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Introduction

In terms of choice functions, Arrow impossibility theorem
states that there is no non-dictatorial aggregation rule which
satisfies I1A and unanimity conditions and preserves the set of
all rational choice functions on a finite set of at least three
alternatives.

S. Shelah proved (2005) that Arrow theorem can be extended
to the case when the choice functions are not rational in a very
general setting. We obtained a refined version of this theorem
containing a complete characterization of all symmetric sets of
choice functions that have the Arrow property.
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Basic definitions



Individual choices

Let A be a nonempty finite set of alternatives.
For any natural number r the symbol [A]” denote the set of all
r-element subsets of A:

A = (B C A: |B] = r}

and the symbol €,(A) denote the set of all choice function
defined on [A]"

¢,(A) = {c € WA: (vp € [A]") c(p) € p}.

Functions ¢ € €,(A) represent individual choices of "voters".



Individual choices

A function ¢ € €,(A) is called rational if there is a linear order
< on A such that ¢(q) is the maximal element of g, i.e.

(Vg € [A]")(¥x € q) x < ¢(q).

The set of all rational function ¢ € €,(A) is denoted by R, (A).



Individual choices

A set ® C €,(A) is called symmetric if for any function ¢ € ©
and permutation o € S, the function ¢, defined by

(Vp € [A) ¢o(p) = 0" c(op),

belongs to .

Informally, a symmetric set © C €,(A) represents a set of
individual choices coordinated by the same "common
principle".

For example, the set R,(A) is symmetric.



Individual choices
Other natural examples:

» the set of all function ¢ € &,(A) such that ¢(q) is the
median element in g according to some ordering (r is

odd);

> the set

{c € &(A): (Ax € A)(Vy € A\ {x}) e({x,y}) = x},

» let < be a strict partial order on A and €*(A) a set of all
functions ¢ € €,(A) such that ¢(p) is some
non-dominated elements of p, i.e.

(Vx € p)c(p) A x.

Let W be a set of strict partial order on A closed under

isomorphisms. The set |J C(A) is symmetric.
<EW
etc.



Aggregation rules

For any natural number n > 1 a function
f:(¢(A)" — ¢, (A)

is called an (n-ary) aggregation rule.

The set of all aggregation rules is denoted by O(A, r).



Aggregation rules

Definition 1.
An aggregation rule f € O(A, r) is normal if for all p € [A]
there is a function f,: p” — p such that
L f(er, 2,0, ¢n)(p) = fo(ea(p), c2(p), - - - s calp))
for all ¢, ¢p,..., ¢, € €, (A),

2.\ fo(ar,a,...,a,) = a; forall ar,a,,...,a, € p.
i<n
We denote the set of all normal aggregation rules f € O(A, r)
by N(A,r).

r



Aggregation rules

Remark. Item 1 of this Definition 1 means that the
aggregation rule f has the //A property (Independence of
Irrelevant Alternatives).

Item 2 is slightly stronger than the unanimity condition, i.e.
ltem 2 implies that for all ¢;,¢cs,..., ¢, € €, (A), p € [A]" and
aep

a(p) =cw(p)=...=c(p)=a— f(c1,¢2,...,¢,)(p) = a.

Item 2 can be replaced by
2" f(er,ca,...,¢n)(p) € {c1(p), c2(p), - -, cn(p)}-



Aggregation rules

Definition 2.
An aggregation rule f: (€,(A))" — €,(A) is called

» simple if f is normal and f, does not depend on p, i.e.
(Vp,q € [A]")(Va € p" N q")fr(a) = f,(a);
» dictatorial (or monarchical) if f is a projection, i.e.
(3 < n)(Ver, e, ¢p € C(A))F (1,00, .., ¢n) = ¢

The set of all simple (dictatorial) aggregation rules
f € O(A,r) is denoted by S(A, r) (respectively M(A, r)).



Aggregation rules

Remark.
1. Any dictatorial aggregation rule is simple.
2. If f € O(A,?2), then the following conditions are
equivalent

» f is normal,
» f is simple,
» f satisfies IIA and unanimity.

3. If 2 < r <A then

M(A, r) CTS(A r) CN(A ) CO(A )



Preservation relation

Definition 3.

Let ® C €, (A) and f € O(A, r). We say that f preserves ©
(or f is a polymorphism of D) and © is preserved (or closed)
under f if

f(c1,¢0,...,¢,) €D forall ¢c1,¢,...,¢, €D.

The set of all f € O(A, r) that preserves © C €,(A) is
denoted by Pol ®.



Arrow property

In terms of choice functions, Arrow impossibility theorem
asserts that if |A| > 3, then any normal aggregation rule which
preserves the set 2R, (A) (of all rational function ¢ € €,(A)), is
dictatorial, i.e.

Pol 9%,(A) N N(A,2) = M(A,2).

Definition 4.
A set © C €,(A) has the Arrow property if

Pol® NN (A, r) = M(A,r).



Main theorem



Shelah's theorem

S. Shelah proved that Arrow theorem can be extended to the
case when the individual choices are not rational in a very
general setting.

Theorem (S. Shelah, 2005)

There are natural numbers r1,r, (e.g. n = r, = 7) such that
for any natural number r, n < r < |A| — r», any non-empty
proper symmetric subset © of the set €,(A) has the Arrow
property.

We proved that, if |A| > 5, this theorem is true if 1 = 3 and
r, = 0. Conversely, if either r =2, or r = 3 and |A| = 4, then
there are non-empty proper symmetric subsets © of the set
¢,(A) which do not have the Arrow property.



Exceptional cases

Let |A| = 4 and let K be the Klein four-group of permutations
of A.
For any sets p, g € [A]® there is only one permutation
0p,q € K for which
q = 0p.q(P)-
We denote by the symbol €5 (A) the set of all function
¢ € €3(A) such that

¢(q) = 0,4¢(p) for all p, g € [A]’.

The set €5 (A) is preserved under any simple binary function
f € N(A,3) satisfying the condition

ofy(a) = f,4(ca) for all g € [A]’, a€ ¢° and 0 € K.



Exceptional cases

Table : A= {a,b,c,d}, €§(A) = {co,c1, 2}
q co(q) | c1(q) | c2(q)
{a,b,c} | a b c
{a,b,d} | b a d
{a,c,d} | ¢ d a
{b,c,d} | d c b
Table : f € Pol€X(A)NN(A,3), f ¢ M(A,3)
alb|c|d
alalalc|d ‘1G]
b|b|b|lcl|d fo | % || @
clalblc|c G 1a|a)c
d|alb|d|d 2]%|a]@




Exceptional cases

Next we define the sets
€3(A), €5(A) C €y(A)

for any set A, |A| > 2.

Let a€ A i€ {0,1} and ¢ € &,(A).

Let
Z; ={be A\{a}: «({a, b}) = a},
Wf={aecA:|Z|=i (mod?2)},
C(A) = {c € G(A): W_; =0},



Exceptional cases

Remark.

Any function ¢ € €,(A) may be represented by the tournament
[ = (A, E) where E = {(a,b) € A%: a# bAc({a,b}) = b}.
The sets €5(A) and €}(A) are the sets of all functions

¢ € €,(A) such that the indegree of any node of the
tournament [, is even (respectively, odd).



Exceptional cases

(>
A

c € €Y(A), |A] =4 e €h(A), [4] =4
ceel(d), |A =3 //

) |Al=5



Exceptional cases

Proposition

The sets €3(A) and €3(A) are symmetric,
€3(A) # 0 iff n equals 0 or 1 (mod 4),
€3(A) # 0 iff n equals 0 or 3 (mod 4),

- T(A) U G(A) # G(A).

sl N

Each of the set €3(A), €1(A), €5(A) U €3(A) is preserved, for
example, under the (simple) ternary function ¢ € N'(A, 2)
defined by

gq(X7X7.y) = gq(X,y,X) :Eq(yv)(?X) :.y

for all g € [A]? and x,y € q.



Main theorem

The main theorem states that there is no other "special cases".

Theorem

Let A be a finite set, r a natural number, and © a non-empty
proper symmetric subset of the set €,(A). Then the set ©
does not has the Arrow property if and only if one of the
following conditions holds:

1 (A),
2. r=2, |A| equals 0 or 3 (mod 4), and D = €1(A),
3.
4. r=3,|Al =4, and D = €5 (A).

r=2, |A|l equals 0 or 1 (mod 4), and ©® = €5(A)

r=2,]A =0 (mod 4), and ® = €3(A) U €}(A),



Outline of proof



Basic observations

We use the basic concepts of a clone. In universal algebra, a
clone F on a set X is a set of functions f: X" — X, n < w,
such that

1. F contains all the projections 7/": X™ — X (1 < m < w,
1 <i < m), defined by

(X1, X2y -y Xm) = x; for all xi,x2,...,xn € X

2. F is closed under superposition: if f,g1,8...,8m € F
and f is m-ary, and g; is n-ary for every j, then the
function h: X" — X, defined by
h(x1, %0, ..., Xy) =

=f(g1(x1, %0, , %), &(X1, X0, - -, Xn ), - -, 8m(X1, X0, .+, Xn))

for all x;,x5,...,x, € X, is'in F.



Basic observations

Proposition

1. The set N(A,r) is a clone on €,(A).

2. For any set © C €,(A) the set Pol® is a clone on €,(A).

3. For any clone F C N(A,r) and any set p € [A]" the set
{f,: f € F} is a clone on p.

4. Let ® be a symmetrical subset of €(A, r) and
F =PolD NN(A,r). Then the following condition
holds:

(x) for all n-ary function f € F and all permutation o € Sy
the function f° defined by

(Vp € [A]') (Va € p") £7(a) = o f, ,(0a)

belongs to F.



Basic observations

Thus we can consider Shelah theorem as a special result of
theory of closed classes of discrete functions (also called
functions of k-valued logic).

Some results related to this theory are relevant to our studies.
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Basic observations

The theory of closed classes of discrete functions uses the
following concepts.

The set of all finitary function on A is denoted by O(A).

A n-ary function f € O(A) preserves (or is a polymorphism of)
a m-ary predicate P C A™ if for any sequence of m-tuple

(311, a12,. .., alm),
(321, a, ..., azm),
(3217 a2, aa2m)

belonging to P, the m-tuple

f(alla a1, ..., 3n1)7 f(312, a, ..., an2)7 S f(alma BHm;y -y anm)

belong to P.



Basic observations

The set of all functions £ € O(A) which preserve a predicate
P is denoted by Pol P, and the set of all predicates
P € | P(A") which is preserved under a function f is

n<w

denoted by Inv f.
For any set 7 C O(A) and P C |J P(A") we denote

n<w

InvF = () Invf, PolP=)PolP.
feF PcP

Remark.

The pair (Inv, Pol) is a Galois connection between the
Boolean lattices of P(O(A)) and P( U P(A")).

n<w

The set F C O(A) is Galois-closed iff F is a clone.



Steps of proof

The main idea of our proof is characterizing the set of all
unary predicate P € Inv F for any clone F C N(A, r) which
satisfies condition (x) (next we call this clones Shelah clones).
We will illustrate our method by the outline of proof of the
following weaker version of Main Theorem:

Theorem

Let A be a finite set, |A| > 5, r a natural number, r > 3, and
© a non-empty proper symmetric subset of €,(A). Then any
simple aggregation rule in Pol® is dictatorial.




Steps of proof

Definition 5.
Let Q be a finite set. A function f € O(A) preserves a set of
function D C QA if f preserves the predicate

Pp = {(d(a1), d(42), .., d(g¢))): d € D}

for some enumeration of Q: Q@ = {q1, 42, ..., 9/}

We will write D € Inv f instead of Pp € Inv f.

Remark.

A function f € O(A) preserves a set of function D C @A iff for
all d]_, d27 ey dn € D the function f(dl, d2, e dn) isin D.



Steps of proof

For any simple n-ary function f € O(A, r) and set
F C S(A, r) we denote

f-={gcOA): (VpelA"g I p" =1}, F = fof‘.

Proposition
For any ® C €,(A) and F C S(A,r)

DehwFeaDelnvF

Remark.

In left part of this formula © is considered as an unary
predicate on €,(A) and in right part as a set of functions
in A (i.e. (7)-ary predicate on A).



Steps of proof

Next we prove three theorems: Theorem on Shelah clones,
Preservation Theorem, and Theorem on symmetric sets

D CC(A).

Notation.

For any natural number n and set G C O(A) we denote

Al ={a€ A" |ranal| = r},

Al ={a€ A" |rana| <r},
Q[n] =g NAA.



Steps of proof

We say that a clone 7 C O(A) satisfies condition

A%, if there is a natural number i < k such that for any
a € Af and a € rana there is a function w € Fy such
that

w(a) = a and w(b) = b;

for any sequence b = (bo, by, ..., b,_1) € AX,;

AY, if for any a € A3 and a € ran a there is a function
w € Fi3) such that

w(a) = a and w(x, x,y) = w(x,y,x) = w(y, x,x) = x

for all x,y € A,

A?, if for any a,b € A%, rana # ranb, and a € rana,
b € ran b there is a function w € Fy such that

w(a) = a,w(b) = b and w(x, x) = x for all x € A.



Theorem on Shelah clones

Theorem

Let A be a finite set,
3<r<|A]

Then for any Shelah clone 7 C S(A,r), F # M(A,r), the
clone F~ satisfies on of the conditions A2, A°, A¢ for some
k,3<k<r.

A| > 5, and let r be a natural number,



Preservation theorem

Notation.
For any elements p, g € Q, a,b € A and permutation o € Sy

we denote
Ho(p, q,0) = {h € ®A: h(q) = oh(p)};
Hi(p,g,a,b) = {h € “A: h(p) = aV h(q) = b};
He, = {Ho(p,q.0): p.q € Q,p # q.0 € Sa};

H- = {Ho(p, q,1d): p,qg € Q,p # q}, where 1d is the
identity permutation;

H\/:{Hl(p7q7a7b):p7q€Qap7éqva7b€A}-



Preservation theorem

For any set H C A, set Q' C Q, set B C A, element g € Q
and natural number r we denote

Hy ={heD: h1QecH Q)
H(q) = {h(q): h € H};

H* ={he %A: (Vg€ Q)h(q) € H(q)};
H-Y(B) = {q € Q: H(q) € B};
H(<r)={q€ Q: |H(q)| <r}.



Preservation theorem

Theorem
Let A, Q be a finite sets, F be a clone on A and H be a
subset of CA. Let H € Inv F. Then,

1. if F satisfies condition Af, for some natural number
k > 3, then there is a set H C H.. such that
H=H" N H Ly NN,

2. if F satisfies condition A2, then there is a set
H C H,, UH,, such that H=H" N H,

3. if F satisfies condition A2, then there is a set H C H_
such that H = H* N(\{H,j 15y B € [AP} NI



Theorem on symmetric sets ® C €,(A)

Theorem

Let A be a finite set, |A| > 5, and let r be a natural number,
2 <r < |A|. Let ©® be a symmetric subset of €,(A). Then
DNH=0 for any H € H,, UH,,.

In other terms, in conditions of the Theorem, for any pair of
different sets p, g € [A]" there are two different elements

a, b € p and four function ¢y, ¢y, 3, ¢4 such that

c1(p) = ca(p) = a,c1(q) # ©2(q),
cs(p) = ca(p) = b, c3(q) # ca(q).



Proof of the weaker version of Main Theorem

The weaker version of Main Theorem immediately follows
from the above theorems.
Really, in conditions of the theorem we have:

» DN H =10 forany H € H,, UH, (from Theorem on
symmetric sets © C &,(A)),

» DY <r) =0, D7YB) =0 for any B € [A]? (obviusly),
» D =9 =¢,(A) (from Theorem on Shelah clones and
Preservation theorem), a contradiction.



Corrolary: Impossibility theorem for symmetric class of
choice function



Impossibility theorem

Our Main Theorem is not formulated as an "impossibility
theorem", because it demonstrates that some of the sets of
choice functions do not satisfy the Arrow property. However,
by considering aggregation rules that satisfy some additional
condition, we can formulate a corollary that is an impossibility
theorem for all non-empty proper symmetric subsets © of the
set €, (A).



Impossibility theorem

Proposition

Let A be a finite set. Let © be a non-empty proper symmetric
subset of the set €;(A). Let © do not has the Arrow property.
Then if |A| > 5, the clone Pol® NN (A, r) is generated by the
normal (simple) function (: (€5(A))® — €,(A) defined by

Up(x,%,y) = Lp(x,y,x) = Lp(y,x, x) =y

for all p € [A]? and x,y € p.
(A clone F is generated by a function f € O(X) if F is the
minimal clone on X which contains f).



Impossibility theorem

We will call a normal aggregation rule f: (€,(A))" — €,(A)
conjectural, if there exist a set / C{0,1,...,n—1}, || is
odd, such that

fo(ao, a1, ...,ap—1) = aj < [{i € I a; = a;}| is odd

for all g € [A]®, a0, a1,...,a,.1€qand j€{0,1,...,n—1}.
Proposition

The clone F on &€,(A) generated by the function ( is the set
of all conjectural aggregation rules.



Impossibility theorem

Theorem

Let A be a finite set, |A| > 5, and let © be a non-empty
proper symmetric subset of the set €,(A) for some natural
number r. Then there exists no normal non-dictatorial and
non-conjectural aggregation rule f which preserves the set ©.




Thank you!
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