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(n2) k n-2k
-n/2, (1-n)12 Gy Gx)
H,(x) = @x)" . 2F0( ;-1/)(2 ) = 8! é) (n-2k)! k!

Orthogonal on R with respect to the weight function x — e-x?
i -x? R
J' HoGIl x) e dx = 8n‘m /m 2 n!

oo

n
2 Ha(x) % = c‘.’xu-uz
-~ !
n
2 d. .9
ChPe™ J () = gx—" e

Hps1(x) = 2x Hp(x) - 2n Hp.p(x)

yoa2xy & 2nvy = 0

Sce 6], [10], (1], [13], [17)




LAGUERRE

(@) (a+1) e D, neay (g6
For g >c) Loy = ngn'l‘(a+1’x)=z(n-k)T

Orthogonal on R, with respect to the weight function  x —s x%e™* :

o+ H— r\("‘ﬁ‘dﬂ )

J' Lf]a)(x) Ll(:)(x) x%eXdx = §
n!
0

n.m

oo -xu/l-u
z Lf‘a)(x) at e _C_l_
n=0 (1-u) =0

(@) (@) (@
(M+DL (0 = (xe2n+a+)) L (x) - (n+a0) L)

)(X) = _(% {xn+a e-X}

(a
n! x%e-x L,
5 dx

xy" + (@+1-x)y' + ny =0

(-12)

(12) >
uzm(x) : (_l)m 22m St l,m (x2), 1 m . 2m+l (x3)

(x) = (1) 2 m!x L

2m+! :
Sce (6], [10], [11],[13],[17)




CHARLIER

n X
For a>0, €plxa) = aFo " 1) = g) (:)(k) k! (-a)k

Orthogonal on Z, with respect to the weight function x — a¥/x! :

oo ‘k : :
> EakcC k) St Gaaly
k=0 !

o0 n
g(') Cotxia) 5 = eu (1-2)
n

a
X3 Cnet(x;a) = (n-x+a) Cp(x;a) - nCpy(x:a)

Sce (6], [10], [11], (131, 117)




KRAWTCHOUK

-n,-x

ForO<n<N, Kyx;p,N) = 2F (_N;l/p) whereO<p<1 and g=1-p

1

N
Orthogonal on {0, 1, ..., N} with respect to the weights x — (x ) pX gN-x:

N N 8n,m N p n
Z’o Kn(x) Km(x)(x)Px giix = n, where mp = (n)( /q)
x

Kn(x) = Kx(n) Kn(x; p, N) = Mqu(x; -N, -p/Q)

(N-mp (Kne1(x) - Kn(x)) = nq(Kn(x) - Kn.1(x)) - x Kn(x)
(N-x)p (Kn(x+l) . Kn(x)) = -npKp(x) - nq Kq.1(x)

Sce [6], [10], (11], [13],(17)




MEIXNER

-n,-x n n ]
e b 0heniBo s R 1 D) D G Bl
k=0

e@®,
X

X:

Orthogonal on Z, with respect to the weights  x —

k

& c(B) - &
> Mk) - M, (k) Tﬁ =8, m @ i (B)%
k=0 :

oo n X s
> BaMei= < (-2) d-0)™"

n=0 .

xMj(x) = an My (x) - (ap+cpy) M(x) + cn Mpa(x)
where an=(1-1/c)'! (B+n) and ¢p = (c-1)1n

Sce (6], [10], [11], [13]), [15], (17)




(a.B) (a+1)
PnaB(X)= = L i59

S P2
n={)

(-2)n n' (l-x)OL

(a.B)
aB(

P0 X)

2n(n+a+B)(2n+a+fB-2) P:]a'B)(x)

. 1-x ]
Fl( a+! ’T =_nz

]
j P;G'B)(x) Pi,a'B)(x) (1-x)“(1+x)de =8 m =
-1

JACOBI

-n,n+a+f+1 n (n+u

(x 1) (x+l)
2 k=0

Orthogonal on [-1,1] with respect to the weight function  x — (1-x)@ (1+x)B:

70+B+l

F(n+a+ 1) (n+p+1)
n!2n+o+B+1)M(n+a+p+1)

n.m

P R (1-u+R)® (l+u+R).ﬁ where R = v 1-2xu+u?

n
a+x)? P B( y = bt (1+x)"*B}
dx"

(a.B)

=] Pl (x)= %(Q+B+2)X + —;(a-B)

= (2n+a+B-1){(2n+a+B)(2n+a+B-2)x +a?-p2) PS{B) - 2(n+a-1)(n+B-1)(2n+a+P) P::_]z'ﬁ)

(1-x2)y" + [B-a-(@+B+2)x]y' + n(n+a+B+1)y = 0
A 2A A-172,A-1 S0 S
Gegenbauer = C,(, )(x) = (—)"— f, 5 m(x) 2 Cf] )(x)u" = (1-2xu+u2)>'
(A+1/2), !
Tchebichef :
1 cn. 2n 2011 200) )
T2 Py i) U= RIE R

Legendre :

0,0 (12)
Pix) = P (x) = €. (x)

Sce [6], [10), [11],[13],(17)




MEIXNER-POLLACZEK

: 2 : -na+ix :
P,(:)(x;Q)) = (ni')" R 2F1 ( e l_c-2|¢) where a>0 and O<¢ <

Orthogonal on R with respect to the weight function x —— e(2-7)x . |[(a+ix)I2

i1¢ -a+ix
Z P:‘a)(x;@un = (l-uc.) :
n>0 (l-ue-w)a“x

; using
= (142ucos+u2)@ e2*acun | l+ucos¢]

(a) ;
P (x;9 = 2[(n+a-1)cos ¢ + x sin ] Pr(i)](x;@) : (n+2a-2)P::)2(x;¢>)

Sce [6], (10], [11], [13], [16], [17]




DUAL HAHN

-n, -x, x+y+8+1

ForO<n <N, Ra(A(x); v, 8, N) = 1F5( SN 1) where A(x) = x(x+Yy+8+1)
Orthogonal on (0, 1, ..., N} with respect to the weights

(Y+3+1), - (y+5+3)2), - (Y1), - N, - (-1)
x! - ((YR0+1)2), (Bt} - (Y+8+N+1),

X — wx) =

Y

N (y+8+2)N n!(g(-8+1)n Lok k
Ra(A(k) Rp(A(k) w(k) = &
gb n(A(K)) Rm(A(k)) w(k) n,m (B+1), (@+1), (y+1), Wm/(

bt

Bn - Rps1(A(x)) = (Dp+Bp-A(x)) Rp(A(x)) - Dy - Rn.1(A(x)) for 0Sn<N-1

where B, = (N-n) (y+14n) and D, = n(N+8-n+1)

Qn(k; a, B, N) = Ry(n(n+a+B+1); a, B, N)

Sce [6],113)




HAHN

n (-n), (n+a+PB+1), (-x) -n, n+a+B+1, -x
<n <N, (x; o, B,N) = k Bk =
FOI‘ O n Qn X B ) é) (a+l)k (-N)k k' 3D a+l' _N )

a+x_ P+N-x

Orthogonal on {0,1, ..., N} with respect to the weights x — ( . - )

For 0<n,m<Nand 0<x,y<N,

N N
! 1
;} Q%) Q) p(x) = &y - n;) Qx) Q) 7y = 8, =L

(a+1)_(B+1),,

N
h =
il (“ a+fB+1 (B+1), (N+a+B+2)_ (OL+B+2)N

bn Qn+1(x) = (bp+dp-x) Qn(x) - dp Qn-1(x)

where, for 0Sn<N-1, by = (n+a+B+1) (n+a+1) (N-n) 2n+a+B+1)-1 2n+a+p+2)!

and dn = n(n+f) (n+a+B+N+1) 2n+a+B)-! Qn+a+P+1)-!

Sce (6], [10], [12], [13]




CONTINUOUS HAHN

a b : b+a+b-1, a+ix
— n (a+a)_(a+b) n, n+a+ g
pn(x;a,b,a,b) = 1i __f:]'_fl 3F2 (

1)

a+l, a+b
where a and b have positive real pan.

Orthogonal on R with respect to the weight function w(x) = | (a+ix) [(b+ix) 12 :

I(n+a+3) M(n+a+b) M(n+b+3) MNn+b+b)
(2n+a+b+i+b-1) M(n+a+b+a+b-1)

zl—n;[ Pa(X) Pp(x) wx)dx = §

Xpn(x) = Oppps1(x) + Bn pn(x) + Yn Pn-1(x)

where ap = (n+1) (n+a+b+a+b-1)/(2n+a+b+a+b-1)(2n+a+b+a+b)
Yn = (n+a+a-1)(n+a+b-1)(n+b+a-1)(n+b+b-1)/(2n+a+b+2a+b-2)(2n+a+b+a+b-1)

i 0 ) = = = -
i((a+b-3-BYn2 + (aZ+b>-32-b +2ab-23b-a-b+a+b)n + (a+b+i+b-2)(ab-ib)]

(2n+a+b+a+b-2)(2n+a+b+a+b)

Bn =

Sce [3],(8],(13]




CONTINUOUS DUAL
HAHN

-n, a+ix, a-1x
Sn(xz; a, b,c) = (a+b)y - (a+c)y -

Fy( )

3 2N asbasc

where a, b, ¢ have positive real parts and if

one of these parameters is not real then

one of the other parameters is its complex conjugate.

2 Ir(a+ix)r(b+ix)r(c+ix) ’2

Orthogonal on (0, =) with respect to the weight function w(x) T2

_[Sn(xz) Sm(xz) w(x)dx = & . 2nn! I'(a+b+n) M(a+c+n) M(b+c+n)
0

-(x2+4a2) Sn(xz) = Ap Sn+l(X2) - (Ap+Cp) Sn(xz) +Cp Sn-l(xz)
where Ap = (n+a+b) (n+a+c) and C, = n(n+b+c-1)

Sce (6], [13)




RACAH

-0, n+a+B+1, -x, x+y+8+1

For 0<n<N, RaA(): @ B.v.8) = aF3( o pisaryer ¢ 1)

where A(x) = x(x+y+8+1) and a+1=-N or B+8+1=-N or Y+ 1=-N

Orthogonal on {0, 1, 2, ..., N} with respect to the weights

(y+8+1), ((y#8+3)/2), (a+1), (B+8+1), (y+1),
X W) = e )2y, (rrd-ar ), (1 Be D), (5o 1),

ni(n+a+B+1), (B+1), (@-8+1), (a+B-y+1),

N
Rn(Ak) R k k) = M.
2 Ra(h) R (k) w(k) = 8, @ BvD, @), Beri (reD),

(842 (B)y .
(r-B+1)y (B+D),, s
(y+8+2)N (S-a)N .
where M =< (‘Y+8'C1+1)N (8+1)N if B+3+1 = -N,
(-8),, (a+B+2
B if +1 = -N.
L (@8 (B+1),,

A(x) Rn(A(x)) = Aq Rp+1(A(x)) - (An+Cn) Rp(A(x)) + Cn Rp-1(A(x))

(n+a+B+1) (n+a+1) (n+f+8+1) (n+y+1)
Soce an (2n+a+B+1) 2n+a+f+2)

n(n+B) (n+a+B-y) (n+a-8)
(2n+a+PB) 2n+a+B+1)

and C, =

Sce (4], 161, (9], [13)




WILSON

-n, n+a+b+c+d-1, a+ix, a-ix

Wn(Xz; a,b,c,d) = (a+b), (a+c)p (a+d)p 4F3 ( a+b, a+c, a+d : 1)
where a, b, ¢, d are parameters which all have positive

real part and are either all real, or two real and two complex conjugates,

or two pairs of complex conjugates.

[(a+ix)I(b+ix)I(c+ix)(d+ix) )2
Orthogonal on (0, =) with respect to the weight function w(x) = | O8O ITE ) I

I"'(2ix)
1 ¢ ['(a+b+n)["(a+c+n)... ['(c+d+n
E()" w(x) Wp(x2) Wrn(x2)dx = 8, m n!(n+a+b+c+d-1), 4 nl)"(a(+b+c:zj+n)( )
= w (x2) un a+ix, b+ix c-ix, d-ix
Z : | = 2F ( +b ;U) E ( +d ;U)
ap (a+b), (c+d)_ n! 1 a 2 1 ¢
/
-(x2+22) pn(x2) = Ap Pns1(x2) - (An+Cr) pa(x2) + Cn pn1(x2)
where Wn(x2) = (a+b)q (a+c)y (a+d)n pa(x2),
A (n+a+b)(n+a+c)(n+a+d)(n+a+b+c+d-l) n(n+b+c-1)(n+b+d-1)(n+c+d-1)
o5 (2n+a+b+c+d-1) (2n+a+b+c+d) and ©n = Qn+a+b+c+d-2)2n+a+brc+d-1)

Sce [S]. (6], [13], (18], [19]




((8L61) LISUOISIM JO “tuN) SIS Yd ‘SwonIun/ jpuo8oy110 swos Jo sa1142dosd pun suonv)as 22u21.mra. '$21435 21.412w02843dK}] *wospp V'L (61)
"10L-069 *(0861) 11 "TPUV "YW “[ WVIS ‘sjprwoukjod jouoSoyiso 21112u03812dky awos *wosypm “v'[ [81]
(L961) £T "IOA suoneanigng wminbojjo) *30g "yiew “owy ‘sienwoukjog jeuodoyuQ ‘o8azg (o) (L)
'C9S1-€951 “(0s61)
0£T ‘SuRd "10G "PRIY V"D ‘SAINWI] DI Jww0) 244an8077 2p 12 Anwaa ] p sawoukjod s3] JuanuoI Mmb xnouo8oyiio sawgukjod ap ajpunf aun mg ‘Wazaeyog ‘o [91)
"€1-9 (VE61)6 "20S "YIBN UOPUOT “[ ‘WONIUN 4§ UIPUIBUIZII 43P 1IDISIE) UIIIPUOSIQ 4UID J1UI dwasksuoukog ajpuodoyrs() sauxwp “f (1)
(S861) 1AuudS 111 Yiepw w sI0N 210
‘XNEJAUOY Y ‘OISRl ‘d ‘SNUBB “d'V ‘DIsuizasg "D pa ‘suonedddy 10 XNEUOROYLIO SIWOUAI0g ut HAXXX - 1axxx “dd ‘(aysy p nnajqo ‘aaqey f [pi)
(8861) 18uudS ‘6ZET "YIEIN UT SAON 2INIDIT ‘BSINUIA “[ ‘BIDURL] IP 0IqNY “T'[ “UCJIOIRN [ 4 ‘BSMIQ "S'[ ‘0reyly "W P ‘suonedsnddy sog
pue sjerwoudjod feuodoquQ ui ‘z( -9y dd ‘seiwoukjod jeuodoyuo snawoodiadAy J0 dwayas s A2xsy Jo suoneraidsaiur 12509 dnoso ‘Japutmuliony ‘H' L [€1]

9p-£€°(1961)9 "YieW midudg ‘vonvoyddp pun somwiof ‘sprwoudjod uynpy 7y *s08aseypy 12 wpey °g (i

(SS61 “ES61 “ES61) IIVH-MRIOIW “[I] ‘[] ‘] "|OA *, SuondUN IudpuddsuRI ], Y31, ‘1wodaj, f)’q pue ‘238umayaaq() “4 ‘snuiepy ‘M Upay v (L]

"(RL61) yowarg pue uopso9) ‘sjerwoukjod [ruofoyuQ o1 uonmnponuj uy ‘waryiy) S L (01

"S5y o wnpm@y w1 1INy sauSip-ynony ay |

‘6 10 ° $2shy g wmuon) w1 wmuawop inmiuy ‘g IOA BONpY Moy ")’ ‘suonedjdde jeonewapepy jo eipadopdAoug ‘yonoy "' r 12 wanyuapay )y

(S861) 965 1-€8S1 “dd 'y "wan

YW 1V sAyq [ ‘swonponddn n1ay) Jo awos pup yuawun8ip Kipur¥owr un fo sppiwoukjod 12uxizyy pun uyn[| Y] ‘A0ISnG ‘'S pue AALysiNe)Y CINCN (8]
(YR61) smseour uomsoghysapiogg ‘Aurdwo)

Juysiqng op1oy Qg ‘swonninddy pup s13adsy 032102y | dnoas)y suondun gy p1ads ‘('sp) ddwaydg ‘g pun ‘IpuUIMUIoy “jicl, ‘Aasy Ny (L)

€861 ‘1Y 'UIPIA0L] ‘SHOWDN I0S YIR JdwY ‘sppiwouljod 1qoInf a1piauad 1y spprwouljod 3102w02812d(y 21snq 2O ‘UOSPIAL [ 12 Aaysy Y (9]

(6l

'$69-169 "(TR61) ¥ OU €] “IOA “PUY YR [ INVIS ‘S|prwoukjod [puoSoyrso 314aw0ak1ady fo 135 v ‘uosypp f 13 Kaysy 'y [g)

(6L61) 01 IRV WIBN'[ INVIS "S1oquiks [-9 40 $1u2131/f20) ynovy ayr 221p12ua8 1y sporuoukjod jouo8oyiio fo 135 y ‘uosum °f 12 Kasy g [
6101T-L1017T (SR61) B1 "UdD "YIRW 1V "SKYq “[ ‘spprwoukjoy uynyy snonunuo?) *Kaysy *u (gl

"1Z ou sonewaqiey patjddy  ur soudG 20ud1ju0)) [RUOIANY ‘WVIS ‘SwONIUN Y ID1D2dS pup spMuoukjoy [puodoyii() ‘Kaysy o ¢z}

"(GRG61) 103udS [ L1 "YIeW Ul SMON UNDITY XNRIAUOY "V ‘losepy
‘snudepy gV vsuizarg D pa ‘suonexjddy 1 xaeuoBoyuQ) sawoukjog w 79-9¢ “dd ‘sppmuoukjod jpuoloyiio [P21550)1 ) “Kansy Y ‘maspuy 40y [}

SADUIIIJOY



