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u
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⊤
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∧
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⊤
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∑
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an
L
′
( L

≺
L
′)

iff
L
�

L
′
an

d
n
ot

L
′
≺

L
.

In
d
iff

eren
ce

an
d

in
co

m
pa

ra
bility

are
d
efi

n
ed

accord
in

gly.

U
lle

E
n
d
ris

s
1
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
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R
e
la

tiv
e

S
u
ccin

ctn
e
ss

W
e

h
ave

seen
th

at
p
ositive

cu
b
es

are
fu

lly
ex

p
ressive.

H
en

ce,

L
(pcu

bes
,a

ll)
an

d
L

(cu
bes

,a
ll)

h
ave

th
e

sam
e

ex
p
ressiv

ity.

T
h
e
o
re

m
3

(S
u
c
c
in

c
tn

e
ss)

L
(pcu

bes
,a

ll)
≺

L
(cu

bes
,a

ll).

P
ro

of:
C

learly,
L

(pcu
bes

,a
ll)

�
L

(cu
bes

,a
ll),

b
ecau

se
an

y
p
ositive

cu
b
e

is
also

a
cu

b
e.

N
ow

con
sid

er
u

w
ith

u
(∅)

=
1

an
d

u
(M

)
=

0
for

all
M

6=
∅:

•
G

=
{(¬

p
1
∧
···∧

¬
p

n
,1)}

∈
L

(cu
bes

,a
ll)

h
as

lin
ea

r
size

an
d

gen
erates

u
.

•
G

′
=

{( ∧
X

,(−
1)

|X
|)
|
X

⊆
P
S
}
∈
L

(pcu
bes

,a
ll)

h
as

expo
n
en

tia
l

size
an

d
also

gen
erates

u
.

B
u
t

th
ere

can
b
e

n
ot

b
etter

w
ay

of
ex

p
ressin

g
u

in
p
cu

b
es,

b
ecau

se

w
e

h
ave

seen
th

at
p
cu

b
e

rep
resen

tation
s

are
u
n
iqu

e
.

X
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C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
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L
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C
o
m

p
le

x
ity

O
th

er
in

terestin
g

q
u
estion

s
con

cern
th

e
com

p
lex

ity
of

reason
in

g

ab
ou

t
p
referen

ces.
C

on
sid

er
th

e
follow

in
g

d
ecision

p
rob

lem
:

M
a
x
-
U

t
il

it
y
(H

,H
’)

In
s
t
a
n
c
e
:

G
o
a
lb

a
se

G
∈
L

(H
,H

′)
a
n
d

K
∈

Z

Q
u
e
s
t
io

n
:
Is

th
ere

a
n

M
∈

2
P
S

su
ch

th
a
t

u
G

(M
)
≥

K
?

S
om

e
b
asic

resu
lts

are
straigh

tforw
ard

:

•
M

a
x
-
U

t
il

it
y
(H

,H
’)

is
in

N
P

for
an

y
ch

oice
of

H
an

d
H

′,

b
ecau

se
w

e
can

alw
ay

s
ch

eck
u

G
(M

)
≥

K
in

p
oly

n
om

ial
tim

e.

•
M

a
x
-
U

t
il

it
y
(a

ll,a
ll)

is
N

P
-co

m
p
lete

(red
u
ction

from
S
a
t
).

M
ore

in
terestin

g
q
u
estion

s
w

ou
ld

b
e:

are
th

ere
eith

er
(1)

“large”

su
b
lan

gu
ages

for
w

h
ich

M
a
x
-
U

t
il

it
y

is
still

p
oly

n
om

ial,
or

(2)
“sm

all”
su

b
lan

gu
ages

for
w

h
ich

it
is

alread
y

N
P

-h
ard

.

U
lle

E
n
d
ris

s
1
4

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
re

e
C

o
m

p
le

x
ity

R
e
su

lts

T
h
e
o
re

m
4

M
a
x
-
U

t
il

it
y
(k-cla

u
ses,po

sitive)
is

N
P
-co

m
p
lete,

even
fo

r
k

=
2.

P
ro

of:
R

ed
u
ction

from
M

a
x
2
S
a
t

(N
P

-com
p
lete):

“G
iven

a
set

of

2-clau
ses,

is
th

ere
a

satisfi
ab

le
su

b
set

w
ith

card
in

ality
≥

K
?”.

X

T
h
e
o
re

m
5

M
a
x
-
U

t
il

it
y
(litera

ls,a
ll)

is
in

P
.

P
ro

of:
A

ssu
m

in
g

th
at

G
con

tain
s

every
literal

ex
actly

on
ce

(p
ossib

ly
w

ith
w

eigh
t

0),
m

ak
in

g
p

tru
e

iff
th

e
w

eigh
t

of
p

is
greater

th
an

th
e

w
eigh

t
of

¬
p

resu
lts

in
a

m
o
d
el

w
ith

m
ax

im
al

u
tility.

X

T
h
e
o
re

m
6

M
a
x
-
U

t
il

it
y
(po

sitive,po
sitive)

is
in

P
.

P
ro

of:
M

ak
in

g
a
ll

variab
les

tru
e

y
ield

s
m

ax
im

al
u
tility.

X

F
or

m
ore

ad
van

ced
com

p
lex

ity
resu

lts
see

th
e

p
ap

er
cited

b
elow

.

J
.
U

ck
elm

a
n

a
n
d

U
.
E

n
d
riss.

P
re

fe
re

n
ce

R
e
p
re

se
n
ta

tio
n

w
ith

W
e
ig

h
ted

G
o
a
ls:

E
x
p
re

ssiv
ity

,
S
u
cc

in
c
tn

e
ss,

C
o
m

p
le

x
ity

.
P

ro
c.

A
iP

ref-2
0
0
7
.

U
lle

E
n
d
ris

s
1
5

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

M
o
re

P
re

fe
re

n
ce

R
e
p
re

se
n
ta

tio
n

L
a
n
g
u
a
g
e
s

O
th

er
lan

gu
ages

for
m

o
d
ellin

g
u
tility

fu
n
ction

s
in

clu
d
e:

•
w

eigh
ted

goals
w

ith
oth

er
aggregators,

e.g.
m

a
x.

•
k
-ad

d
itive

form
(actu

ally
isom

orp
h
ic

to
L

(k
-pcu

bes,a
ll))

•
b
id

d
in

g
lan

gu
ages

for
com

b
in

atorial
au

ction
s

•
p
rogram

-b
ased

rep
resen

tation
s

(so-called
S
L
P

form
)

L
an

gu
ages

for
m

o
d
ellin

g
ord

in
al

p
referen

ce
relation

s
in

clu
d
e:

•
p
rioritised

goals
(e.g.

go
b
y

m
ost

im
p
ortan

t
goal

v
iolated

)

•
C

P
-n

ets:
con

d
ition

al
ceteris

pa
ribu

s
p
referen

ces

S
ee

C
h
evaley

re
et

al.
(2006)

for
referen

ces.

Y
.

C
h
ev

a
ley

re,
P
.E

.
D

u
n
n
e,

U
.

E
n
d
riss,

J
.

L
a
n
g
,

M
.

L
em

â
ıtre,

N
.

M
a
u
d
et,

J
.
P
a
d
g
et,

S
.
P

h
elp

s,
J
.A

.
R

o
d
ŕıg

u
ez-A

g
u
ila

r,
a
n
d

P
.
S
o
u
sa

.
Issu

es
in

M
u
ltia

-

g
en

t
R

eso
u
rce

A
llo

ca
tio

n
.
In

fo
rm

a
tica

,
3
0
:3

–
3
1
,
2
0
0
6
.

U
lle

E
n
d
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s
1
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C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

T
h
e

P
a
ra

d
o
x

o
f
M

u
ltip

le
E
le

ctio
n
s

S
u
p
p
ose

13
voters

are
asked

to
each

vote
yes

or
n
o

on
th

ree
issu

es;

an
d

w
e

u
se

th
e

p
lu

rality
ru

le
for

each
issu

e
in

d
ep

en
d
en

tly
to

select

a
w

in
n
in

g
com

b
in

ation
:

•
3

voters
each

vote
for

Y
N

N
,
N

Y
N

,
N

N
Y

.

•
1

voter
each

votes
for

Y
Y

Y
,
Y

Y
N

,
Y

N
Y

,
N

Y
Y

.

•
N

o
voter

votes
for

N
N

N
.

B
u
t

th
en

N
N

N
w

in
s:

7
ou

t
of

13
vote

n
o

on
each

issu
e.

T
h
is

is
an

in
stan

ce
of

th
e

pa
ra

d
o
x

o
f
m

u
ltip

le
electio

n
s:

th
e

w
in

n
in

g
com

b
in

ation
receives

th
e

few
est

n
u
m

b
er

of
votes.

S
.J

.
B

ra
m

s,
D

.M
.
K

ilg
o
u
r,

a
n
d

W
.S

.
Z
w

ick
er.

T
h
e

P
a
ra

d
o
x

o
f
M

u
ltip

le
E

lec-

tio
n
s.

S
o
c
ia

l
C

h
o
ice

a
n
d

W
e
lfa

re,
1
5
(2

):2
1
1
–
2
3
6
,
1
9
9
8
.

U
lle

E
n
d
ris

s
1
7

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
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V
o
tin

g
in

C
o
m

b
in

a
to

ria
l
D

o
m

a
in

s

T
h
e

p
rob

lem
of

votin
g

in
com

b
in

atorial
d
om

ain
s:

•
D

om
ain

:
variab

les
X

1 ,...,X
p

w
ith

fi
n
ite

d
om

ain
s

D
1 ,...,D

p

•
V

oters
h
ave

p
referen

ces
over

set
of

com
b
in

ation
s

D
1
×
···×

D
p .

•
W

h
at

sh
ou

ld
b
e

th
e

w
in

n
in

g
com

b
in

ation
in

D
1
×
···×

D
p ?

(1)
H

ere
w

e
on

ly
con

sid
er

bin
a
ry

variab
les.

(2)
S
om

etim
es

th
ere

are

ad
d
ition

al
co

n
stra

in
ts:

e.g.,
if

w
e

n
eed

to
elect

a
com

m
ittee

of
size

k
an

d
each

variab
le

rep
resen

ts
on

e
can

d
id

ate,
th

en
th

e
n
u
m

b
er

of

yes-valu
es

in
th

e
w

in
n
in

g
com

b
in

ation
h
as

to
b
e

ex
actly

k
.
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C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
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P
o
ssib

le
S
o
lu

tio
n
s

(1)
U

se
you

r
favou

rite
votin

g
ru

le
w

ith
th

e
fu

ll
set

of
com

b
in

ation
s

as
th

e
set

of
can

d
id

ates.

(2)
D

o
as

for
(1)

b
u
t

on
ly

req
u
ire

voters
to

ran
k

th
eir

k
m

ost

p
referred

com
b
in

ation
s

(e.g.
for

p
lu

rality
w

e’d
h
ave

k
=

1).

(3)
S
elect

a
sm

all
n
u
m

b
er

of
com

b
in

ation
s

an
d

th
en

u
se

you
r

favou
rite

votin
g

ru
le

to
elect

a
can

d
id

ate
from

am
on

gst
th

ose.

(4)
A

sk
voters

to
rep

ort
th

eir
p
referen

ces
u
sin

g
a

com
p
act

rep
resen

tation
lan

gu
age

an
d

ap
p
ly

you
r

favou
rite

votin
g

ru
le

to

th
e

su
ccin

ctly
en

co
d
ed

b
allots

received
(“com

b
in

atorial
vote”).

(5)
V

ote
sep

arately
on

each
issu

e
(as

in
th

e
p
arad

ox
),

b
u
t

—

(a)
id

en
tify

con
d
ition

s
u
n
d
er

w
h
ich

th
e

p
arad

ox
can

b
e

avoid
ed

;

(b
)

fi
n
d

a
n
ovel

w
ay

of
aggregatin

g
th

e
votes

to
select

a
w

in
n
er;

(c)
d
o

so
seq

u
en

tially
rath

er
th

an
sim

u
ltan

eou
sly.
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C
o
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p
u
ta

tio
n
a
l
S
o
c
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l
C

h
o
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e
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S
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L
L
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0
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S
o
lu

tio
n

(1
):

E
x
p
licit

V
o
te

fo
r

C
o
m

b
in

a
tio

n
s

Id
ea:

V
ote

for
com

b
in

ation
s

d
irectly

:
u
se

you
r

favou
rite

votin
g

ru
le

w
ith

th
e

fu
ll

set
of

com
b
in

ation
s

as
th

e
set

of
can

d
id

ates.

P
rob

lem
:

T
h
is

w
ill

on
ly

b
e

p
ossib

le
in

very
sm

all
d
om

ain
s,

in

p
articu

lar
w

h
en

th
e

votin
g

ru
le

req
u
ires

a
com

p
lete

ran
k
in

g
of

all

can
d
id

ates
(su

ch
as

th
e

B
ord

a
ru

le).

E
x
am

p
le:

S
u
p
p
ose

th
ere

are
six

b
in

ary
issu

es.
T

h
is

m
akes

2
6

=
64

p
ossib

le
com

b
in

ation
s.

H
en

ce,
u
n
d
er

th
e

B
ord

a
ru

le,
each

voter
h
as

to
ch

o
ose

b
etw

een
64!

≈
1
.27

·
10

8
9

p
ossib

le
b
allots.
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S
o
lu

tio
n

(2
):

V
o
te

fo
r

T
o
p

C
o
m

b
in

a
tio

n
s

o
n
ly

Id
ea:

V
ote

for
com

b
in

ation
s

d
irectly,

b
u
t

on
ly

req
u
ire

voters
to

ran
k

th
eir

k
m

ost
p
referred

com
b
in

ation
s,

for
som

e
sm

all
n
u
m

b
er

k
.

S
p
ecifi

cally,
for

th
e

p
lu

rality
ru

le
k

=
1

w
ill

su
ffi

ce.

T
h
is

clearly
ad

d
resses

th
e

com
m

u
n
ication

p
rob

lem
s

of
S
olu

tion
(1).

P
rob

lem
:

T
h
is

m
ay

lead
to

alm
ost

ran
d
om

d
ecision

s,
u
n
less

d
om

ain
s

are
very

sm
all

an
d

th
ere

are
m

an
y

voters.

E
x
am

p
le:

S
u
p
p
ose

th
ere

are
10

b
in

ary
issu

es
to

b
e

d
ecid

ed
u
p
on

an
d

100
voters.

T
h
en

th
ere

are
2
1
0

=
1024

com
b
in

ation
s

to
vote

for.
U

n
d
er

th
e

p
lu

rality
ru

le,
ch

an
ces

are
th

at
n
o

com
b
in

ation

receives
m

ore
th

an
on

e
vote

(so
th

e
tie-b

reak
in

g
ru

le
d
ecid

es).
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1

C
o
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S
o
lu

tio
n

(3
):

V
o
te

fo
r

S
e
le

cte
d

C
o
m

b
in

a
tio

n
s

o
n
ly

Id
ea:

S
elect

a
sm

all
n
u
m

b
er

of
com

b
in

ation
s

an
d

th
en

u
se

you
r

favou
rite

votin
g

ru
le

to
elect

a
can

d
id

ate
from

am
on

gst
th

ose.

P
rob

lem
:

W
h
o

selects
th

e
can

d
id

ate
com

b
in

ation
s?

It
is

n
ot

at
all

clear
w

h
at

criteria
sh

ou
ld

b
e

u
sed

h
ere.

T
h
is

gives
th

e
ch

o
oser

(p
rob

ab
ly

th
e

election
ch

air)
u
n
d
u
e

p
ow

ers
an

d
op

en
s

u
p

n
ew

op
p
ortu

n
ities

for
con

trollin
g

election
s.
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n
d
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s
2
2

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
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S
o
lu

tio
n

(4
):

C
o
m

b
in

a
to

ria
l
V

o
te

Id
ea:

A
sk

voters
to

rep
ort

th
eir

p
referen

ces
u
sin

g
a

com
p
act

p
referen

ce
rep

resen
tation

lan
gu

age
an

d
ap

p
ly

you
r

favou
rite

votin
g
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b
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b
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b
e

very
h
igh

.

J
.
L
a
n
g
.

L
o
g
ica

l
P

referen
ce

R
ep

resen
ta

tio
n

a
n
d

C
o
m

b
in

a
to

ria
l
V

o
te.

A
n
n
a
ls

o
f
M

a
th

e
m

a
tic

s
a
n
d

A
rtifi

c
ia

l
In

te
llig

e
n
ce,

4
2
(1

–
3
):3

7
–
7
1
,
2
0
0
4
.

U
lle

E
n
d
ris

s
2
3

C
o
m

p
u
ta

tio
n
a
l
S
o
c
ia

l
C

h
o
ic

e
E

S
S
L
L
I-2

0
0
8

S
in

g
le

G
o
a
ls

a
n
d

G
e
n
e
ra

lise
d

P
lu

ra
lity

N
ex

t
an

ex
am

p
le

for
a

com
p
lex

ity
resu

lt
...

W
e

w
ill

w
ork

w
ith

th
e

follow
in

g
p
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e
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p
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ra
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p
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∧
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b
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receives

1
p
oin

t.
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∨
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Ā

B̄
,
so
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.
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b
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u
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e
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e
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b
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con
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p
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b
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p
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b
e

avoid
ed

,
b
u
t

for
som

e
ty

p
es

of
voter

p
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b
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b
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d
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o
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g
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b
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b
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b
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b
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b
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m
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b
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u
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b
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n
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n
d
o
rcet

lo
ser.

P
ro

of
sketch

:
J
u
st

th
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p
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b
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p
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com
b
in

atorial
d
om

ain
s:

•
W

e
n
eed

a
lan

gu
age

for
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b
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b
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