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Proof-theoretic methods in logic for social choice.

Logic as axiomatic method.

Logic beyond axioms: rule-based calculi.
Method of proof analysis.

Formalize the proofs of impossibility theorems.

“Inferentialize” social choice theory.
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» First-order language where atoms

x >y are interpreted as x is at least good as y

» First-order axiomatization

Axioms for V, A, —, L
Modus Ponens

Ve(z > x) > is reflexive
VaVyVz(x Zy ANy >z — x > z) > is transitive
VaVy(x >y v y =) > is total
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» Definitions of > (strict preference) and ~ (indifference)

r>y =g xz>yandyFzx
r~y =q¢ TZyandy>x

» Theorems

Vr(z ~ )
VaVyVz(x ~y Ay ~ 2z = & ~ 2)
VaVy(x ~y — y ~ x)
Vr(z # )
VaVyVz(x >y Ay >z = x > 2)
VaVy(x >y — y # x)

WV

is reflexive
is transitive
is symmetric
is irreflexive

2

1S transitive

T T T T T T

2 2 WV 2

is asymmetric
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Systematic proof-search procedure.

v

Sequent calculi

A multisets (lists without order) of formulas
I'= A interpreted as AT — VA

» One axiom.

v

Logical rules.

Structural rules.

v
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Gentzen-style proof theory for individual preference

» Weakening, Contraction and Cut

I'= A W I'= A
F'=A¢ p, = A

F:Awwc v, 0, = A
= Ap o, I'=A

= A o= A
n,I"'= A A

CUT

» Admissibility of the structural rules.



Gentzen-style proof theory for individual preference

PT = AP 1L,T=A

o, 0, = A F'=Ap I'= Ay

AN, ' = A F'=ApAy
'=A¢ v, I'=A o, I'= Ay

=Y, T'=A '=Ap—

p(x), Vop(z),l = A T = A py)
Vep(z), I = A I'= A, Vzp(x)

y¢I,A

G3c

where P is either x > y or z > y or else z ~ y.
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Cut admissibility in presence of axioms

» Rules for >, ~ and > s.t. admissibility results preserved

» G3c +
=z~ (~ is reflexive)
T~Y=>yY~T (~ is symmetric)

T~y y~z=1x~2 (~Iistransitive)

» Counter-example to cut admissibility.

T~Y=>Y~T Y~NT,T~Z=>Y~Z
T~Y,T~Z=>Yy~2 CuT
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Cut admissibility in presence of axioms

» How can we restore cut admissibility?

» Systematic approaches: cut admissibility once and for all.

» Criteria for a new rule to be “good” w.r.t. cut admissibility.
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Axioms as inference rules

» Extension by inference rules

» G3c +

z~x,'=A

I'=A fef

y~zc,r~yl=A
x~y'=A

Sym

e~z ~yy~z, = A

Trans

z~yy~z,L=A
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Axioms as inference rules

> r~y,x~ 2=y~ z has a cut-free derivation

Y~ BYNTE YT I Y~ 2
Y~T,rT~Y,T~z=Yy~=z
T~NY,T~NZ=>Y~Z

Trans

Sym

» The new rules are

applied bottom-up
logic-free
left-hand side only
cumulative

vV vy VvVYyy
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Axioms as inference rules

v

What class of axioms can be rearranged into rules?

v

Regular axioms, i.e. universal closure of

PLA APy —=Q1V - VQy

v

corresponds to

Ql,Pl,...,Pm,FjA Qn,Pl,...,Pm,FiA
P,....Phl=A

» Reg preserves admissibility results (Negri & von Plato)

Reg

V]
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» Rules for >
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Axioms as inference rules

» Rules for >

zzz, = A r=zz,xzy,y=zl =A

——————— Ref> Transy
'=A z=zyy=zzl=A
zzyl'=>=A y>2zT=A
T0t>
'=A
» Rules for >

r>z,x>yy>z, = A

Irrefs Trans>

>z, =A x>yy>z,T=A

Asym
x>y, y>x, = A -
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Gentzen-style proof theory for individual preference

» Let GP be G3c + rules for >, > and ~

» In GP

» Weakening is admissible
» Contraction is admissible
» Cut is admissible
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Gentzen-style proof theory for collective preference

v

From individual to collective preference

v

Fix B = {1...n} a set of voters

v

Indexed preferences: >;, >; and ~;, for i € B

Social choice rules as rules of inference.

v
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Gentzen-style proof theory for collective preference

» Paretian collective preference

» Everybody considers x as good as y but somebody strictly
prefers x to y

» Formally,

n
r>2py =¢ Nz>=vy
=1

r>py =4 x2pyandyfpx
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Gentzen-style proof theory for collective preference

» Assume B = {1,2}. The rules for >p and >p are

zz2py,r2py, ' =A z2py,z>pyl=A
rzz2py, = A r 212y, ['= A

$>By»l‘>By»F:>A
x>y, = A x>py,y=z2pr,l = A

y>pz,z 2y, = A z>py,z>2pyl'=A
SC?B,%F#A

where x >19 y stands for x 21 y Ax =2y
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r>1T=Xx>2BCX

Refs,
=T 2B

R€f2 1
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» Some known results:

» >p is reflexive, if each >; is reflexive too.

Ref> g
Refs,
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Gentzen-style proof theory for collective preference

» Some known results:

» >p is reflexive, if each >; is reflexive too.

T Z2BX,T 22X, 21T =T 2BT
X 29T, 21T =T 2B
r>1T=Xx>2BCX
=T 2B

Ref> g
Refs,
Ref21

18 / 24



Gentzen-style proof theory for collective preference
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Gentzen-style proof theory for collective preference

>p Is transitive, if each >; is transitive too.

T 2B 2,T 222,T 212,y 212y 222T21Y,T22Y,T2RY,Yy ZBZ=>T 2B 2

T 222, T 21 2,Y 21 %Y 222,T21Y,T22Y,L2BY,Y 2B Z=>T B2

T 212,y 212y 222T21Y,T22Y,T 2R Y, Y ZBZ=>T 2B 2

Y212Y222T21Y,T22Y,T2BY,Y ZBZ=>T 2B 2

T 21 Y, T 229, T 2B Y,Y 2B Z=> T 2B 2

T 2B Y, Y ZBZ=>T 2B 2
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Gentzen-style proof theory for collective preference

» >p is not total, although each >; is.
> The sequent = = >p y V y >p « is not derivable

» Interestingly, counter example is found from failed proof
search.
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Gentzen-style proof theory for collective preference

» Majority voting can be expressed by

xMy =g V Nz=iy
ACBA|> 1 icA

» With 3 voters

sMy =g (r2129)V(r2319)V(r =23Y)



Gentzen-style proof theory for collective preference

» The rules for M are

xMy7$>12yaF:>A xMy7x>31y,F:>A xMya‘T>23y7F:>A
T2yl =A r 25yl =A r 23y, ['= A

$212y733M%F$A l‘?Slyvay,F@A $>23y7$M2U,F:>A
xMy,I'= A

N
N

V]
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» Cut-free sequent calculus for individual preference:

» decidability and complexity issues.
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Conclusions

» Cut-free sequent calculus for collective preference:

» formalization of impossibility results
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