b‘z _
2k 1< ¢’ ) 4sin(mb) sin(r(c — b)) T(b)T(c — b)

" / =11 — )b 11 — t2) o gt (2 ¢1[0,00), b1 —c,c—b¢ Zxo).
(1+,0+,1-,07)

Here the closed integration contour goes successively around 1 in positive sense, around 0 in
positive sense, around 1 in negative sense, and around 0 in negative sense. The factors t*~! and
(1 — )71 are taken such that they are equal to their principal values at a point ¢ € (0, 1)
where the path of integration starts. The factor (1 — ¢tz)~ is defined such that it equals 1 if
z—0.

1.5 Jacobi polynomials

Let (a, b) be an open interval and let two systems of monic orthogonal polynomials {p, }*> , and
{@n}5°, be defined with respect to strictly positive weight functions w respectively w; on (a, b).
Suppose that w is continuous and w; is continuously differentiable on (a,b). Under suitable
boundary assumptions on w and w;, integration by parts yields

b b
| @) @ wn@)de = = [ pufa) wla) ™ £ (w(e) gues (@) w(@)de (133)

without stock terms. Suppose that
o d
dx

for certain a, # 0. Then (1.32) and (1.33) together with the orthogonality properties of {p, }7
and {gn}>2 yield that

w(x) (wi1(z) 2" ') = a, 2™ + polynomial of degree < n (1.34)

Pp(®) = ngn1(2), (1.35)
W) (1 (2) g1 (1)) = (). (1.36)
The pair of operators D_ and D, defined by
(D_f)(@) == f(@), (1.37)
= wxiliow T T :w1($) "(x w’l(m) T
Do) = (0@ o owl@)) fa) = 20 o)+ B pw)

11



will be called a pair of shift operators. So we have:

adjointness:

b b
/ (D) () g(x) wi () de = / f(2) (Dsg)(@)w(z)de (f, g polynomials),  (1.39)

shift formulas:
D—pn =nNdgn-1, D-l—Qn—l = Qn Pn, (140)

second order differential equation:
(D4 o D_)py, = nay pn, (1.41)

relation between squared L?-norms:

b b
n/ (qn_1(x))? wy (z) dz = an/ (P () w(z) dz. (1.42)

From (1.42) we see that a,, < 0.

The following cases are examples for which the above considerations are valid:

i) Jacobi: (a,b) = (—1,1), w(z) = (1 — 2)*(1 +z)%, wi(z) = (1 — 2}) w(x), a, B > —1.

:L,a

e " wi(r) =zw(r), a > -1

1‘2

ii) Laguerre: (a,b) = (0,00), w(x)
00 (

iii) Hermite: (a,b) = (—00,00), w(z) = wi(x) = e~
These three cases are essentially the only cases which satisfy the above conditions.

Let o, 3 > —1. Let a, b, w and w; be as in case (i) above. Note that the integral of w over
(—1,1) is a variant of the beta integral:

/1 2081 (o 4+ 1) T(B + 1)

— ) )P de =
et d+e)d T(a+ G+ 2)

Denote the monic orthogonal polynomials on (—1,1) with respect to the weight function w by

psla’ﬁ ) (monic Jacobi polynomials). Then the raising shift operator D4 = Df’ﬁ ) is given by

(1.43)

x
=(1-2%) f'(2) + (8- a—(a+p+2)z) f(2).
Hence a, = —(n + a+ 3+ 1) and the shift relations become:

(Dﬂf"ﬁ)f)(x) _ ((1 —2) (1 + x)—ﬂ di o(1—xz)* (1 + m)ﬁ+1) f(z)

% Pl () = npl®T D (), (1.44)
(=02 L o1 — ) 142 )
= (=) 2+ (B —a—(a+5+2)0)) TP @) =~k ok 5+ 1)),
(1.45)
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The second order differential equation becomes
2 & d\ (@) (a,8)
(1—x)@+(ﬂ—a—(a+ﬁ+2)x)% P (x) = —n(n+a+ B+ 1)py 7 (). (1.46)

Note that the hypergeometric differential equation (1.32) with a, b, ¢ equal to —n,n +a + 3 +
1, e+ 1, respectively, can be obtained from (1.46) by the substitution z = 1 —2z. Since solutions
of (1.32) are uniquely determined by a nonzero initial value at z = 0, we can prove (1.51) (given
below) already in this way.

Iteration of (1.45) yields the Rodrigues formula

(a,8) — (=" 1 - 2)"9%(1 -3 d" 1 _ p)etn (] B+n 1.4
A = gy, O (At )t )
Formula (1.42) yields the recurrence
! 2
/ (pﬁf"ﬁ)(a;)) (1—2)°(1+ )% da
-1
n ! (o+1,8+1) 2
— (o3 5 1— a+1 1 B+1 .

Iteration of this recurrence and combination with (1.43) yields

a, 2 a
SL @R @) (1) @) e 92l 1), (B + D, Lis)
1A —2)e(1 + 2)8 dao (a+B+2)mntat+pB+1), '
Consider (1.45) for z = 1. This yields the recurrence
“2(a+ D) = ~(n a5+ 10 (1).
By iteration we obtain
2" (a+1)
(@8)(1) = n . 1.49
) = e e B+ D, (1.49)
By Taylor expansion and by use of (1.44) and (1.49) we obtain
n k k
@) () = 5 E =D (AN (ap)
k=0
N @=DF ot agkp
=2 ot
k=0
B i 2%k (a+k+ 1), (x—1)F
_kzok!(n—k)!(n+a+ﬁ+k+1)n,k
_ _Platln  sn(nentatfr by (1-2 * (150)
C (ntat+p+1), (a+ 1) k! 2 ’ '

k=0

13



From (1.50) and (1.49) we obtain

(a.B) n k
pr () (—m)k(n+a+ B+ 1) <1—x> _ (—n,n%—a—i—ﬁ—i—l'l—x)
peA (1) = (@t 1) k! 2k . (1.51)

- 2 a1 "9

The following general result can be proved in an immediate way. Let {p,}2, be a system of
monic orthogonal polynomials with respect to a weight function w on (a,b). Put v(z) := w(—=x)
and let {g, }72 be a system of monic orthogonal polynomials with respect to the weight function
v on (—=b,—a). Then p,(—x) = (—1)"g,(x). In particular,

i (=) = (=1)"pP ) (). (1.52)

The standard normalization of Jacobi polynomials is different from the monic normalization.
Write Pé‘“’ﬁ ) for the constant multiple of p%a’ﬁ ) such that

(a+1), '

P =
n:

(1.53)

Then, by (1.49) and (1.53),

n+a+ﬁ+1)np(aﬁ) (n+a+pB+1),

P () = ¢

(z) =

2" + lower degree terms.

21 ! " 21 n!
From (1.53) and (1.51) we obtain:
+1) -n,n+a+pG+1 1-x
pla.p) — ((17" F ’ . ) 1.54
() 2 a1 5 (1.54)

One may now also rewrite the other previous formulas in terms of these renormalized Jacobi
polynomials. For instance, (1.46) and (1.52) remain valid with p, replaced by P,, and (1.48)
(more generally the orthogonality relations) now takes the form

1
/ PP () PO () (1= 2)* (1 + 2)% de = B b (1.55)
-1
with
2008 (n a4+ B+ 1), I(n+a+1)T(n+ B+1)

pleuB) —
" n!T'2n+ o+ [+ 2)

. (1.56)

Theorem 1.16. For fized o, 3 > —1 the Jacobi polynomials P,ga’ﬁ) form a complete orthogonal
system in L?((—1,1), (1 — 2)*(1 + )% dz).

For the proof use that we have L? with respect to a finite measure on a bounded interval.
Therefore the continuous functions on [—1,1] are dense in L?((—1,1), (1 — 2)*(1 + z)® dx), and
the polynomials are dense in sup-norm (and hence also in L?-norm) in C([—1, 1]) by Weierstrass’
approximation theorem.
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1.6 Orthogonality of matrix elements

We now recognize the formula (1.18) for the matrix element ¢!, . (m+n > 0) of the representation
t' of GL(2,C) as a hypergeometric series (1.23):

4 (o by _ ((U+m)(+n) 2 plmd-ngmtn o (—L+m—l4n ad
mel\e d) = \U=m) (I —n) (m+nm)l '\ man+1l Tbe)

(1.57)

Note that the two upper parameters —I +m, —l +n of the hypergeometric function in (1.57) are
both non-positive, and that the series will terminate after the term with j = (I —m) A (I — n).
Pfaff’s transformation (1.27) implies for the hypergeometric function in (1.57) that

—l4+m,—l+n ad
2F1< ;

—l+m,l+m+1 d
: bmflcmfl(bc ad)lfm 9 Fl m, m . @ .
m+n+1 be

m+n+1 "ad — be

Hence we arrive at the following rewritten form of (1.57) (from now on assume m +n > 0,
m—n>0):

i a b\ _ [(U+m)(+n) 2 A (be — ad) ™ 7 ~l+m,l+m+1 ad
m’”(c d>_<(l—m)!(l—n)!> (m+n)! 2 1< m+n+1 ’ad—bc>'

(1.58)
Now use the expression (1.54) of Jacobi polynomials in terms of the Gauss hypergeometric
function. This implies for the hypergeometric function in (1.58) that

7 —l+m,l+m+1 ad ~(U=m)!(m+n)! minm-n) ((bc+ad
2 m+n+1 ad-—bc (I +n)! l=m bc—ad)’

Hence we can further rewrite (1.58) (if m +n > 0) as follows:

1
(] — I\ 2
tfn,n (a b) _ ((l +m)! (I m)) 2 G (b gyl plmtnm=n) <bc + ad) (159)

c d ({+n)({—n) l=m bc — ad

a b

We are in particular interested in (1.59) if (c d

) € SU(2). Note that by (1.11) a general

element of SU(2) can be written as

sinfe® —coshe W
cosfe¥  sinfe ®

) with 0 < 0 < 7/2 and ¢,9 € [0,27).

Hence we obtain:

Theorem 1.17. If m£n > 0 then

y <Sin96i¢ _cosee—w> :(_1)l_m<(z+m)!(l_m);)é

mn \cosf e sinfe (I+n)(l—n)!
x e~Hmtn)¢ gilm—n)y (sin §)™ 1™ (cos )™ ™ Pl(innjn’mfn) (cos26). (1.60)
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We introduce a special Borel measure p on SU(2) such that

i i _ —it
/ Fdu / / (sm@eiw FOSQ?M ) sin 6 cos 0 df diy d¢. (1.61)
SU(2) w=0 Jo—0 cosfe sinfe
for all continuous funtions f on SU(2). Note that
/ dp = 1. (1.62)
SU(2)
The matrix elements tfnn satisfy a remarkable orthogonality relation with respect to this
measure: )
g = e Oy Gt G - 1.63
/SU(2) mmn “m/ n 1% 2l+1 LU Om,m’ Onmn ( )

For (m,n) # (m/,n’) this follows immediately from (1.60), (1.61) and the symmetries (1.8)—
(1.10). For (m,n) = (m/,n') with m 4+ n,m —n > 0 we have to show that

((ll—:_TZ U —n) / P(m+n " n)(cos 20) P, (m+n’m_n)(cos 26) (sin )22 (cos )22 4
1
— 5 ,
2 +1 "
By the substitution & = cos 26 this can be rewritten as
(l + m) (l - ) /1 (m+n,m—n) (m+n,m—n) + _ (5l 4
P ’ Py 1—z)"™"(1 mTdr = —

(1.64)

In order to show this identity we remember the orthogonality relations (1.55), (1.56) for Jacobi
polynomials. Now observe that

h(ern,mfn) 22m+1(l + TL) (l — TL)‘

I=m S+ +m) (I —m)!

This settles (1.64) and hence (1.63).

Proposition 1.18. The matriz elements t.,, (I € 1Z>0, m,n € {=l,=1+1,...,1}) form a
complete orthogonal system in L*(SU(2), du).

The proof uses that the span of the matrix elements #!, n» as functions of <ch —ac> € SU(2)

(Ja]? + |c|? = 1), equals the space of polynomials in the four real variables Rea,Ima, Reb, Imb,
restricted to |a|? + |c|> = 1. Hence, by Weierstrass’ approximation theorem, the tmn span a
dense subspace of C'(SU(2)) with respect to the sup-norm, and thus also span a dense subspace

of L2(SU(2), dp).
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1.7 Schur’s orthogonality relations

The orthogonality relation (1.63) is a special case of Schur’s orthogonality relations for the matrix
elements of the irreducible unitary representations of a compact group. For the formulation of
this theorem we need the concept of the Haar measure on a compact group (see for instance
Rudin [6, §5.12-5.14)).

Theorem 1.19. Let G be a compact group. There is a unique Borel measure i on G, called Haar
measure, such that u(G) =1 and, for all Borel sets E C G and for all g € G, u(gF) = pu(E).
Then this measure also satisfies p(E) = p(Eg) for all Borel sets E C G and for all g € G.

The left and right invariance of the measure g can be equivalently phrased as follows: For
each continuous function f on G we have

/fhg du(g /f ) du(g /fgh du(g)  (he€Q). (1.65)

When we write L?(G) (or L'(G), etc.) we will mean the L2-space on G with respect to the Haar
measure.

We will now show that the measure p on SU(2) as defined by (1.61) is equal to the Haar
measure on SU(2). By (1.11) the group SU(2) is homeomorphic with the unit sphere S® =
{(a,c) € C%| |a]?> + |c|* = 1}. Let S € SU(2). A left multiplication 7 + ST: SU(2) — SU(2)
corresponds to some rotation of S3. Thus a rotation invariant measure on S will provide,
after suitable normalization, the Haar measure on SU(2). There exists, up to a constant factor,
a unique rotation invariant measure w on S3. This measure is such that, for all continuous
functions on R* of compact support and with A Lebesgue measure on R?,

— OO 3
R4fd>\_/rzo /éessf(rﬁ)r dw(€) dr. (1.66)

Now take coordinates
x = (rsinfcos ¢, rsinfsin ¢, r cos § cos 1, r cos 0 sin 1)

on R*, which means for = 1 that x; + izy = sin 6 ew, xs + ixy = cosfe¥. These are just the
coordinates chosen in (1.61) for (a,c) € C? with |a|? + |c|?> = 1. A straightforward computation
of the Jacobian yields:

\ f(z1, 29, 23, 24) d2y doo da3 day
R

w/2
/ / / f (rsin @ cos ¢, rsin 0 sin ¢, r cos 6 cos ¥, r cos 6 sin 1)
r=0.J60 P=

x 13 sin 6 cos O drdf do dip. (1.67)

Comparison of (1.66) and (1.67) gives, for continuous functions F on $% C C?, that
w/2 ) )
/ Fdw= / / / F(sin@ e, cosfe™) sin 6 cos 0 df do dip. (1.68)
53 0=0 Jp=0
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In view of the previous observations we have thus shown that the Haar measure on SU(2) is
given by (1.61).
As a preliminary to Schur’s orthogonality relations we recall Schur’s Lemma:

Lemma 1.20 (Schur). Let G be a group, and let m,p be irreducible representations of G on
finite dimensional complex linear spaces V, W, respectively.

a) Let A: V. — W be a linear map which is G-intertwining, i.e.,

Arn(g) =p(g) A forall g € G. (1.69)

Then A is bijective or A = 0.

b) Let A: V — V be linear such that An(g) = 7(g) A for all g € G. Then A = X for some
reC.

For the proof use in a) that A(V) and A~'{0} are G-invariant subspaces, and in b) that A
must have at least one (complex) eigenvalue and that eigenspaces of A are G-invariant.
In the case of bijective A in a) of Schur’s lemma we call the representations 7 and p equivalent:

Definition 1.21. Let G be a group, and let m, p be representations of G on finite dimensional
complex linear spaces V, W, respectively. Then 7 and p are called equivalent if there is a bijective
linear map A: V — W satisfying (1.69).

Equivalence is an equivalence relation on the collection of finite dimensional representations
of G, and also on the collection of finite dimensional irreducible representations of G.

Theorem 1.22. (Schur’s orthogonality relations)

Let G be a compact group with Haar measure p. Let m and p be finite dimensional complex
irreducible unitary representations of G which are inequivalent to each other. Let m resp. p have
matriz elements (7; ;)i j=1,..d, and (Pr1)k,i=1,...d, With respect to certain orthonormal bases of
their representation spaces. Then

/ 7:3(9) pra(9) dp(g) = 0
G

and .
| 7iat0) TG dut) = - i
G

™

For the proof fix j and [ and put

A = /G 7i5(9) pra(g) du(g).

Then
Z Aikpk,r(h) = Z Wim(h)Am,r
k m
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Hence Ap(h) = w(h)A for all h € G. Then A = 0 by Schur’s lemma. But if we put p := 7 then
we conclude that A = Al for some \;; € C. Then

/G 703(9) Tha(9) dilg) = M Sipe

We can compute \j; = (dr)~! by putting ¥ = i and summing over i.

Let (m%)qea be a maximal set of mutually inequivalent finite dimensional complex irreducible
unitary representations of GG, and put d, := dro. Then the orthogonality relations in Theorem
1.22 can be written as

1

75(9) 71 (9) dp(9) = - dap O G (1.70)
G ' do,
The functions 7; ; are continuous on G, so they are certainly in L?(G). By (1.70) the functions
1
dam; (a € A, 4,j = 1,...,dq) form an orthonormal system in L?*(G). Tt can be shown in

general that this orthonormal system is complete, but in special cases (like G = SU(2)) the
completeness will already be obvious (it will follow from Proposition 1.18).

1.8 Irreducibility of representations

Comparison of (1.63) with (1.70) strongly suggests that (1.63) is the specialization of (1.70) to
SU(2). But we still have to show that the representations ¢ are irreducible.

i
Put a4 := <€O 69i¢>' Then agay = ag4y and agior = ap. The group A:={ay |0 < ¢ <

27} is a closed abelian subgroup of SU(2). It is isomorphic and homeomorphic with the group
U(1) of complex numbers of absolute value 1, which has multiplication of complex numbers as
the group multiplication. It follows from (1.4) that

t'(ag) ¢, = e 2"y, (1.71)

Lemma 1.23. Let V be an invariant subspace of H; with respect to the representation ' of
SU(2). IfveV and (v,9L,) # 0 then ¢!, € V.

Proof We have

l

v=Y (v, 4) v,

n=-—I|
l l

thag)v =" (v, 9h) thag) vl = Y (v, ¢lh) e 2ol
n=-1 n=-1

Hence

o l 2
/ e?im(b tl(a¢) v d¢ — Z <’U, w7lh0> </ eQim¢e—2in¢ d(b) wfz — 27{'<'[}7 win>’(7/}£n
0 0

n=-1
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The integral on the left should be interpreted as a Riemann integral of vectors, which can be
approximated by Riemann sums of vectors. Since v € V, each approximating Riemann sum is
in V, and hence also their limit, the Riemann integral, is in V. Hence 27 (v, ¢! )¢l € V. So

Ul € Vif (v,9],) # 0. O

This Lemma implies the following Proposition.

Proposition 1.24. Let V be an invariant subspace of H; with respect to the representation

of SU(2). Then there is a subset A of {—1I,... 1} such that V = Span{y}, | n € A}. Let W be
the orthoplement of V' and B the complement of A. Then W 1is also an invariant subspace and
W = Span{¢}, | n € B}.

Theorem 1.25. The representation t' of SU(2) is irreducible.

Proof Suppose t is not irreducible. By Proposition 1.24 H; is the orthogonal direct sum of
invariant subspaces V' = Span{¢l | n € A} and W = Span{¢, | n € B}, where {—I,...,l}
is the disjoint union of certain nonempty subsets A and B. One of these subsets, say A, will
contain /. Then some m will be in B. Then #/(T) ¢! will be in V for all T' € SU(2), and therefore
orthogonal to v!,. Hence timl(T) = 0 for all T € SU(2). In particular, also using (1.6), we
obtain

0=t

m,l

(sin 6 —cos6

_ (_1\l-m l—m /- I+m
cosf sinf ) =(=1) (cos0) (sin@)™™,

which gives a contradiction. O

Exercise 1.26. (An interpretation of Krawtchouk polynomials as matrix elements of irreducible
representations of SU(2))

a) Prove that

—n,b \  (c—b)y -n,b B
2F1< . ,x>—ch1<b_C_n+1,1 x) (n=0,1,2,...). (1.72)

(Use (1.54) and (1.52).)
b) Prove that

2F1<—n,—m;x>:(c)m+n2Fl< —n, —m ;1_$> (nym=0,1,2,...).
C

(1.73)
(Use (1.72).)

c¢) Prove that, for m +n > 0,

1 1
b 20 \2/ 2] \2 —l+m,—l+n bc—ad
tl a — bl—m l—ndm+n F ’ . .
mmn <c d> <l — m> (l — n> ¢ 2 —21 " be

(1.74)

(Use (1.73) and (1.57).)
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d) Prove that, for m +n > 0,
y sinff —cos@\ 21
mn\cos sinf /) \l—m

where the Krawtchouk polynomials are given by

N|=

<z 21 >;(—1)lm(cos 6)2=m=n (sip gy

—n

X Kj_m(l —n;cos?6,20), (1.75)

Kn(z;p, N) := 2F1<_Z\;m;p‘1> (n=0,1,...,N). (1.76)

e) Prove that
Ky(z;p, N) = (1=p )" N Ky (N —2;p,N). (1.77)

(Use (1.76) and (1.28).)

f) Prove that (1.75) remains valid for all m,n.
Use (1.9) and (1.77).)

(
g) Show that

l
! sinf —cosf\ ; sinf —cosf\
Zz e (cos 0 sing ) i (cos 6 sing ) = Omm' (1.78)

n=—

and rewrite this as an orthogonality relation for the Krawtchouk polynomials occurring
on the right-hand side of (1.75).

Exercise 1.27. (Addition formula and product formula for Legendre polynomials)
Let 1 =0,1,2,....

a) Prove that, for ad — bc =1,

a b
tho (C d) = P(2ad — 1), (1.79)

where P, := Pl(070) is the Legendre polynomial.

b) Prove that
tfm(T) = Pj(cos 61 cos B2 + sin 0; sin O3 cos @)

T sin %01 — cos %61 030 0 sin %92 cos %02
~ \cos %91 sin %61 0 e_%i‘f’ — Ccos %02 sin %92 ’
c¢) Prove that

Py(cos 0 cos O3 + sin 0y sin O, cos ¢) = Py(cos 1) Py(cos b2)
inlf —cosif inlg 19 .
N Z . (sm2 1 —cos gz i singby coszlh) g (1.80)

1 -1 1 -1
cos =0 sin =6 —cos 50y sin 0
0<|k|<l oY1 oY1 V2 V2
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d) Prove that

2

1
Py(cos 1) Pi(cosbr) = by Py(cos 61 cos Oy + sin 61 sin O cos ¢) do. (1.81)
0

1.9 On the proof of Proposition 1.18

I give a little more detail about the proof of Proposition 1.18. First observe, by (1.59), by
the symmetries (1.8)—(1.10), and by (1.52) (also valid if we replace p, by P,) that, for m,n €
{=l,=1+1,...,1} such that m +n >0 and for a,c € C:

(0 T) e
o (&) = (e

b [t ) = o

tl_m_m <CCL —ac> =gt

(l+m)!(l—m)! % I o (m—nm+n) M
X<(l+n)!(l—n)!> (Jaf? + |e[2)=m Pi™- <\a!2+]c|2>' (1.82)

These exhaust all matrix elements of t!. They are homogeneous of degree 2l in a,@, ¢,e. We get
their restriction to SU(2) if we take |a|?+|c|? = 1. For the restriction it makes no difference if we
replace in (1.82) the factor (Ja|> +|c[?)'=™ by (|a|? + |c[*)"~™ with r — [ € Z>(. Then we obtain
homogeneous polynomials of degree 2r in a,a, c,¢. By a little thought we see that all functions
thus obtained, i.e., (|a|? + |c[?)!=™ replaced by (|a|? + |¢|>)"™, r fixed, 0 < 1 € {r,r —1,...},
m,n € {—l,—l+1,...,1}, m+n > 0 yield a basis for all homogeneous polynomials of degree 2r
in a,a,c,¢. Then there follows our claim after the statement of Proposition 1.18 that the span

m,n’

of the matrix elements t! . as functions of (CCL —ac> € SU(2) (la|*>+|c|?> = 1), equals the space

of polynomials in the four real variables Re a,Im a, Re c,Im ¢, restricted to |a|? + [c|> = 1. It is
a consequence of the Stone-Weierstrass theorem (see for instance [11, §36]) that, for a compact
subset X of R™, the space of polynomials on R" restricted to X lies dense in C'(X) with respect
to the subnorm. Then, if u is a finite Borel measure on X, this space of polynomials is also
dense in C(X) with respect to the norm of L?(X, ). Finally, C(X, i) is then dense in L?(X, u),
see for instance [10, Theorem 3.14].

1.10 Lie groups and Lie algebra

References for the general theory of Lie groups and Lie algebras are [7], [8], [9], [12].
Definition 1.28. A Lie group is a group G which is also a C°*° manifold such that the maps
(g,h) —gh: G xG — Gand g g~': G — G are C™.
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The fact that G is a C°° manifold implies that G is a topological space (Hausdorff and
satisfying the second axiom of countability) and the fact that the group operations for G are
C* implies that they are continuous. So a Lie group is in particular a topological group.

The fact that the multiplication on a Lie group G is C'™° can be described as follows. Let
go,ho € H. Take an open neighbourhood W of gyhg on which there are local coordinates
(21,...,2n). Then there are open neighbourhoods U of gy and V' of hy such that UV C W and
such that we have local coordinates (x1,...,2,) on U and local coordinates (y1,...,y,) on V.
Then we can write the multiplication on U x V' as

(1.17"'7'%.71)(:(/17' . 7?/71) = (Zlv"' 7271)7

which gives z; as a function zj(21,...,Zpn,Y1,...,yn) of 2n real variables. Then we require that
these functions are C'*°.

Example 1.29. Consider G = GL(n,C). This is an open part of M,(C) (the space of all
complex n X n matrices), so it is an open part of an n2-dimensional complex linear space, and
we can take on the whole group one system of local coordinates, namely the real and imaginary
parts of the matrix entries. Even better, we can take the matrix entries themselves as complex
coordinates. Thus GL(n,C) is a complex analytic manifold, and the group operations are
complex analytic (even stronger: multiplication is a polynomial map and taking the inverse is a
rational map). We say that GL(n,C) is a complex analytic group. Of course, GL(n,C) is then
also a real analytic group (real analytic manifold and group operations are real analytic) and a
C* group (Lie group as defined in Definition 1.28).

It can be shown that every Lie group is in fact a real analytic group, but complex analytic
groups are much more special.

Suppose that M is a C'°° manifold. Let p € M and let U be an open neighbourhood of p
on which there are local coordinates (z1,...,x,). Let p have coordinates xo = (zo1, ..., Zon)-
With respect to this system of coordinates the tangent space T,M to M at p is just the linear
space R™. With a tangent vector a € R™ we associate on the one hand an equivalence class of
C* curves through p and on the other hand a linear functional on the space C*°(U) of real-
valued C*° functions on U. The equivalence class of curves consists of all C*° maps t — x(t) =
(x1(t), ..., zn(t)) such that z(0) = zg, i.e. p, and 2/(0) = (21(0),...,2,,(0)) = (a1,...,a,) = a.
The linear functional A is given by

(f € C®(U)). (1.83)

T=x0

- 0
Af = Za] aixjf(xl’ 7:,1:”)
7=1

Then we can also connect x(t) and A, if they are both assiciated with a as above:

d
Af = ¢ ) C®(U)). 1.84
f=o W) _  (FeCc™) (1.84)
A wvector field X on M is an assignment of a tangent vector X, € T,M to each p € M such
that, on any open set U in M with local coordinates (z1,...,z,), we have
- 0
X.f = (x1,. .., xpn) — U C>*(U 1.85
f ;:1:03(1‘1 Tn) oz, (@1,...,2n)  (f€C™(U)) (1.85)
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with the ¢; being C*° functions in z1,...,z,. Here X, means the tangent vector attributed by
X to the point p with coordinates = (x1,...,2,). Thus we can consider vector fields as first
order linear operators on M with C* coefficients.

Let X and Y be vector fields on M. Define the commutator [X,Y] of X and Y by

(X, Y]f = X(Y[)=Y(Xf) (feC®(M)).

Then [X,Y] is again a vector field. Clearly [X,Y] is linear in X and Y and we have anticom-
mutativity
(X, Y] = —[Y, X]

and the Jacobi identity
[(X,Y], Z] +[[Y, Z], X] + [[Z, X], Y] = 0.

Thus the real linear space of vector fields on X is a real Lie algebra.

Now let G be a Lie group and let V be an open neighbourhood of e with local coordinates
(y1, ..., Yyn) such that e has coordinates (0, ...,0). Consider the tangent space T.G as the space
of linear operators A associated with a € R™ and given by

~ 0
Af;:z;ajayjf(yl,...,yn)yo (f eC=(V)). (1.86)
j:

Define in terms of A the vector field X4 on G by

(Xaf)(g) == A(h— f(gh))  (f € C*(G), g € G). (1.87)

Indeed, for given ¢ € G and f € C*(G) the function h — f(gh) restricted to V is a C*°
function on V', by which A(h +— f(gh)) is well defined. Also, for g in an open set U with local
coordinates (x1, ..., z,) we can write the right-hand side of (1.87) in the form of the right-hand
side of (1.85) with C* coefficients. Thus X 4 is a vector field and it is left invariant in the sense
that

(Xaf)(g19) = Xa(g— f(gg))  (f € CF(G), 9,01 € G). (1.88)

It is not difficult to show that all left invariant vector fields on G are of the form X 4 for some
A € T.G, and that the map A — X4 is a linear bijection from T.G onto the linear space of left
invariant vector fields on G. Note that we can recover A from X 4 by

Af = (Xaf)(e). (1.89)

By this linear bijection the Lie algebra structure of the space of left invariant vector fields can
be transfered to T.G. Thus T.G becomes a Lie algebra with Lie bracket [A, B] defined by

Xap = [Xa, X5l (A, BeT.G). (1.90)

Note that we cannot a priori consider this Lie bracket [A, B] as a commutator AB — BA because
it is not clear how to define the product AB for A, B € T.G. The tangent space T.G considered
as a Lie algebra is also denoted by g or Lie(G). It is called the Lie algebra of the Lie group G.
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1.11 Linear Lie groups

Definition 1.30. Let G be a Lie group with subgroup H. We call H a regularly embedded Lie
subgroup of G if, for each h € H, there is an open neighbourhood U of h in G on which there are

local coordinates (x1,...,2,) (1,...,2, € (—a,a)) such that H N U consists of all elements of
U with coordinates (z1,...,%m,0,...,0) (z1,...,2Zm € (—a,a)). Then H becomes a Lie group
itself with the relative topology from G and with the structure of C'*° manifold given by the
local coordinates (z1,..., %y, ) on the sets H NU. Then H is also a closed subset of G.

If a subgroup H of G would satisfy the requirements in the above definition except for the
rule that in the local coordinate neighbourhood U the intersection H NU should consist of only
one slice, then we still speak of a Lie subgroup H but it may not be regularly embedded and it
may not be a closed subset of G. Its topology, compatible with the structure of C°°° manifold,
may be different from the relative topology. An example is the abelian Lie group G := R?/Z?
with subgroup H := {(z,cx) (mod Z?) | z € R}, where c is irrational. Usually we will only
consider regularly embedded Lie subgroups.

Definition 1.31. A regularly embedded linear Lie group is a regularly embedded Lie subgroup
of GL(n,C) for some n € Z.

There is a theorem stating that every closed subgroup of GL(n,C) has a unique structure
of C'°° manifold by which it becomes a regularly embedded linear Lie group. For an example of
a subgroup of GL(1,C) which is not a Lie group, consider G := {e* | x € Q} with the relative
topology as a subset of GL(1,C). It is not locally Euclidean, so it cannot be a Lie group.

Let G C GL(n,C) be a regularly embedded linear Lie group. Then one way of obtaining
the tangent space T7G to G at the identity element I is as the set of all matrices 77(0) such
that t — T'(t) is a C* curve in GL(n,C) completely lying in G and with 7'(0) = I. This is
indeed a real linear subspace of M, (C). Moreover, the Lie algebra structure of T7G, which is
by definition induced by the Lie algebra structure of the left invariant vector fields on G, is also
obtained as a commutator product:

Theorem 1.32. Let G C GL(n,C) be a reqularly embedded linear Lie group with Lie algebra
g =T:G C M,(C). Then the Lie bracket on g equals

[A,B] = AB— BA (A,B € g),
where AB and BA mean matriz multiplication.

An important tool in connecting the Lie algebra g of G C GL(n,C) with G is the ezponential
map

exp(4) =3 % A5 (A e Mn(C)). (1.91)
k=0

Some properties of exp:

a) exp(A + B) = exp(A)exp(B) if A and B commute.
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C

@]

exp(4) € GL(n,C) for all A € M,(C).
)

) exp(

) exp(—A) = (exp(4))~".

d) exp(TAT ') =Texp(A)T! (A€ M,(C), T € GL(n,C)).

e) det(exp A) = et 4,

f) If T(t) := exp(tA) then T"(t) = AT(t) = T'(t)A. In particular, T'(0) = A.
)

g) There are open neighbourhoods U of 0 in M, (C) and V of I in GL(n,C) such that
exp: U — V is bijective and a C'*° diffeomorphism (even complex analytic).

Let G C GL(n,C) be a regularly embedded linear Lie group with Lie algebra g C M, (C).
Then

exp(g) C G. (1.92)

Furthermore, after possibly shrinking U and V' in item g) above while keeping the diffeomorphism
property of exp, we have
exp(gNU)=GNV. (1.93)

The converse also holds:

Theorem 1.33. Let G be a subgroup of GL(n,C), g a real linear subspace of My (C), let U
and V' be as in item g) above, and suppose that (1.93) holds. Then G is a regularly embedded
linear Lie group with Lie algebra g. For any basis Ai,...,Am of g the map (z1,...,%y) —
exp(r1A1 + - + zmAp) gives a system of local coordinates on GNV.

Example 1.34. Let U(n) be the subgroup of GL(n,C) consisting all unitary matrices (matrices
T such that TT* = I). Let u(n) be the real linear subspace of M, (C) consisting of all skew
hermitian matrices (matrices A such that A+A* = 0). Then we can use Theorem 1.33 in order to
show that U(n) is a regularly embedded linear Lie group with Lie algebra u(n). Indeed, let U and
V be as in item g). Replace U by Uy := UNU*N(=U)N(=U*) and V by V, := exp(Up). Then Uy
is still an open neighbourhood of 0 in M,,(C) and it is closed under taking opposites or adjoints.
If A€ u(n)N Uy then (exp A)* = exp(A*) = exp(—A) = (exp A)~L. Hence exp A € U(n) N V.
Conversely, if T € U(n) N Vy then T = exp A for some A € Uy and (exp A)* = (exp A)~!. Hence
exp(A*) = exp(—A). Since A* and —A are in Up and exp is injective on Up, we conclude that
A* = —A. Hence A € u(n) NUp. By Theorem 1.33, U(n) is a regularly embedded linear Lie
group with Lie algebra u(n).

Let next SU(n) be the subgroup of GL(n,C) consisting of all unitary matrices of deter-
minant 1, and let su(n) be the real linear subspace of M, (C) consisting of all skew hermitian
matrices of trace 0. Then we can show that SU(n) is a regularly embedded linear Lie group
with Lie algebra su(n) by the following refinement of the above reasoning. Start with U and
V such that moreover |tr A| < 7 if A € U. Then construct Uy and V; as above. Then use that
det(exp A) = "4 = 1 if tr A = 0. Conversely, if det(exp A) = 1 and |tr A| < 7 then tr A = 0.

Let G C GL(n,C) be a regularly embedded linear Lie group with Lie algebra g. By (1.84)
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and item f) we can write A and X4 given by (1.86) and (1.87) for f € C*°(G) and A € g as:
Af =% Flexp(t))|
—a P

XAf(T) = % fTepa)| (e (1.95)

1.94
. (1.94)

1.12 Representations of Lie groups

Let G be a Lie group. Let 7 be a representation of G on C", while GG is only considered as an
abstract group, i.e., we have a group homomorphism 7: G — GL(n,C). Since G is in particular
a topological group, we also require that 7 is continuous. In order to let 7 also respect the
structure of C*° manifold of GG, we want to require moreover that 7 is a C*° map, i.e., dat all
matrix elements 7;; are C°° functions m;;: G — C. However, there is a theorem that for a Lie
group G continuity of the homomorphism 7 already implies that it is C'*°.

This obviously can also be phrased for a representation of a Lie group G on a finite dimen-
sional complex vector space V. Then 7: G — GL(V) is a group homomorphism, and for any
choice of basis ey, ..., e, of V we must have that the matrix elements of 7(g) wiht respect to
this basis are C*° functions of g € G.

If g is a (real) Lie algebra then a representation of g on a finite dimensional complex vector
space V' is a real linear map ¢: g — End(V') such that ¢([A, B]) = ¢(A)p(B) — ¢(B)p(A). A
representation of a Lie group G implies a representation of its Lie algebra:

Theorem 1.35. Let G be a Lie group with Lie algebra g and let m: G — GL(n,C) be a represen-
tation of G on C™ (i.e., 7 is a C°° homomorphism). Define the real linear map dn: g — M,(C)
by

drn(A) := Az — w(x)), ie., (dr(A));;:=A(x— m;(x)) (Aeg),

where A is considered as in (1.86). Then dr is a Lie algebra representation of g.
If moreover G C GL(m,C) is a regularly embedded linear Lie group then, for A € g:

exp(dm(A)) = m(exp A), (1.96)
dm(A) = %Tr(exp(tA)) o (1.97)

This theorem can also be phrased for a representation 7: G — GL(V). Then dr: g —
End(V). In particular, we still have (1.97).

Corollary 1.36. Under the assumptions of the first part of Theorem 1.35 and with X 4 the left
invariant vector field on G given by (1.87) we have:

n

Xamij= Z(dW(A))k,j Tk (A€g). (1.98)
k=1
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Proof For g,h € G and A € g we successively have:

mij(gh) = Z 5 (R) ik (9),
k=1

n

A(h = mig(gh)) = A(h v (b)) mik(9),
k=1

(Xamij)(g) =Y _(dm(A))k; mix(g)- O
k=1
1.13 Representations of su(2)
The Lie algebra su(2) consists of all 2 x 2 matrices A such that A+ A* =0 and tr A = 0. These

__th> with ¢ € R and ¢ € C. It has real dimension 3. Choose a

. . it
are precisely the matrices <ZC

basis A, B, C of su(2) given by
0 -1
(1 ) ) . B=

[A,B]=C, [B,C]=A, [C,A=B8. (1.99)

A=

N[

N[ =
N
O =
=
~.
~__
Q
Il
N[
Y
<. O
O
~—__

Then

By exponentiation A, B, C generate three one-parameter subgroups of SU(2):

cosif —sinip
— 0A) — 2 27, 1.100
a6 exp(04) (sin %49 cos %9 ( )

liqg
ez 0
by == B) = ) 1.101
b exp(¢ ) ( 0 6_;“1))’ ( 0 )

cos %¢ isin %@b) ' (1.102)

.. 1 1
isingty  cos g

¢y = exp(yC) = (
We compute the representations dt’ of su(2), where the representations t' of SU(2) on H;
are defined by (1.2). Then
(t'(ag) f)(z1,22) = f(z1 cos 10 + zo5in 360, —2z1 sin 10 + 25 cos $0) (f e Hy).
By (1.100) and (1.97) we compute for f € H;:

(At (A)f) (21, 22) = ;(zga‘zl . zlE;)ZQ)f(zl,zz). (1.103)

Similarly, (1.97) combined with (1.101) or (1.102) yield
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z'(zli 9

— 29—
621 822

(dt(C)f) (21, 22) = Li (22 6‘9 +u 082) F(21, 2). (1.105)

(dt'(B)f)(z1,22) =

N[

)f(zl, ), (1.104)

,_.

Note that the partial differential operators on the right-hand sides of (1.103)—(1.105) are in-
dependent of [ and act on the space of all polynomials in 21, 25. This is no surprise since the
original definition of #! by (1.2) is also independent of I. As such they also satisfy the commuta-
tor relations (1.99): they span a Lie algebra of differential operators isomorphic to su(2). This
follows either by the homomorphism property of ¢! or by direct computation of the commutators.

Let us see how dt!(A), dt'(B), dt'(C) act on the orthonormal basis vectors 1!, of H! given
by (1.1). By substitution of f := ! in (1.103)-(1.105) we obtain:

dt (Al = 50— )31+ n+ D)3l — S0 +n)i(—n+ 13yl (1.106)
dt'(B)y! = —inyt,, (1.107)
At (Ol = Lil = )2 (1 +n+ D)7l + Sl +n)2 (I —n+ 1), (1.108)

where terms involving wf 41 Or Pt ;—; disappear. We see that dt'(B) acts diagonally on this basis
and that dt'(£A —iC) act as ladder operators:

dt (A~ iC)y, = (1= n)
dt'(—A —iC)yy, = (I +n)

The elements +A — iC' are no longer in the Lie algebra su(2) but they are certainly in its
complexification sl(2,C), the Lie algebra of complex 2 x 2 matrices of trace 0. Furthermore,
sl(2,C) is the Lie algebra of SL(2,C), the linear Lie group of complex 2 x 2 matrices of deter-
minant 1. We defined the representations t' originally for GL(2,C), so certainly for SL(2,C).
Therefore, we can also use Theorem (1.97) for 7 = !, G = SL(2,C), g = sl(2,C). Note that

(l+n+1) ¢n+1, (1.109)
(l—n+1) %—1- (1.110)

[N ST

exp(t(A — iC)) = <1 (1’> . exp(t(—A—iC)) = <(1) i) . (1.111)

From (1.98) combined with (1.109), (1.110) we conclude:
Xacicthy,=0—n)2(1+n+1)7t, .1, (1.112)
Xoacicthy,=(U+n)7(l—n+1)7th . . (1.113)

From (1.112), (1.113) we want to derive differential relations for Jacobi polynomials which shift
the degree and the parameters.
Let n+m >0, ad — bc = 1. From (1.59), (1.8) and (1.52) we obtain

1
I a b\ [ U+n)T=n)!\Z 0 mtm p(n—mntm) -
tmn (C d) = <(l+m) =)l prmdrtm Pt (2ad — 1). (1.114)
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By (1.95) and (1.111) we have

ol a b B i‘ 1 a+bt b
Xaic tmn (c d>  dtli=0 . <c +dt d)-’
In combination with (1.114) and (1.112) this yields

prmgrtm P (9(q 4 bt)d — 1)

4
dtlg=o~ I=m

_ (l +n4 1) bnfm+1dn+m+1 Pl(ilginl-i-l,n-‘rm-i-l)(zad _ 1).

Finally this is reduced to

d - —
dz le=20d-1 Pl(fn ) () = 3(l+n+1) Pl(fnﬁﬂ’nerH)(Zad —1).
Thus we have given a proof by representation theory of the differentiation formula
d
PN (@) = Yt at §+1) PET ) (@) (1.115)

in the case «a, f € Z>o. Formula (1.115) is essentially the same as (1.44).

Exercise 1.37. Use (1.95), (1.111), (1.114) and (1.113) in order to derive

d _ _ ~1,6-1
%((1 — )1+ x)BPT(La’ﬂ)(xD =2+ 1)1 -2 1 +2) PO V@) (1116)
for a, f € Z~p. Formula (1.116) is essentially the same as (1.45).
Exercise 1.38. Let G be a compact group and let 7 be an irreducible unitary representation of
G on a finite dimensional complex linear space V. Define the character x, of the representation
m by

Xr(9) =tr(n(g))  (9€G). (1.117)

a) Prove that . is a central function on G:

X=(hgh™") = xx(9)  (9,h € G).

b) Let p be the Haar measure on G. Show that [ |x~(g)|*du(g9) = 1 and that, for p
another irreducible unitary representation of G' which is not equivalent to 7,

Jo xx(9) xp(9) duu(g) = 0.

c¢) Let 7 have matrix elements 7;; (4,5 = 1,...,dy) with respect to some orthonormal basis
of V. Let f € Span{mj}i,j:Lm’dTr be a central function on G. Show that f = const. .

d) Define the Chebyshev polynomial of the second kind by
sin((n + 1))

Up(cosB) = e (1.118)
Show that Uy, (z) is a polynomial of degree n in = and that (by the orthogonality properties)
n+1 11
Un(z) = Wﬂ(f 2) (). (1.119)
P’I’L2 ’2 (1)
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e) Let x; be the character of the representation t' of SU(2). Show that
ew 0 a —c 2 2
Xt g p-io) = Uz (cosb), Xel, =)= Uy(Rea) (la]*+c|*=1). (1.120)

1.14 The Casimir operator

Let g be a Lie algebra over the field F = R or C. Then the universal enveloping algebra U(g)
is defined as the quotient algebra 7 (g)/.J, where 7 (g) is the tensor algebra F + g + g 4 ---
of g (g considered as a linear space) and J is the two-sided ideal generated by all elements
AB—BA—[A,B] (A, B € g). SoU(g) is an associative algebra with unit element. Suppose that
g is finite dimensional with basis Xi,...,X,,. Then the PBW theorem (theorem of Poincaré-
Birkhoff-Witt, see for instance [14, §17.3]) says that the elements Xfl co XEn (ky, . ks € Zs0)
form a basis of U(g). In particular this implies that g is injectively embedded in U(g) as the
span of Xq,...,X,.

If ¢ is a representation of the Lie algebra g on the linear space V then ¢ extends to an
algebra representation of U(g) on V by

G(Ar. .. Ap)o = d(A1) ... oAy (Ar,...., Ap g, veEV). (1.121)

Suppose that g = Lie(G) for some Lie group G. Then the action A — X4 of g on C®(G)
by left invariant differential operators of order 1 extends to an action of U(g) on C*°(G) by left
invariant differential operators:

(Xay.a,[)(g) = (;; o afm f(g exp(t141) ... exp(thm))

t1,e,tm=0

(f € C¥(G), Ay,...,Am g, g G). (1.122)

It can be shown that (1.122) defines an algebra isomorphism Y — Xy of U(g) onto the algebra of
left invariant differential operators on G (see [13, Ch. II, Proposition 1.9]). If 7 is a representation

of G on a finite dimensional complex vector space with matrix elements 7, ; with respect to some
basis of V' then it follows from (1.121) and (1.122) that

(Xymi)(9) =D Thom(9) drma(Y) (9 €G, Y €U(g)). (1.123)

Let g be a Lie algebra. We call an element €2 of U(g) a Caimir element if € is in the center
of U(g), i.e., if it commutes with all elements of U(g), or equivalently, if AQ = QA for all A € g.

Let G be a Lie group with Lie algebra g and let m be a representation of G on a finite
dimensional complex linear space V. Let {2 be a Casimir element of g. Then

dr(A)dn(Q) — drn(Q)dr(A) =0 (Aeg).
It can then be shown by exponentiation that

r(exp(A)) dn(Q) (r(exp(4)) " = dn(Q) (A€ g).
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Here exp is the matrix exponential if G is a linear Lie group and a generalized exponential map
exp: g — G otherwise. If the Lie group G is moreover connected then it follows that

m(g)dn(2) = dr(2)7(g)

for all ¢ € G. If moreover the representation 7 is irreducible then it follows by Schur’s lemma
that dm(€2) = const. I. So we have:

Proposition 1.39. If 7 is an irreducible finite dimensional complex representation of a con-
nected Lie group G with Lie algebra g and if Q is a Casimir element in U(g) then there exists
w € C such that dr(Q2) = wl.

Now consider the Lie group G := SU(2) with Lie algebra g := su(2). Since SU(2) is
homeomorphic with S3, it is connected. Let A, B,C be the basis of su(2) introduced in the
beginning of §1.13. Then it is immediately verified that

Q:= A%+ B? + C* (1.124)

commutes with A, B,C. Hence 2 is a Casimir element in U(su(2)). By Proposition 1.39 and
the irreducibility of the representations ! of SU(2) we already know that dt!(Q) = w;I for some
w; € C, and we might compute w; from dt!(Q)f = w;f for just one suitable nonzero f € H;.
However, let us compute dt'(Q)v!, for all basis elements 1!, of H;. Rewrite (1.124) as

Q=—(A—iC)(—A—iC)+B*—iB
and use (1.109), (1.110), (1.107). Then we obtain

dt'(Q)l = —dt'(A —iC)dt'(—A — iC)l, + (dt'(B))*yl, — idt' (B)),
= —(—n)(I+n+ )Y —n®pl —nyl, = —1(1 + 1),
Hence
dt'(Q) = —I(1+ 1)1 (1.125)
Now it follows by (1.123) that
Xoth, , = =1L+ 1)t} . (1.126)
Let n+m >0, ad — bc = 1. Then we can write tlmm as in (1.114), and we can reduce (1.126) to

d d n—mmn-r+m
(1)) (1= ) P ) )

dx de ' n

—n(n+ )P (@) = —1(1+ )P (@), (1.127)

)

Thus we have obtained the second order differential equation (1.48) for Jacobi polynomials S
(o, B € Z>p) in a new conceptual way, from the representation theory of SU(2).
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2 Spherical harmonics

Reference for this Chapter is for instance Stein & Weiss [15, Ch. IV, §2].

2.1 Definition of spherical harmonics

Let O(d) be the group of real orthogonal d x d matrices, i.e., O(d) :={T € My(R) | T'T = I},
where My(R) is the space of all real d x d matrices and 7" is the adjoint of 7. Another way
to describe O(d) is as the set of all real d x d matrices for which the column vectors form an
orthonormal system. It can easily be seen that O(d) is a linear Lie group, but for the moment
we will only need that it is a compact group (note that O(d) is a closed and bounded subset of
Mga(R)).

We say that a group G acts on a space X if we have a map (g,z) — g.z: G x X — X such
that (gh).x = ¢g.(h.x) and e.x = . If G is a topological group and X is a topological space
then we call an action of G on X continuous if the map (g,z) — g.x: Gx X — X is continuous.

We call an action of G on X transitive if for all x,y € X there is g € G such that g.x = y.
If we fix some element g of X then we see that the action of G on X is already transitive if for
each z € X there exists g € G such that g.z¢ = x.

For an action of G on X and zp € X we call the subgroup H := {g € G| g-x9 = xo} the
stabilizer of x¢ in G. If H is any subgroup of G and G/H denotes the space of right cosets gH
(9 € G) then we have a transitive action of G on G/H by

g1-(g2H) := (9192)H,

and then the stabilizer of eH in G is H. The space G/H is called a homogeneous space.
For a transitive action of G on X and zg € X and H the stabilizer of ¢ in G we have a
bijective map
gH — g.29: G/H — X

which commutes with the G-actions: if gH is sent to = then gy .(gH) is sent to g; . x.
Clearly, the natural action of O(d) on R%, i.e., (T, z) — Tx: O(d) x R? — RY, is a continuous
group action. Let S9! be the unit sphere in R? given by {z € R? | |z| = 1}, where |z| :=

\/z? + -+ 22. Note that S?=1 is compact. By restriction to S of the O(d)-action on R,

the group O(d) acts continuously on S?~!. Moreover, this action is transitive. For a proof,
let € S9 1. Apply Gram-Schmidt orthonormalization to x,ei,...,eq in order to find an
orthonomal system of d vectors of which «x is the first. The orthogonal transformation T having
these vectors as columns sends e to .

The stabilizer of e; in O(d) is easily be seen to consist of all block matrices <(1] 19 ) such that
1

T) € O(d—1). This stabilizer subgroup, which is clearly isomorphic to O(d — 1), is also denoted
by O(d—1). So S9! with the transitive action of O(d) is isomorphic to the homogeneous space
O(d)/O(d —1).

If we have an action of a group G on a space X then we have a (usually infinite dimensional)
representation of G on the complex (resp. real) linear space of complex-valued (resp. real-valued)
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functions f on X by
(9- @)= flg™" ).
If the group action is continuous then this also defines a representation of G on the space of
continuous functions on X. For the action of O(d) on R? we can further restrict to the space of
real-valued polynomials on R
Let P, denote the real linear space of real-valued homogeneous polynomials of degree n on
R?. It is clearly finite dimensional and it has a basis consisting of the monomials

at Ll (n1+---+ng=n). (2.1)
Then we have a representation of O(d) on P:

(T. f)(x):=f(T""2)  (f€Pn), (2.2)

and this representation is continuous. The map which sends f € P, to its restriction f| ga—1 18
a linear bijection since we can reconstruct f from its restriction:

flrz)=7r" f(x) (x € S e [0,00), f € Pp).

Thus we can consider (2.2) also as a representation of O(d) on the space of restrictions to S9!
of homogeneoous polynomials of degree n on R

We have g1
n+d-—
di ) = .
im(Py,) ( d_1 )

For the proof we count the number of monomials (2.1). This equals the number of ways to write
n=mni+---+ng with ny,...,nqg € Z>¢, and this equals the number of subsets of size d — 1 in
a set of n + d — 1 elements.

We will often use that

(2.3)

Z 8% =nf(x)  (fE€Pn). (2.4)

For the proof note that

Let A denote the Laplace operator in d variables:

02 82
A= .
8m2 + (91’3
If y=T"'z (T € O(d)) then
02 0? 0? 0?
a2t e Tag T Ta
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Indeed,
d d

Ay N d
8561 Z&szaiyj Z(T 1)]’,1'87% ZTﬂa

7j=1 7=1

Hence

d /5 \2 d 7 9\2
Z((%) = 2 T’JTZkay 3yk JE: Py, 3yk:jz::1<ayj> .

i=1 i,5,k=1
It follows that

A(T.f)=T.(Af) (T € O(d), f a C? function).

We call a C? function f on R% harmonic if Af = 0. Thus we see that if f is harmonic and
T € O(d) then T'. f is harmonic.

Let H, denote the real linear space of real harmonic homogeneous polynomials on R¢ of
degree n:

Moo= {f € Pu| Af =0},

Then, under the representation of O(d) on Py, the subspace H,, is invariant, so we have also a
(continuous) representation of O(d) on H,,.

The restriction map f +— f‘ ga—1 1s a linear bijection of H,, on the space of its restrictions
to S9!, This last space is called the space of spherical harmonics of degree n on S4~1. We
can consider the representation of O(d) on H,, equivalently as a representation on the space of
spherical harmonics of degree n.

Note that, for d > 2, f(z) := (x1 + ixze)" yields a function f € H,. So H, has certainly
nonzero dimension if d > 2. On the other hand, for n > 2 there are many f € P, outside H,:

Lemma 2.1. Letn > 2, f € Py_2 and F(z) := |z|>f(x) (so certainly F € P,,). If F € H,, then

F=0.
Proof Suppose F # 0. Then there is a maximal k (1 < k < 3n) such that F(z) = |z|**g(z)
for some g € P,_or. Write r := |z|. We use that A acting on a function only depending on r
acts as j% + <1 4 and that a% = 7, and (2.4). Then
0= A(rzkg(a:)) =A(r )+ 22 oz, 83:‘ g(x) + 2% Ag(x)
> d=1d\, o 2k—2 9 2%k
= (@ + - a>(r )g(x) + 4kr legg(x) + 7" Ag(x)

= 2k(2k 4+ d — 2)r*2g(x) + 4k(n — 2k)r 2k 29(z) + % Ag(x)
= 2k(2n — 2k +d — 2)r**2g(z) + % Ag(x).

Hence g(z) = const.72Ag(x), so F(z) = const.7?**2 Ag(x). This contradicts the maximality
of k. O
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Proposition 2.2. We have
Ppn=Hn®z]*Pna (n>2) and Po,=H, (n=0,1). (2.5)

Proof The case n = 0,1 is seen immediately. Let n > 2. H, and |x|273n,2 are linear
subspaces of P,. By Lemma 2.1 they have intersection {0}. So it is sufficient to prove that
dim(P,,) < dim(H,,) + dim(|x|? P,,_2). But this inequality holds because

dim(P,) = dim(H,,) + dim(A(P,)) < dim(H,,) + dim(P,_2) = dim(H,) + dim(|z|> P,_2),

Here the first identity is the fact from linear algebra that, for a linear map A: V — W, we have
dim V = dim A=1(0) + dim A(V). The second inequality follows because A(P,,) C Pp_s. O

As a corollary, we see that
dimH, = dimP, —dimP,_o (n>2) and dimH,=dimP, (n=0,1).
By (2.1) we compute for d > 2 that

2n+d—2)(n+d-—3)!
n!(d—2)!

dimH,, = (n>1) and dimHy=1. (2.6)

For d = 1 we have trivially dim'H,, =1 if n =0,1 and dim'H,, =0 if n > 2.

Exercise 2.3. Let SO(d) := {T € O(d) | detT" = 1}. This is again a compact group.
a) Show that SO(d) acts transitively on S?~! if d > 2 (but not if d = 1) and that then

1 0 .

0T with 77 €
SO(d—1). (This subgroup is isomorphic to SO(d—1) and it is also denoted by SO(d—1).)

b) Let (z,y) := Z?:1 z;y; denote the inner product on R?. Show that O(d) acts on S}
in a doubly transitive way, i.e., if x,y,2’,y’ € S9! such that (z,y) = (') then there
exists T € O(d) such that Tz =2/, Ty = v/.

¢) Show that SO(d) acts on S?~! in a doubly transitive way if d > 3 (but not for d = 1,2).

d) Let F be a function on S9! x S4=1 such that F(Txz, Ty) = F(x,y) for all T € O(d).

Show that F(z,y) = f({x,y)) for some function f on [—1,1]. For d > 3 show a similar
conclusion for F if F(Tx,Ty) = F(x,y) for all T € SO(d).

the stabilizer of e; in SO(d) equals the subgroup of block matrices <

Exercise 2.4. Let P, be the space of real-valued homogeneous polynomials of degree n on R
Write 0; for a%j. Define on P,, the bilinear form

Here f(01,...,0y) is the partial differential operator obtained by replacing x1, ..., x4 by 01,...,04
in f(x1,...,2q) = Zn1+-~+nd:n Crpyemag @yt -y
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a) Show that (2.7) defines an inner product on P,,.

b) Show that
(T.f£,T.9)n={f,90n (T e€O(d)). (2.8)
c¢) Show for n > 2 that

<|{L‘|2f, g>n = <f7 Ag>n72 (f € ,Pnf2a gc Pn) (2'9)

d) Show for n > 2 that g € H, iff (|z|*>f,g)n = 0 for all f € P,_5. (This also gives an
alternative proof of Proposition 2.2.)

Hint In a) compute (f,g), when f and g are monomials. In b) the left hand side equals
f(T71(8/0x1,...,0/02q)) g(T~ a1, ... SCd))‘ . Put y = T~ 'z and compute the j-th coor-
dinate of T=%(8/0x1,...,0/024) in terms of 8/8y1, .., 0/0yq4.

2.2 Zonal spherical harmonics

We keep the notation of §2.1, but we suppose from now on that d > 2.

We call a function f on St zonalif T. f = f for all T € O(d — 1). We want to find the
zonal functions in Pn‘ ga—1, and next the zonal spherical harmonics. Since P, and Pn‘ ga—1 are
isomorphic as O(d)-modules, and similarly for H,, and Hn‘ ga—1, it is sufficient for this purpose
to search for O(d — 1)-invariant functions in P,, and in H,,.

Lemma 2.5. Let f € P,. Then f is zonal iff, for certain coefficients c;,

[5n]

Zc] neE o a2) (2.10)

Proof Clearly, every f of the form (2.10) is in P,, and zonal. Let conversely f € P,, be zonal.

Then, for certain homogeneous polynomials fi of degree k in xo,...,xs we have:
n n
—k —k
:lell fk(.Iz,...,l‘d):Zl'? fk‘(_x2a"'a_xd Z$ fk: x2a"'7xd)a
k=0 k=0

where we used O(d — 1)-invariance and homogeneity. Hence, the terms for odd k vanish. Then,
again by O(d — 1)-invariance and homogeneity, we have for certain coefficients c¢;:

[n/2] [n/2]
f(z) = Z 2 fojl@a, .. ) = Z l’?72jf2j<\/m,0, . .,0)
J=0 J=0

Proposition 2.6. The linear space of zonal functions in H, has dimension 1.
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Proof A function f € P, will be a zonal function in H,, iff it has the form (2.10) and satisfies

Af=0. Put p:= /2 +...+ 933. Then, similarly as in the proof of Lemma 2.1, observe that

d—2 d
p dp’

the terms in (2.1), as the sum of 63722 and 83722 +- 83—;, where the first part acts only on the
1 2 d
n—2j

factor x; and the second part acts only on the factor p?. Thus Af = 0 is equivalent with

88—;2 4+ 4+ 86% acts on a function only depending on p as % + Now split A, acting on
2 d

[4n]
¢ ((n —2j)(n — 2 — 12" Y 2p% 4 25(2j +d — 3)35’;‘2],)2]‘*2) —0. (2.11)

Jj=0

Note that 2;(2j +d —3)a~ % p% =2 vanishes if j = 0 and (n—2j)(n—2j — 1)a? 2 ~2p% vanishes
if j = [$n]. Hence (2.11) can be equivalently written as

(57]

3 ((n — 25+ 2)(n — 25 + 1)ejor + 2§(2) +d — 3)cj)x7f*2jp21'—2 —0,
j=1

and this is equivalent with

(n—2j+2)(n—2j+1)
2j(2j +d —3)

Cj:— Cj_l (]Il,,[%n]) O

2.3 Compact homogeneous spaces and reproducing kernels

Let G be a topological group which is compact Hausdorff as a topological space. Let X be a
compact Hausdorff space on which G acts in a continuous and transitive way. Fix xg € X. Let
K be the stabilizer of xg in G. Then K is a closed subgroup of GG, hence a compact group itself.
Let pu be the Haar measure on G. It implies a G-invariant normalized Borel measure w on X by

wE):=p{geG|g.z0 € E}) (E Borel set in X),

or equivalently,
[ sawi= [ flg.sdute) (7€ O
X G

It can be shown that this measure w is the unique G-invariant normalized measure on X. Let
L*(X) := L*(X,w). Write the inner product on L?*(X) as

(huf)= [ AFado (i fa€ (X)) (212)
X
Then, by G-invariance of w, this inner product is G-invariant:

<g'flag'f2>:<f17f2> (fl,f?eLQ(X)7g€G)'
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We may consider the action of G on L?(X) as a unitary representation of G on the (ususally
infinite dimensional) Hilbert space L?(X). The continuity of the representation will now hold
in the form:

g+ {g.f1,f2): G— C is continuous for all f1, fo € L*(X). (2.13)

This can first be proved for fi, fo € C(X), and next for fi, f» € L?(X) by using the density of
C(X) in L?(X). If we write A(g) f for g. f (f € L*(X), g € G) then \(g) is a unitary operator
on L?(X) for each g € G, so certainly A(g) € B(L?*(X)), the space of bounded linear operators on
L?(X). In general, A\: G — B(L?(X)) will not be continuous with respect to the operator norm
topology of B(L?(X)). The property (2.13) is called weak continuity of \. Strong continuity for
A can also be shown. This means that

g g.f:G— L*(X) is continuous for all f € L?(X).

It is only in the case of infinite dimensional representations that these distinctions between
various types of continuity have to be made.

Let now V C C(X) C L?*(X) be a linear space of finite nonzero dimension N which is
G-invariant. Then we have a finite dimensional unitary representation of G on V. Choose an
orthonormal basis fi,..., fy of V. Put

N
O(z,y) =) fi(2) fily)  (z,yeX) (2.14)
j=1

This definition is independent of the choice of the orthonormal basis of V' (for which the G-
invariance of V' is not yet needed). This can either be proved by working with the unitary
matrix which connects two orthonormal bases of V' or, more conceptually, by observing that the
operator P, defined by

(P)() = / B(r.y) fy)doly)  (f € LA(X)),

X

is the orthogonal projection of L?(X) onto V. In particular,

/X (r,y) f(y) doly) = f(z)  (f V),

and for that reason ®(z,y) is called the reproducing kernel of V.
By G-invariance of w the functions ¢g. fi,...,g. fn form an orthonormal basis of V' for each
g € G. Hence ® is G-invariant:

O(g.z,9.9) = D(z,y) (r,y € X, g € G). (2.15)

In particular,
O(k.x,x0) =@(k.2,k.20) = P(x,20) (x € X, k€ K).

Put
P(z) := N~ 1®(z, x0) (x € X). (2.16)
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Proposition 2.7. The function ¢, defined by (2.16), is a zonal (i.e. K-invariant) function in V.
Furthermore,

H(zo) =1 and (¢,¢) = N1 (2.17)

Proof We already showed that ¢ is zonal. By (2.16) and (2.14) we see that ¢ € V. For all
g € G we have

No(xo) = ®(xg, z0) = P(g. 20,9 20)-

Hence, for all x € X we have

No(z0) = Z |fi(x

Integration of both sides over X yields

N N
=> (fif;) =Y 1=N, hence ¢(zo) = 1.
j=1 j=1

Next,

(6,6) = N/ (1, 20) B(z, 20) duo( ZZ/fZ ) F@o) T3 £ (o) du(a)

i,7=1

N N
=N Z fi(@o) fi(zo) 6ij = N2 Z fi(zo) fi(zo)
i,j=1 j=1
= N72®(zg,20) = N 1op(zo) = N~L. O

Theorem 2.8. Let V' be a G-invariant linear subspace of C(X) of nonzero finite dimension.
Let Vi be the subspace of zonal functions in V. Then:

a) 0# ¢ € Vg and dim Vi > 1.
b) If dim Vi =1 then the representation of G on V is irreducible and Vi is spanned by ¢.

Proof For the proof of b) suppose that the representation is not irreducible. Then V is
the orthogonal direct sum of two invariant subspaces V; and Va2 of nonzero dimension. Then
dim Vi > 2 by a). O
2.4 Zonal spherical harmonics (continued)

We continue §2.2, where we keep the notation of §2.1. It follows from Proposition 2.6 and
Theorem 2.8 that:

Theorem 2.9. The representation of O(d) on H,, is irreducible.
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The Lebesgue measure on RY induces on every (d — 1)-dimensional smooth submanifold a
surface measure, certainly also on S~1. We denote the surface measure on S?! by o. It is for
instance determined by the property that

= - rz)r¢ 1t do(z) dr .
[ tway= [ et io)a (215)

for all continuous L' functions on RY. Clearly, the measure ¢ on S¢~! is O(d)-invariant. There-
fore the normalized O(d)-invariant measure w on S9! is given by
1
dw = m do.
Let L?(S%1) := L?(S% ! w) and write the inner product in L?(S%"') as in (2.12) with
X =891

Theorem 2.10. If h,, € Hy,, hy, € Hp, and n # m then (hy, hy) = 0.

Proof Without loss of generality we may assume f,,, f,, to be real-valued. Then

Ohm, Ohy,
= hy Ahyy — by Ahy) dx = Ry ——— —)do =(m— By, o do.
0 /|$|§1( ) dz /Sdl( By ey ) o= (m-—n) /Sdl1 o

Division by m — n yields the required orthogonality. Above we used a formula by Green in

the second identity, where % denotes normal derivative. In the third identity we used that

6%]”(3:) =nf(z) (x € S9N if f is homogeneous of degree n on R%. O

_hm

Proposition 2.11. Let d > 3. Consider S%2 := {(x1,...,24) € STV | 21 = 0} as a subset of
SI=1 and let o' be the surface measure on S¥=2. Then, for all f € C(S91),

1
fdo = / / flter +VI=2a') 1= ?)3 B dtdo'@).  (2.19)
gd—1 z’'eSd=2 Ji=—1

Proof Let f € C.(R?%) (continuous with compact support). Then

/ fly)dy = / / flyier +y') dyr dy/
R y eRI-1 Jy;=—c0
| ] s o) dpao'@)
2'€84=2 J p=0 Jy1=—oc0
1 o)
= / / / f(rtq +rV/1—12 x’) (1 —2)2%2 4L g dt do' (2').
z'eSd-2 Ji=—1Jr=0
Here we used (2.18) (with d replaced by d — 1) in the second identity. In the third identity we
passed from integration variables y1,p to r,t by y; = rt, p = rv/1 — t2. The Jacobian of this

transformation can be computed to be r(1 — t2)_%. Now compare the above rewriting of the
integral of f over R? with the rewriting of this integral by (2.18). In particular we can make this
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comparison for f of the form f(rz) = fi(z)f2(r) (z € S%1, r € [0,00)). This yields (2.19). O

For d = 2 we trivially see that

2w

fdo= f(cosBey +sinbes)df = Z/ ter + (— )mez) (1—¢2)~ L

51 0 j=0,1
(2.20)
Corollary 2.12. let d > 2 and let f € C(S?') be zonal. Then

1
o= ——2d) / Flter+ VI=er) (1 - )32 a. (2.21)

a1 I(3d— 5I(3) J-

Proof Use (2.19) and (2.20) and the fact that f(te; + /1 — t22') is independent of 2’ € S92
if f is zonal. The constant factor in front of the integral on the right in (2.21) is obtained from

1 . 1g_ Iyl
/ (1— 1293 at = Dzd= TG 12)F(2). 0
1 I'(5d)
Theorem 2.13. Let f € H,. Then f is zonal iff, for the restriction of f to S%1,
1g_3 14 3
f(ter + V1= 122") = const. Py (e o1,1), o € 592, (2.22)

31
(d272d

3
Here Pp? 2)(t) is a Jacobi polynomial.

Proof For each n choose a nonzero real-valued zonal function ¢, € H, By (2.10) there are
constants ¢; such that

[57]
Pn (t61 +V1-t2 m’) = Gt (1 -2y
j=0

Hence ¢, only depends on ¢ and is a polynomial of degree < n in ¢, which we denote by p,(t).
By Theorem 2.10 and Corollary 2.12 we have

1
/ Pa(t) pm(t) (1 = 2252 dt =0 (n #m).
-1
Hence P 1ssequal to the orthogonal polynomial of degree n with respect to the weight function
(1—12)293 on (—1,1). O

Remark 2.14. By Theorems 2.8 and 2.13 and Proposition 2.7 the zonal function ¢ on S9!
associated with H,, by (2.16) is given by

<t€1+\/1—t2 )
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By (2.17) and (2.21) we must have

1 3
I'(1d) 1 p( d—3,5d—3) ; L 1
P / T, 31,3 () (1— 2303 gt = — (2.23)
F(2d 2)F(2) —1 P7§2 2792 2)(1) dl“lHn

This can indeed be independently verified by (1.53), (1.55), (1.56) and (2.6).

Exercise 2.15. Show, by a variation of Lemma 2.5 and its proof, that f € H,, is zonal iff

[5n]

Za] T (2 4 2y

with ( o 2)( 2+ 1)
n—2)+2)n—2)+ 1
o . =1,2,...
aj 2j(2n—2j +d—2) aj—1 (j y 45 a[Qn])
Conclude that
(ld—?ld—§ ) (1d Dn—j —9j
pl2tT22 3) _ t. 2)" 47,
n = cons g (n—2)) (2t)

Determine the constant factor by comparing the coefficients of " on the left and the right (use
the formula after (1.53)).
Exercise 2.16. Let d = d; + da (d1,d1 € Z~g). Consider O(d1) x O(dz) as the subgroup of
O(d) consisting of the block matrices (1(;1 19
2
Ty is a da X dy orthogonal matrix. Prove that the space of (O(d1) x O(dz))-invariant functions
in ‘H,, is zero-dimensional if n is odd and one-dimensional if n is even.
For the persevering, identify these (O(d;) x O(ds))-invariant functions in H,, with certain
orthogonal polynomials.

), where T7 is a di X dy orthogonal matrix and

2.5 Compact homogeneous spaces and reproducing kernels (continued)

As a preparation of the next theorem we prove the following lemma, which is related to Schur’s
lemma (Lemma 1.20) and to Definition 1.21 of equivalence of representations.

Lemma 2.17. Let G be a group and let m and p be irreducible unitary representations of G
on finite dimensional inner product spaces V. and W, respectively. Let A: V — W be a linear
bijection such that A is G-intertwining, i.e., Aw(g) = p(g)A for all g € G. Then there exists
A > 0 such that (Avy, Avy) = X vy, v2) for all vi,ve € V.

Proof Let A*: W — V be the adjoint of V', which is defined by the property that (A*w,v) =
(w,Av) for all v € V, w € W. Then A* is G-intertwining and hence A*A: V — V is G-
intertwining. By Schur’s lemma A*A = AI for some A € C. Then

<AU1, AU2> = <A*A’L)1,’02> = )\(Ul, ’U2>.
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Because of bijectivity, A # 0. By taking v; = vo we see that A > 0. O

In the remainder of this subsection let G, X, w, xg, K be as in §2.3.

Theorem 2.18. Let V,W be G-invariant linear subspaces of C(X) of finite nonzero dimension.
Suppose that the representations of G on' V and W are irrreducible, that dim Vi =1 (Vi being
the space of zonal functions in'V'), and that V # W. Then:

a) The representations of G on' V. and W are inequivalent.

b) V is orthogonal to W.

Proof For the proof of a) suppose that the conclusion is not true, so suppose that the rep-
resentations of G on V and W are equivalent. Then there is a bijective G-intertwining linear
map A: V — W. By Lemma 2.17, this map A can be taken such that (Ap, Aq) = (p,q) for all
p,q € V. Take an orthonormal basis fi,..., fy of V. Then Afi,..., Afy is an orthonormal
basis of W. Put

N N
®(2,y) = ij(x) fity),  ¥(zy) = ij(ﬂ?) Af;(y).

We have seen in (2.15) that ®(g.x,g.y) = ®(z,y) forall g € G. Similarly U(g.x,g.y) = ¥(z,y)
for all g € G.
The functions ® and ¥ are linearly independent. Indeed, we have for all f € V' that

f(y) = /X 5, 9) f() do(z),  (Af)(y) = /X T(wy) /() do(z)

(show it first for f := f;). So ® = ¢V with ¢ # 0 would imply that V' = W.

From this, together with G-invariance of ® and ¥, It follows that the functions z +— ®(x, zo)
and x — W(x,xzg) are linearly independent. But these two functions are both in V' and zonal.
This is a contradiction.

For the proof of b) consider the orthogonal projection A: V + W — V. This is a G-
intertwining map. Then A restricted to W gives a G-intertwining map A: W — V. By Schur’s
lemma A is bijective or A = 0. If A is bijective then the representations of G on V and W are
equivalent, which cannot be the case by a). Hence A = 0, so all w € W are orthogonal to V. [

Proposition 2.19. Let V be a G-invariant linear subspace of C(X) of finite nonzero dimension
N and with dim Vi = 1. Let ¢ be the zonal function in V' as defined by (2.16). Let dk be the
normalized Haar measure on K. Then

/Kf(k.ac) dk = f(zo)d(x)  (FEV, zeX). (2.24)

Proof Put fo(x):= [, f(k.z)dk. Then fo € V. Indeed, by Lebesgue’s theorem fy is contin-
uous on X. If h € L?(X) is orthogonal to V then, by Fubini’s theorem,

(fouh) = /K (k. f ) dk =0,

44



where the last identity follows because k=1 . f € V. Hence f is orthogonal to the orthoplement
of V, and therefore fy € V.

Furthermore, fp is zonal by right invariance of the measure dk. Since dim Vg = 1 we
must have fy = c¢ for some ¢ € C. In particular, fo(xo) = cp(xg) = c¢. So ¢ = fo(zo) =
Jic £k 20) dk = f (o). O

Theorem 2.20. Let V' be a G-invariant linear subspace of C(X) of finite nonzero dimension
N and with dim Vi = 1. Let ® and ¢ be given by (2.14), (2.16). Then we have the product
formula

N/ (k.z,y)dk = 6(2) (5) (2,5 € X), (2.25)

another version of which reads as
[ 6((arkan) a0) dk = (a1 20) 602 20) (o192 € G, (2.26)

Proof For the proof of (2.25) consider (2.24) with f(x) := N~'®(x,y). This function is indeed
in V. We obtain from (2.24) that the left-hand side of (2.25) equals N~'®(zq, y) ¢(x). Now use
that ®(zo,y) = ®(y,x0) = N ¢(y).

For the proof of (2.26) first rewrite the left-hand side of (2.26) and then apply (2.24):

N / (92-20), 91 " -x0) dk = N™'®(20, 97" . 0) ¢(g2 . 20) = N~ ®(g1 . w0, 20) $(g2 - 20),
which is equal to the right-hand side of (2.26). O

2.6 Applications of the abstract theory to spherical harmonics

We continue §2.2 and §2.4, where we keep the notation of §2.1. Consider first the applications
of Theorem 2.18 to the space H,. Since the space of zonal functions in H, has diemnsion 1,
Theorem 2.18a) would also prove the orthogonality of the spaces H, (see Theorem 2.10) as
soon as we have shown that H,, # H,, if n # m. Anyhow, if we know that the spaces H,, are
orthogonal then we know that H,, # H,, if n # m, and then we can also use Theorem 2.18b) in
order to conclude:

Theorem 2.21. The representations of O(d) on the spaces H,, are mutually inequivalent.

There are various other ways to prove this last result. First, for d > 2 we can observe from
(2.6) that dim H,, < dimH,, if m < n. Indeed, for d = 3 we have dim H,, = 2n+1 and for d > 3
we have

n+1)(n+2)...(n+d—-3)2n+d—-2)

(d—2)! ’
which is strictly increasing in n. Clearly, representations on spaces of different dimensions cannot
be equivalent.

dim'H,, = (
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For another, more conceptual proof of the inequivalence of the representations recall that
the polynomial (x; + iz2)™ belongs to H,. Consider also the group SO(2), embedded in O(d)
as the subgroup consisting of all matrices

cosf sinf O . 0
—sinf cosf 0 0
Ay = 0 0 1 0
0 o 0 1
0

For e, (z) := (w1 + ix2)"™ we have Ag.c, = ¢, so the restriction to SO(2) of the represen-
ind

tation of O(d) on H,, contains the one-dimensional irreducible representation Ay — €™ as a
subrepresentation. However, if m < n and 0 # f € H,, then we cannot have that Agf = " f
for all #. Indeed, we can expand f € H,, as

f(z) = Z Cmn,oogma (@1 + d22) ™ (21 — dxg) ™2y
mi+--+mg=m
Then

(Aof)(x) = > M (@ iwe) ™ (e — w22l
mi+---+mg=m

If we would have Ay f = €™ f for all § then
1

T 2r

27
f(x) / (Apf) () e df = 0

since m1 — mg # n for my,mg > 0 and my + ms < m < n.
We conclude that the representations of O(d) on H, and H,, (m < n) are inequivalent
because their restrictions to SO(2) are already inequivalent.

Put

P?’(Laﬁ)
R () 1= o ﬂ)(x) (2.27)
P(1)

and
1y 314 3
po(t) == RET22972) () = ¢<te1 +V1-¢2 x') (te[-1,1], 2’ € §4°2), (2.28)

where the second equality was given in Remark 2.14. Put also

2n+d—2)(n+d—3)

N, :=dimH, = T (d—2)! , (2.29)
where the second equality was given in (2.6). Then
®(z,y) = Nupal(z,9)) (2, €577, (2:30)
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Indeed, we can write y = T'ey for some T € O(d). Then
O(z,y) = @z, Ter) = (T 'z, e1) = N pu((T ™'z, 1)) = Nopu({z, Ter)) = Ny pu({2,9))-

Now we derive an integral representation for p, by applying Proposition 2.19 to the case
that V = H,, and f(x) = e,(x) = (x1 + iz2)". Note that €,(e;) = 1. Then (2.24) yields

/ en(T2) dT = §(z) = pu((z,e1))  (x € 5T°Y),
O(d-1)

where dT is the normalized Haar measure on O(d — 1). Put z := te; +/1 —tZey (t € [-1,1]).
Then (z,e1) =t and e,(Tx) = (t + V1 — 12 (Tez,e2))". So

pa(t) = / (t+iv/1 — 12 (Tey, e5))" dT.
O(d—1)

In general, for a continuous function F on [—1,1] and with o’ the normalized O(d — 1)-invariant
measure on S%2 we have

_ e TGd=h
/O(d_l)F(<T62,e2>)dT—/Sd_QF(@,ez))dw (z) = F(%d—l)lz(%) /_1F( ) (1 —u?)2972 du,

(2.31)
where we used the beginning of §2.3 in the first equality and (2.21) in the second equality. We
conclude that

I'(3d—1) /1
L(3d—1T(5) J
Finally we derive a product formula for p, by applying Theorem 2.20 to the case that

V =H,. From (2.25) (note that p,, is real-valued) and (2.30) we get:

/ Pa({T,9)) dT = po((z, €1)) pul((y,€1))-
O(d—1)

(t) = (t+iv/1— 2" (1 — u?)2972 du. (2.32)

Put z = se; +V1 — 522’ and y = tey + V1 — 2y (s,t € [-1,1], 2',y' € S?~2). Then
/ Dn <st +V1—s2y/1—t2(T7, y’>) dT = pp(s) pn(t).
0(d—1)

There are Ty, Ty € O(d — 1) such that 2’ = They, v = Thes. Then (Ta',y/) = <T2_1TT1€2,62>.
By left and right invariance of d1" we get

/ pn<8t+\/1—82 V1—t2 <T62,62>> dT = pn(s) pa(t).
O(d—1)

By using (2.31) we conclude that

R7(1 d— % %dfg)(s) Rn%dfg’%dfg)(t)
L(3d - 3) /1 (3d-3,4d-3)
=27 2 [ R st +v1—s2V/1—12u) (1 —u?)292du (233
rla—nrd) /), ( u) ( (2.33)
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Exercise 2.22. Show that, for d > 3, there is a convergent expansion

d
\61—mfld2 Zr"fn (0<r<1,zeR? |z| <1)

with f,, some homogeneous polynomial of degree n.
(Hint Use Taylor series on several variables.)

Show that Af, = 0 and that f, is O(d — 1)-invariant.
Compute f,,(e1). Conclude that

1 O (d—2 19314 3
_ Mpkd 234 2)(15) 0<r<l1, -1<t<1),
(1 — 2rt +12)27-!

1
) d_7
where PT(L ~33d3

)(t) is a Jacobi polynomial.
Exercise 2.23. Let X, V, 20, w, ¢ be as in §2.3. Let f € V. Show that f(x¢) = 0 iff (f,¢) = 0.

Exercise 2.24. Show that 6%1 sends an O(d — 1)-invariant harmonic homogeneous polynomial

of degree n on R? to a similar polynomial of degree n — 1. Use this to obtain a differentiation

(1d 3 1d 3) ( 3 1d )
formula sending the Jacobi polynomial P,?" 2’2 (t) to P2, 227 2(¢).

2.7 The addition formula
We continue §2.2, §2.4 and §2.6, where we keep the notation of §2.1.

Example 2.25. Let d = 2. If n € Z~¢ then dimH,, = 2 and H,, has basis (x; &+ iz2)". The
restrictions of these polynomials to S! are the functions

(cos B, sin ) — e,

They form an orthonormal basis of H,,. Then (2.14), for V := H,, and the orthonormal basis
just chosen, gives

®((cos b,sinby), (cos By, sin b)) := einbrg=inbz | o—inbygindy _ o cos(n(f1 — 6)).
Then (2.16) gives for the zonal spherical function:
¢(cos b, sinf) = cos(nb). (2.34)
Now define the Chebyshev polynomial of the first kind by
T, (cos ) := cos(nb). (2.35)
From the trigonometric identity

cos 0 cos(nf) = 5 cos((n+1)0) + 5 cos((n — 1)6) (n € Zso) (2.36)
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we see that T),(x) is a polynomial of degree n in z, and from the orthogonality
s
/ cos(m#@) cos(nf)dd =0 (m,n € Z>o, m #n)
0

we see that

1
/ To(@) Tu(z) (1 — %) 3 dz =0 (m £n). (2.37)
-1
So the polynomials T;, are special Jacobi polynomials:
! _1_1
To(z) = -2 piT272) (). (2.38)

Now (2.30) gives ‘ A o

T, (008(91 _ 92)) _ %(em&e—mﬁg + e—zn¢91 em92). (2_39)
Another orthonorlmal basis of H,, can be chosen by starting with the zonal function )
(cosf,sinf) — 22 cos(nf) and complementing it with the function (cos6,sinf) — 22 sin(nf).
Then (2.30) gives

Ty, (cos(61 — 62)) = cos(nby) cos(nbs) + sin(nb) sin(nbs), (2.40)

which is a well-known trigonometric identity when we rewrite the left-hand side by means of
(2.35). Formula (2.40) is a prototype of an addition formula because of the addition (or rather
difference) of 6; and 63 in the argument on the left-hand side.

It is also interesting to see the explicit realization of the product formula for d = 2. We start
with the formula just above (2.33), which becomes for d = 2 as follows:

/ T, <st VT 21— 12 (Tes, 62>> AT = T, (s) T (1)
o()

This can be rewritten as:
%(Tn (cos(61 — 02)) + Ty, (cos(61 + 92))) = T, (cosby) T,,(cos b), (2.41)

again a well-known trigonometric identity after rewriting by means of (2.35). Note that the
product formula (2.41) follows from the addition formula (2.40) by adding to (2.40) the identity
obtained from it by the substitution 8, — —0,.

Now we will work with H,, for general d > 2. Consider (2.30) with p,, given by (2.28), N,, by
(2.29) and @ by (2.14). Choose the orthonormal basis fi, ..., fn, of H, such that f; := /Ny, ¢n,.
Then (2.30) can be written as:

Ny,

pa((2,9)) = pal(@ 1) pa((y. 1)) + Nyt Y fi(@) fily) (2,9 € ST, (2.42)
j=2
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Observe that the product formula for p,, when written in the form of the first formula after
(2.32), follows from (2.42). First replace x by Tz (T € O(d — 1)) in (2.42):

Nn

pu({Ta,y)) = pa((z,e1) pal(y,e1) + N7t Y~ f5(T2) fily)  (ay € ST, T eO(d-1)).
j=2
(2.43)
Then integrate both sides of (2.43) over O(d — 1) with respect to dT'. We will arrive at the
mentioned product formula if we know that fo(dil) fi(Tz)dl' = 0 for j = 2,...,N,. This

follows from a slight extension of (2.24):

Proposition 2.26. Under the assumptions of Proposition 2.19 we have
[ fka) i = fa0) ola) = Nif. ) ole)  (feViaeX). (2.44)

Proof Write fo(x) for the left part of (2.44), as in the proof of Proposition 2.19. Then, by
(2.24), fo = f(xo) . Hence (fo,#) = N~ 1f(zo). On the other hand, by Fubini’s theorem,

(fo,0) = [ik™1 . f.0) dk = [ (f. k. ) dk = (f, ). =

So, indeed, we obtain from (2.43) again the product formula

/ Pa({T,9)) dT = po((z, 1)) pu((y,€1))-
0(d—1)

As we saw in §2.6, this product formula can be rewritten as (2.33). The integrand in (2.33)
can be seen, for fixed s,t, as a polynomial of degree n in w which is multiplied by (1 — u2)%d72

lg_91lq_
(the weight function for the Jacobi polynomials R(?d 22872)

. (u)). This suggests to look for an

expansion
(1d—3,1q-3) n (1d—2,1d—2)
Ry? 27 2 (st—i—\/l—s2 \/1—t2u> :an’j(s,t)Rj2 20 ().
§=0

From this expansion we see, by (2.33), that

(%d7%7

Fools,t) = RE4T22979) () R332 ).

Below we will find f, j(s,t) explicitly for other values of j. This will be done by choosing the
fj in (2.43) more specially, adapted to a decomposition of H, with respect to the subgroup
O(d—1).

Let £ € {0,1,...,n}. Let H) denote the space of harmonic homogeneous polynomials
h(za, ..., xq) of degree k.
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Lemma 2.27. There exists a nonzero zonal homogeneous polynomial ¢¥ € P,_j of degree k,
unique up to a constant factor, with the following property:

For all nonzero zonal f € Py_i and for all nonzero h € H; we have that A(fh) =0 iff f = cok
for some nonzero c.

Note that Proposition 2.6 is the special case k = 0 of the above lemma.

Proof of Lemma 2.27.
Put p:= /23 +...+ a:?i. Let f € P,,_i be nonzero and zonal. By Lemma 2.5 we can write

(3 (n—k)]

flx) = Z cjm?fkﬂjpgj (z € RY). (2.45)
§=0

Let h € H). be nonzero. Clearly, fh € P,. We have

b o 92 wboi (0% d—2 d dp% Oh
A2 %) = 71:5372 pPh )R (((‘3/}2+ P > >h—|—2x1 k- QJZ P
1

ox; Ox;

—(n—k—-2)(n—k—2j— 1)z} "% 2p2jh+2j(2j+2k+d—3)x’; K24 5202,

where we used that .
P 2; 2 _ 2j—2
2_2 —8 E xl i = 2jkp h

(since h is homogeneous of degree k in xo, ... ,xd). Then we find for f given by (2.45) that
A(fh) =0 iff
n—k—2j—2)(n—k—2j—3)

G=- 2j(2j + 2k +d—3) -1
Hence there is a one-dimensional space of functions f as in (2.45) such that A(fh) = 0. This
space is independent of the choice of h, it is only dependent on k. ]

Proposition 2.28. Let ¢& and H;, be as in Lemma 2.27. Then:

a) We have
oF (teq + m = const. (1 — t2)%k Pé%i_%+k’%d_%+k) (t) (t e [-1,1], 2’ € §972).
(2.46)
b) The subspaces ¢F Hj, of Hy are mutually orthogonal.
¢) dimH, =) ;_,dimH}
d) There is the orthogonal direct sum decomposition H, = éqﬁﬁ H)..
k=0
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Proof For a) let w be the O(d)-invariant measure on S9! and w’ be the O(d — 1)-invariant
measure on S?2. By (2.19) and (2.21) we have

I(ig—1
dw(z) = % (1—t2)%d*% dt dw'(z) (x=ter+V1—t22, t € [-1,1], 2’ € §972).
I'(3d - 1)I(5)

Take 0 # h € H), and f, := ¢¥ h. Then
falter + V1 —t22') = ¢F (teg + V1 — 22/) h(\/1 — 22)
=ph(®) (1 =) h@)  (te[-1,1], 2’ € 9772

for some nonzero polynomial pf’l of degree < n — k. By orthogonality of H,, and H,, (n # m)
we get

_ B F(ld— l)
0= i fa(x) fm(x) dw(z) = m
A (- B A () (1~ PR (1 - ) ded )
g /17’65"12 /t_ pn( P
r'(id—1 ) o
— F(;EZQ—I)I%E%) /Sd2 |h(x’)|2 dw’(x/) /_lpfz(t)pﬁz(t) (1 _ t2)§d_§+k dt.
Hence

and we conclude that L s
Y lq—
prt) = const.PT(Lik 2o

For b) let hy, € H},, hy € H (k #1). Then

(t). (2.47)

= rol=
S~—

— I'(id - 1
/ OF by, @ by dw = S: T / ph(t) ply () (1 — £2) 334K+ gy
Sd—1 5) -1

T(zd — DI

For c) use (2.6):

2 -2 - 3)! 2 —4 — 4)!
dimHn_dimHn_lz(n+d J(n+d—3) _(n+d )(n+d )

n!(d—2)! (n—1)!(d—-2)!
_ @2n+d-3)(n+d-4)) . _,
= T (d—3) = dimH,.
Finally, d) follows from b) and c). O
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Let us refine (2.42) by a special choice of the orthonormal basis functions f;. First put
r=se1+V1—s2a andy = te; +V1 — 12y (s,t € [-1,1], 2/, € S972). Then (2.42) becomes

pn<st+\/ 1—s2y1—1¢2 <33/,y/>) = pn(8) pu(t)+N, ! Zf] se1+V1—s22') fi(ter + V1 —12y/).

(2.48)
Now choose the f; corresponding to the orthogonal direct sum decomposition of H,, in Propo-
sition 2.28 d). Choose an orthonormal basis hy; (j = 1,2,..., Nj = dimH}) for H}. Let p&(¢)
be as in (2.47). Then the functions

ser +V1—s22" — (c 2pn()(1—32)%khk7j(a;’) (k=0,1,...,n, j=1,...,N})
with normalization constants ch given by

rid- )

1
J— # k s 2 *82 %d_g'i‘k s .
SESErEsy ey [ Gk a-syithas .

form an orthonormal basis of H,,. With this basis formula (2.48) takes the form

pu(st+ V1= VI 2 (2,y))) = pul(s) ()

1 1
+ N, 12 cr py(s s%)2% pi(t) kzhk,J ) e j ()
Now we apply (2.30), (2.28) with d replaced by d — 1 to the inner sum on the right-hand side
above. Then this inner sum will be equal to N}, R,g d-25d- 2)(<a:’ ,y')). Since in the resulting

identity 2’ and 4y’ only occur in the form (2/,y’), we may put u := (z/,y’) and we arrive at the
addition formula

_§1_3 _3 14 3 1y 314 3
R4 2 )(st+\/1—52\/1—t2 u) =R (39722073) () gad3343) ()

N1§ kN 1= s2)Bk pk(p) (1 — ¢2)8k gl3d234
+ n Cn kpn( )( S) pn()( ) k
k=1

Now use (2.47), (2.49), (2.27) (1.53), (1.56) in (2.50). Then we have proved the case a =

0, %, 1,... of the following:

(u). (2.50)

Theorem 2.29 (addition formula for Jacobi polynomials P,Ea’a)). Forz,y € [-1,1] and a > —%

(and by suitable analytic continuation for more general complex values of x,y, ) we have:

- +k)(n+2a+ 1) (2a+ 1)k (n—k)!
P (ay+ V-2 /T= g2 t) =3 @
(y v Vi-y ) kzo 22 (o + Lk) (a + D)p (a + 1),

« P(azk satk) (l‘) (1 B xQ)%k Péi;gk,cwrk) (y) (1 B yQ)%k Plga—g,

n

D). (2.51)
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Proof Fix n,x,y,t. Both sides of (2.51) are rational functions of o (quotients of two polyno-
mials in ). We know that the formula is true for v € $Zx0, this is for an infinite number of
values of . Hence the formula is valid for all a € C (outside the poles). O

Exercise 2.30. Show that differentiation of both sides of (2.51) with respect to ¢ yields the
same formula with a, n replaced by a+1,n—1, respectively. Conclude that (2.51) would already

follow in general if we know its special case a = 0 (i.e., the case obtained by an interpretation
on S?).

Exercise 2.31. Divide both sides of (2.51) by y™ and let y — oco. Show that the resulting
formula is

B i* (a4 k) (20 + 1) n!

(:z:—i—i 1—:c2t> —§2k(a+ék)(a+%)k(a+1)n

1l
x PLtkath) (g (1 g2)3h ploT
Show that (2.32) (even for real d > 2) is also a consequence of (2.52).

2.8 Compact Gelfand pairs

In this subsection G will be a compact group with normalized Haar measure dg and K will be
a closed subgroup of G with normalized Haar measure dk. Let G be the set of all equivalence
classes of finite dimensional irreducible unitary representations of G. For each 7 € G we choose
in the equivalence class a concrete representation m on a linear space V. Let

dy :=dimVy,  cp:=dim{veVy|Vke K n(kjv=1v}, (G/K)\:={reqG|cy#0}.

So ¢ is the dimension of the (evidently linear) space of K-fixed vectors in V. Also 7 € (G/K)~
iff V; contains a nonzero K-fixed vector.

Definition 2.32. The pair (G, K) is called a Gelfand pair if ¢, <1 for each 7 € G.
For m € G with ¢; = 1 choose a K-fixed vector vk € Vy with |lvk || = 1 and define the spherical
function ¢, by

On(9) = (n(9) v, vx) (9 € G). (2.53)

Note that the definition of ¢, is independent of the choice of v

The following properties of a spherical function ¢, are seen directly:
a) ¢ is a continuous function on G.
b) ¢, is K-biinvariant, i.e., ¢r(k1gks) = ¢r(g) for all ki, ks € K, g € G.
c) ¢x(e) =1.

For the proof of two further properties we need a lemma:
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Lemma 2.33. Letc, =1, v € V,. Then
/ w(k)vdk = (v,vk) vk. (2.54)
K

Proof Put vy := [ m(k)vdk. Then vg € V and n(k)vg = vo for all k € K by left invariance
of the Haar measure on K. Hence vg = cvg for some ¢ € C. So

c = (vo,vK) = /K<7r(k)v,vK) dk = /K<U,7T(]{31)UK> dk = <v,vK)/ dk = (v,vE). O

K

Proposition 2.34. Let ¢, = 1. Let f be a K-bitnvariant function on G which is a linear
combination of functions g — (w(g)v,w) (v,w € Vz). Then

f= f(e> G- <2'55)

Proof It is sufficient to show that f = ¢ ¢, for some ¢ € C. We can write f(g) as a finite sum
of terms (7(g) vj, w;) (vj, wj € Vy). Then

//f 5 Lgky) dky dky = Z// ky Lgky) vy, w;) dky diy

Z (k) vj dhy, [ m(ke) wy dka) = 32 vy, vk) {(wy, vi) (m(g)vic, vic) = € e (g).

In the forelast equality we used (2.54). O

Theorem 2.35 (product formula for spherical functions). Let c¢; = 1. Then
| rlorken) dk = o) 6nen) (1.0 € ). (2:56)

Proof For fixed g; the function f: gg — fK ¢ (g1kg2) dk is K-biinvariant and
[ O=(g1kg2) dk = (m(g2) vi, [se w(k™1) 7(g97 ") vi dk). Hence we can apply Proposition 2.34.
Then (2.55) yields:

/K¢7r(91k92) dk = f(g2) = f(e) ¢x(g2) / br(g1k) dk) br(92) = dx(g1) P (g2)- O

For another characterization of Gelfand pairs we need the concepts of convolution and Fourier
transform of functions on a compact group G. The convolution product fi * fa of fi1, fo € C(G)
is defined by

(f1* f2)(g / fi(g1) f2(91 " 9) dgn (g €@). (2.57)

Then fi * fo € C(G) and one can show associativity:
(frxf2) x f3 = f1* (f2% f3).
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However, if the group G is not commutative then the convolution product is usually not com-
mutative.

For each 7 € G choose an orthonormal basis €1,...,eq, of Vi with corresponding matrix
elements m; ; (4,7 = 1,...,ds) of m. The functions (dﬂ)% T (T € @, i,j=1,...,d;) form an
orthonormal system in L?(G) (see Theorem 1.22), and they form an orthonormal basis of the
Hilbert space L?(G) by the Peter-Weyl theorem.

The Fourier transform of a function f € L?(G) is defined as a “function” fon G such that
J?(7r), for m € CAT’, is a linear operator on V; with matrix elements

(Fmesoed = (Fm),y = [ ) mista) do (2.58)

By elementary theory of general Hilbert spaces we can recover f from fby

dr dr dr

F9) =YY de(f(m), ;mig(@) =Y de > (F(m),;malg™) =Y de (M) 7(g™"),,
ne@ Li=1 re@  Hi=1 reG 0=l

=Y detr (fmm(g™) (g€, (2.59)

where the sum is convergent with respect to the L? norm. R R
We also see for f € L(G) (in particular for f € C(G)) that f = 0iff f(7) = 0 for all 7 € G.

Proposition 2.36.
(fr# f2)"(m) = film) folm)  (f1, 2 € C(G), w € G). (2.60)

Proof
(et @)y = [ o) hlor) misto) dor do

= / filgr) fo(g7 ' 9) mi i (9) dg dg
g

1€G JgeiG

- / / f1(g1) fa(g2) 7, j(g192) dga dg:
g1EG Jg

1€ 2 €G

/ 1(91) iy 91)d£/1/ f2(g2) m,5(g2) dgo
g1€

g2€G

where we used Fubini’s theorem in the second equality and made the substitution of inner
integration variable go = g; g in the third equality, also using there the left invariance of Haar
measure on G. 0
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Let C(K\G/K) denote the space of K-biinvariant continuous functions on G. It follows
from (2.57) together with the left invariance of Haar measure on G that

fi. fo € C(K\G/K) = fix fo € C(K\G/K).
Theorem 2.37. (G, K) is a Gelfand pair iff fi1 * fo = fox f1 for all fi, fo € C(K\G/K).

Proof For 7 € G we can choose the orthonormal basis et,...,eq, of V; such that e; is K-fixed
if 7 < ¢r. Now consider e; with j > ¢;. Then (k) e; is orthogonal to e; (i < ¢;) for all k € K.
Hence [} w(k) e dk is orthogonal to e; (i < cr), but this vector is also K-fixed. Hence, because
the dimension of the K-fixed vectors in Vr equals ¢r, we must have [ w(k)e;jdk =0 (j > ¢x).

Now let f € C(K\G/K), 7 € G. Then

(fm),, = /Gf(g) mi5(9) dg

- /G /K /K Flhkaghi) w5 (g) iy iy dg
_ /K /K /G f(kaghi™) m 5(g) dg dky diy

_ /K /K /G F(g) i (k3 ghr) dg dky diy
= [ [ ] #0) (o) i) eyl ) s o d

- /G £(9) (n(g) fye w(kr) €5 dkn, [ m(hka) e: dly) dg,

which is zero if i > ¢; or j > c;.

Now assume that (G, K) is a Gelfand pair. Then ¢z = 0 or 1. Let f1, fo € C(K\G/K).
Then fi(n), fa(m) are zero matrices if ¢; = 0 and they are matrices with all entries except
possibly the 1,1 entry equal to zero if ¢; = 1. In both cases f1(m) and fo(m) commute. But then
(fi* fo— fox f1)"(m) =0 for all m € G. Hence f; x fo — fox f1 = 0. R

Conversely, assume that (G, K) is not a Gelfand pair. Then there is a 7 € G such that
¢r > 1. For this 7 consider m 2 and 73 1, which are both in C(K\G/K). Then

dr

(1,2 % 72,1)(g) = /GW1,2(91)7T2,1(91_19) dg1 = ;(/G 7Tl,z(gl)7T2,j(91_1)dgl)ﬁj,l(g)
dr dr
=>( /G m12(91) T2(91) d1 ) 51(9) = D (de) 015 11 (9) = ()~ mra(g):
j=1 j=1

Similarly, (w21 * m12)(9) = (dr)~1 m2,2(g). Hence w9 % mo1 # a1 * m12. So the convolution

algebra C'(K\G/K) is not commutative. O

The following sufficient condition for (G, K) in order to be a Gelfand pair is often useful.
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Theorem 2.38. If there exists a continuous group automorphism o: G — G such that o(g) €
Kg 'K for all g € G, then (G, K) is a Gelfand pair.

Proof By uniqueness of the normalized Haar measure on (7, this measure is invariant under o.

Also, f(o(g)) = f(g7!) for f € C(K\G/K), g € G. Hence, for fi, f» € C(K\G/K) and g € G

we have:

(frxf2)(g™") = (fr fo)(o /fl 91) fa(gy? ))d91:/f1(0'(91))fz(U(gfl)U(g))dm
= [ he) e s = [ Ata'e™) hle) o = (o (a7,

So (G, K) is a Gelfand pair by Theorem 2.37. O]

Example 2.39. Let G := O(d), K := O(d — 1) and A the subgroup of G consisting of the
matrices

cosf —sinf@ 0 ... O
sinf cosf® 0 ... O

Ag:=| 0 0 1 0 (0 <6< 2m).
0 0 0 1

Then any 2 € S?~! can be written as = T} Age; for some Ty € O(d — 1), 6 € [0, 71]. Hence any
T € O(d) can be written T' = T} AgT> for some T1,T> € O(d—1), § € [0,7]. So G = KAK. Let
J be the d x d diagonal matrix with diagonal elements —1,1,...,1,s0 J € O(d) and J = J~ 1.
Define a continuous automorphism o of O(d) by o(T) := JTJ. Then o(T) =T if T € O(d —1)
and o(Ag) = A_g = (Ap)~*. Hence, for T = Ty ATy with Ty, Ty € O(d — 1) we have

o(T) = o(T1AgTy) = T1(Ag) ' T = T ' T To € O(d — 1) T O(d — 1).

So (O(d),O(d — 1)) is a Gelfand pair by Theorem 2.38.

It can be similarly proved that (SO(d), SO(d — 1)) is a Gelfand pair if d > 3. Of course, if
(G, K) is a Gelfand pair and K is a closed subgroup of G with K; D K, then (G, K1) is also a
Gelfand pair. For instance, (O(d),O(1) x O(d — 1)) is a Gelfand pair.

Exercise 2.40. Let G be a compact group. The group G x G acts continuously and transitively
on G by (g1,92) - 9 = 91995 -

a) Show that the stabilizer subgroup of e € G in G x G equals the diagonal subgroup
G1:={(9,9) | g€ G} of G x G.

b) Show that for each 7 € G the span Wy of the matrix elements 7;; is a G X G invariant
subspace of C'(G) and that the subspace of Gp-fixed functions in W is one-dimensional
and spanned by the character x.(g) := tr7(g).

c¢) Find the product formula for the characters x, as in (2.25) or (2.56).
d) Show that (G x G,G)) is a Gelfand pair. (Use for instance Theorem 2.38.)
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Exercise 2.41. Show that the following pairs (G, K) are Gelfand pairs.
a) (O(dl + dQ), O(d1> X O(dQ))
b) (U(di +d2),U(d1) x U(dz))

¢) (Sm+n,Sm X Sp), where S, is the symmetric group in n letters.

2.9 Connecting the analysis on compact homogeneous spaces with the anal-
ysis on compact groups

We keep the notations of the beginning of §2.8. If 7 € G and 7 = (Ti5)ij=1,..d
an orthonormal basis of V. then put

mi(9) = mij(g) =ma(g™")  (9€@), (2.61)

where we used in the second equality that we are working with unitary matrices. Then 7* is
again an irreducible unitary representation of G, called the contragredient or dual or complex
conjugate of .

Define the left regular representation A and right reqular representation p of G on L%*(G) by

ADH9) = flg7 ), (p@) ) = flarg)  (f € L*(G), g,91 € G). (2.62)

These are indeed unitary representations of G and they are weakly continuous: the functions
sending g to

with respect to

T

/f1(9_191)f2(91)d91 and /fl(glg)fz(gl)dgl
e G

are continuous (prove this first for fi, fo in the dense subspace of continuous functions with
compact support).
Now let 7 € G and 7 = (7i5)ij=1,....d, With respect to an orthonormal basis of V. Then

s

(Mg)mi ) (g1) = mii(g ' 91) Zm (1) ZW“ 9) 7.5 (91)-

Hence, for fixed j =1,...,d; we have
Omig =Y mig)my (=1, dr). (2.63)
1
Note that the functions dzm; j (i = 1,...,d;) form an orthonormal basis of the linear span W; ()

of the elements in the j-th column of the matrix (7 ;)i j=1,..4,. Thus Wj(7r) is an invariant
subspace of L?(G) under the representation A of G and the restriction of A to W; () is equivalent
with 7*. We conclude that, corresponding to the orthogonal direct sum decomposition of Hilbert

space
dr

- D(Dwim)

G J=1
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we have a direct sum decomposition of unitary representation into irreducible representations:

A—@(@ - P dor.

reG@ J=1 el

For m € G choose the orthonormal basis e1,...,eq, of Vr such that e; is K-fixed if j < c,.
Let W(m) be the linear span of the m; ; (i, =1,...,d;). Then f € W(x) and right invariant
under K iff f € &2, W;(m) (see the proof of Theorem 2.37). Let L*(G/K) = {f € L*(Q) |
f € L?*(G) and right-K-invariant}. Then we have an orthogonal direct sum decomposition of
L*(G/K) and a corresponding direct sum decomposition of A restricted to L?(G/K):

LG/K) = P (@ W( ) (2.64)

me(G/K)™ j=1
Nejw = B (@ = B e (2.65)
me(G/K)™ j=1 me(G/K)™
We conclude that the following are equivalent:
a) (G, K) is a Gelfand pair.
b) ¢g =1forall w € (G/K)™

¢) Each m € G occurring in the direct sum decomposition of A on L2(G/K) has multiplicity
1 in this decomposition.

Now let G, X, w, xg, K be as in §2.3. Then the map
f= (9= flg.20)): L*(X) — L*(G/K)

is an isomorphism of Hilbert spaces and it is intertwining for the action of G on L?(X) and
the representation A on L?(G/K). Thus the decompositions (2.64), (2.65) can be rewritten as
decompositons for L?(X) and the representation of G on L?(X). We conclude that the following
are equivalent:

a) (G,K) is a Gelfand pair.

b) Forallm e € occurring in the direct sum decomposition of L?(X) into irreducible subspaces
under G we have ¢, = 1.

c) Each 7 € G occurring in the direct sum decomposition of L?(X) into irreducible subspaces
under G has multiplicity 1 in this decomposition.

An important class of compact Gelfand pairs is given by the compact symmetric pairs (G, K).
Here GG is a compact connected semisimple Lie group and K is a closed subgroup of G which is
maximal in the following sense: if K is a closed subgroup of G such that K C K; # G then
the Lie algebras of K and K3 are isomorphic.

60



A compact Lie group G is called semisimple if its Lie algebra g has the property that the
bilinear form (Killing form)

B(X,Y):=tr((adX)o (adY)) (X,Y €g)
is negative definite. Here the linear map ad X: g — g is defined by:
(adX)(2):=[X,2] (X,Zcg).

For instance, the compact group SU(n) with Lie algebra su(n) is semisimple, but the compact
group U(n) with Lie algebra isomorphic to su(n) @ R is not semisimple.

For a compact symmetric pair (G, K) it can be shown that G has a closed connected abelian
subgroup A such that G admits the Cartan decomposition G = K AK and there is a continuous
group automorphism 6 of G' (Cartan involution) such that 6% = id, 8| = id and (a) = a~*
(a € A). The group A is isomorphic with a torus T". Here r is called the rank of the symmetric
pair.

The following table gives a classification of the compact symmetric pairs of rank 1. As
already mentioned, compact symmetric pairs are special cases of compact Gelfand pairs. On all
compact symmetric pairs of rank 1 the spherical functions turn out to be Jacobi polynomials

R&a’ﬁ ). The table also lists a, 8 for the Jacobi polynomials occurring as spherical functions.

G K « I6]
SO(d) SO(d-1) 3d—3 3d—3
SO(d) S(O(1) x O(d — 1)) %d 3 -4
SU(d) S{UQ1)xU(d-1) d—2 0
Sp(d) Sp(l) x Sp(d—1) 2d—-3 1

Fy Spin(9) 7 3

The first line gives for G/K the sphere S%~!, which case we have extensively studied. For
the second, third and fourth line G/K is a real, complex and quaternionic projective space,
respectively. The case (Fy, Spin(9)) is exceptional; for this case there is not an infinite family.
Here Fy/Spin(9) is the Cayley elliptic plane.

2.10 Riemannian manifolds and invariant differential operators

A Riemannian manifold is a C*° manifold X on which a line element ds is given which takes on

an open subset U of X with local coordinates (z!,...,2") the form
Z i.j(z) dz" da’ (xel), (2.66)
i,j=1

where g;; € C®°(U) and the matrix (g;;(x))ij=1,..n is real symmetric positive definite for
each * € U. Under a local change of coordinates (z!,...,2") — (y!,...,y") the line element
transforms as

81‘ O’
Z Z gij(x dy® dy'. (2.67)

.k
k,l=11,5=1 8 8y
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We call (g;,;) the metric tensor. A C* curve y: t — z(t): [0,1] — U has length

1 i i 1
L) = [ (Shomatao) 2 ) (2.68)

In an evident way, this definition can be extended to curves not included completely within
one coordinate neighbourhood. A connected Riemannian manifold becomes a metric space by
defining d(a,b) as the infimum of all L(vy) with v a curve connecting a and b.

Still for local coordinates put

-1
‘g‘ = det(gi,j)a (g ’])23 1,..,n = ((gi,j)i,jzl,...,n) . (269)
Then a measure on X is obtained from the volume element
= |g|%dx1...d:c". (2.70)

Also a second order partial differential operator A on X, the Laplace-Beltrami operator, is

defined by

1 e 0 1 0

A:=|g|"2 o g2 g™ —. 2.71

917> > grelal? g™ 55 (2.71)
i,j=1

We will use these concepts in the observation that a diffeomorphism ® of X which preserves

the line element, also preserves the volume element, while the differential operator A will be

invariant under ® (i.e., ®.(A(f)) = A(®. f), where (®. f)(z) := f(®~(z))).

Example 2.42. Consider R? with elements = (x1,...,74). Then R? becomes a Riemannina
manifold if we put for the line element ds?> = dz? + -+ + dx?l. Then clearly the volume element
is dxq...dzgq and the Laplace-Beltrami operator is A = 9%/9z% + ---8?/0x2. Let ds' be the
restriction of the line element to the submanifold S?~!. For 0 # z € R? write z = rz’ (r > 0,
2’ € S?71. Take (unspecified) local coordinates @}, ..., 2/, | on S?!. Then use r,a},...,2} |
as local coordinates on RY. Since ds is invariant under orthogonal transformations 7" and S9!
is also invariant under such 7', the line element ds’ on S?! will be invariant under 7. Hence
also the volume element do’ and the Laplace-Beltrami operator A’ associated with ds’ will be
invariant under 7.
Now we have

ds® = dr? +r? ds”, lg| = 22 |4|, dp(x) = r Y drdy/ (). (2.72)
Furthermore,
(1 0 i (1 0 >
(gl,J) <0 7"2 (g;,])> ’ (.g ) 0 7”72 <gl’L,_]) :
Hence,
—d+1 -t (9 a1 A1 1t —2 4ij O
A=r +mw2Q;or ik +z]1570r 915" )
0? d—1 3 1 4 nl i O
- 5 5 J .
52t % E Z:: olgl>g 57
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Hence
# d-19 LN

A= —+4—— — 2.
or? * r or r? (273)
Now let A act on C* function f which is homogeneous of degree n, i.e.,
flra")y =" f(2') (r>0, 2’ € §971).
Then
? d=190 1  N\Nomoes
M) = (G + =g + @ &) @)
= 2 (A' +nn+d— 2)) f()).
In particular,
Af(x) =0 <= Af@@')=-nn+d-2)f). (2.74)

So a spherical harmonic of degree n, restricted to S%!, is an eigenfunction of A’ for the eigen-
value —n(n +d — 2).

If (G, K) is a compact symmetric pair then it can be shown that X = G/K is a Riemannian
manifold with line element invariant under G' (X is then called a compact Riemannian symmetric
space). Then the Laplace-Beltrami operator A on X is G-invariant. Then it can be shown that
the spherical functions, considered as functions on X, are C'*° functions which are eigenfunctions
of A. If (G, K) is a compact symmetric pair of rank one then the spherical functions are, up to a
constant factor, characterized as the K-invariant eigenfunctions of A. If the rank is greater than
1 then it can be shown that the algebra of G-invariant differential operators on X (including
A) is commutative and that the spherical functions are, up to a constant factor, characterized
as the K-invariant joint eigenfunctions of the G-invariant differential operators on X.
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