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which restaurant to go ? 

! " #

! " #

! " #

Alan

Barbara

Chiara



who is the better candidate ?

! " # $ % & '! " # $ % & '! " # $ % & '! " # $ % & '
Stat Stat CSEco



what this talk is not about !

dialogues, speech acts, argumentation

aggregation of preferences

interplay of knowledge, beliefs and preferences



what is this talk about ? 

modeling discussions in an implicit way

public announcement of preference orderings

changing of preferences based on some intuitive policies

effect of reliability of agents

decision making

attaining unanimity

attaining stability 



disclaimers !

ordering assumptions

preference vs. reliability

more questions than answers 
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Preference & reliability frame

The semantic model

Let A be a set of agents.

Definition (Preference & reliability frame)
A preference & reliability (PR) frame is a tuple F = hW, {i,4i}i2Ai where

W , ? is a set of possible worlds,

i ✓ (W ⇥W), a total preorder, is agent i’s preference relation over worlds,

4i ✓ (A ⇥ A), a total order, is agent i’s reliability relation over agents.

w i u: “ for agent i, world w is at least as preferable as world u”
j 4i j0 “ for agent i, agent j0 is at least as reliable than agent j”

{a, b, c}
{∂,∑,∏,π}

a: {∂}! {∏}! {∑}! {π}
b : {∂}! {π,∑}! {∏}
c : {∂}! {∑}! {∏,π}

4a: a A b A c
4b : b A c A a
4c : a A b A c
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more on preference and reliability
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Preference & reliability frame

Further definitions

Given a PR frame F = hW, {i,4i}i2Ai, define

i’s ‘strictly less preferable’ relation:

w <i u i↵def w i u and u ⇥i w

i’s ‘equally preferable’ relation:

w 'i u i↵def w i u and u i w

i’s most preferred worlds in a set U ✓W:

Maxi(U) := {v 2 U | u i v for every u 2 U}

i’s most reliable agent:

mr(i) = j i↵def j0 4i j for every j0 2 A

Discussing before deciding



possible notions of upgrade
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Preference-changing operations

Some possibilities

1
Drastic upgrade:

w 0
i

u i↵def w 
mr(i) u

2
Radical upgrade:

w 0
i

u i↵def (w <
mr(i) u) or (w '

mr(i) u and w i u)

3
Conservative upgrade

w 0
i

u i↵def ({w, u} \Maxi(W) = {w, u} and w i u) or ({w, u} \Maxi(W) = {u})
or ({w, u} \Maxi(W) = ? and w i u)

4
Tie-breaker upgrade:

w 0
i

u i↵def (w <i u) or (w 'i u and w 
mr(i) u)

5 · · · (cf. Holliday 2010)
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mr(i) mr(i)

mr(i)



general lexicographic upgrade
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Preference-changing operations

General lexicographic upgrade

Definition (General lexicographic upgrade)

A lexicographic list R over W is a finite non-empty list whose elements are indexes of

preference orderings over W (R[1] has the highest priority).

Given R, define R ✓ (W ⇥W) as

w R u i↵def

⇣
w R[ |R| ] u ^

|R|�1^

k=1

w 'R[k]

u
⌘

|                                   {z                                   }
1

_
|R|�1_

k=1

⇣
w <R[k]

u ^
k�1^

`=1

w 'R[`] u
⌘

|                                    {z                                    }
2
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key facts

the general lexicographic upgrade generalizes the drastic, radical and tie 
breaker upgrades 

the general lexicographic upgrade preserves reflexivity, transitivity, 
antisymmetry, totality and ‘disconnectedness’

the conservative upgrade is not an instance of general lexicographic upgrade
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conservative upgrade 

1

2

3 4

1

2

3

4

a b

abb :



conservative upgrade 
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2

3 4

1

2

3

4

a b

abb :
3

4

1

2

b



general layered upgrade
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Preference-changing operations

General layered upgrade

Definition (General layered upgrade)

A layered list S over W is a finite (possibly empty) list of pairwise disjoint subsets of W
together with the index of a preference ordering over W (S[1] has the highest priority).

Given S, define S ✓ (W ⇥W) as

w S u i↵def

⇣
w S

Def

u ^
⇣
{w, u} \

|S|[

k=1

S[k] = ? _
|S|_

k=1

{w, u} ✓ S[k]
⌘⌘

|                                                                         {z                                                                         }
1

_
|S|_

k=1

⇣
u 2 S[k] ^ w <

k[

`=1

S[`]
⌘

|                                {z                                }
2
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key facts

the general layered upgrade generalizes the conservative upgrade mentioned 
earlier

the general layered upgrade preserves reflexivity, transitivity, antisymmetry, 
totality and (under an extra condition) ‘disconnectedness’

under totality, any ordering generated by a general lexicographic upgrade can be 
generated by a general layered upgrade, but in general this is not the case.
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Preference-changing operations

General lexicolayered upgrade

Definition (General lexicolayered upgrade)

A lexicolayered list RS over W is a finite non-empty list whose elements are layered lists over

W (RS[1] has the highest priority).

Given RS, define RS ✓ (W ⇥W) as

w RS u i↵def

⇣
w RS[ |RS| ]

u ^
|RS|�1^

k=1

w 'RS[k]

u
⌘

|                                          {z                                          }
1

_
|RS|�1_

k=1

⇣
w <RS[k]

u ^
k�1^

`=1

w 'RS[`] u
⌘

|                                          {z                                          }
2
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key facts

the general lexicolayered upgrade generalizes both general lexicographic 
upgrade and general layered upgrade

the general lexicolayered upgrade preserves reflexivity, transitivity, 
antisymmetry, totality and (under an extra condition) ‘disconnectedness’
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A formal language

From frames to models

Let P be a set of atomic propositions.

Definition (Preference & reliability model)
A PR model is a tuple M = hW, {i,4i}i2A,Vi where

hW, {i,4i}i2Ai is a PR frame,

V : P! }(W) is an atomic valuation.

The pair (M,w) with w 2W is a PR state.
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A formal language

The ‘static’ language

Definition (Language L)
Formulas (', , . . .) and relational expressions (⇡,�, . . .) inLare given, respectively, by

', ::= p | j vi j0 | ¬' | ' _  | h⇡i'
⇡,� ::= 1 | i | �i | ?(', ) | �⇡ | ⇡ [ � | ⇡ \ �

where p 2 P and i, j, j0 2 A.

Define
the constants >,? and the connectives ^,!,$ as usual.

for every ⇡, the modal operator [⇡] as usual:

[⇡]' := ¬h⇡i¬'

for every ⇡, the modal operator ⇡ (the‘window’ operator) as:

⇡ ' := [�⇡]¬'
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A formal language

The semantic interpretation

Definition (Semantic interpretation)
Let (M,w) be a PR state with M = hW, {i,4i}i2A,Vi. Define, simultaneously for every' and

every ⇡, the satisfaction relation � ✓ (‘states0 ⇥ ‘formulas0) and the relation R⇡ ✓ (W ⇥W) as

(M,w) � p i↵ w 2 V(p)
(M,w) � j vi j0 i↵ j 4i j0

(M,w) � ¬' i↵ (M,w) 1 '
(M,w) � ' _  i↵ (M,w) � ' or (M,w) �  
(M,w) � h⇡i' i↵ there is u 2W such that R⇡wu and (M,u) � '

and

R
1

:=W ⇥W R�⇡ := (W ⇥W) \ R⇡
Ri := i R⇡[� := R⇡ [ R�
R�i := {(u,w) | w i u} R⇡\� := R⇡ \ R�

R?(', ) := {(w,u) | (M,w) � ' and (M,u) �  }

Discussing before deciding
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A formal language

Observe how . . .

(M,w) � h1i' i↵ there is u 2W such that (M,u) � '

(M,w) � [⇡]' i↵ for every u 2W, R⇡wu implies (M,u) � '

(M,w) � ⇡ ' i↵ for every u 2W, (M,u) � ' implies R⇡wu

Discussing before deciding
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A formal language

The ‘dynamic’ language

Definition (Language L{fx,fy,fxy})

LanguageL{fx,fy,fxy} extends L with modalities hfx

i
Ri , hfy

i
Si and hfxy

i
RSi for every lexicographic

list R, layered list S, lexicolayered list RS and every agent i 2 A. Given a PR state (M,w),

(M,w) � hfx

i
Ri' i↵

⇣
fxi
R(M),w

⌘
� '

(M,w) � hfy

i
Si' i↵

⇣
fyi
S(M),w

⌘
� '

(M,w) � hfxy

i
RSi' i↵

⇣
fxyi
RS(M),w

⌘
� '

where

the PR model fxi
R(M) is exactly as M except in i, which is now given by R,

the PR model fyi
S(M) is exactly as M except in i, which is now given by S.

the PR model fxyi
RS(M) is exactly as M except in i, which is now given by RS.

Since fxi
R(·), fyi

S(·) and fxyi
RS(·) are total functions,

hfx

i
Ri' $ [fx

i
R]' hfy

i
Si' $ [fy

i
S]' hfxy

i
RSi' $ [fxy

i
RS]'
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expressing the restaurant situation
which restaurant to go ? 

! " #

! " #

! " #

Alan

Barbara

Chiara

! " #! " #! " #

! " #! " #! " #

! " #! " #! " #

MM ⊨ 〈≤Barbara〉

M ⊨ 〈fxR〉〈≤Barbara〉

which restaurant to go ? 

! " #

! " #

! " #

Alan

Barbara

Chiara

! " #! " #! " #

! " #! " #! " #

! " #! " #! " #

M#
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Reaching consensus

Definitions

Definition (Unanimity and stability)
Let F = hW, {i,4i}i2Ai be a PR frame and B = {a

1

, . . . ,am} ✓ A a set of agents.

There is unanimity among agents in B at F when

a
1

= · · ·=am

There is stability among agents in B at F under a given preference upgrade policy f when

F�|B = F�+1

|B for every � � 1

with F
1

:= F and F�+1

:= f (F�+1

).

Discussing before deciding



simple general results

under general layered upgrade, unanimity does not imply stability

under general lexicographic upgrade, unanimity implies stability



the drastic upgrade case
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Reaching consensus

The drastic upgrade case

Drastic upgrade: w 0
i

u i↵def w 
mr(i) u.

Definition (Agent reliability stream)
Let F = hW, {i,4i}i2Ai be a PR frame; let i be an agent. An i reliability stream from F is a

function ↵i :N! A given by

↵i[0] := i
↵i[` + 1] := mr(↵i[`]) for every ` � 0

Theorem
Let F = hW, {i,4i}i2Ai be a PR frame where the i are all di↵erent. The iterative application of

drastic upgrade over the agents’ individual preference starting from F reaches unanimity (and hence

stability) if and only if

there is ` 2N such that ↵a
1

[`] = · · · = ↵an [`]

with ↵a agent a’s reliability stream from F.
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Reaching consensus

A natural instance of the general lexicographic upgrade

Lexicographic upgrade: if agent i’s reliability ordering is given by a
1

�i · · · �i an, then

w 0
i

u i↵def (w <an u) or (w 'an u and w <an�1

u) or · · ·
or (w 'an u and · · · and w 'a

2

u and w a
1

u)

Proposition
Let F = hW, {i,4i}i2Ai be a PR frame; let F0 = hW, {0

i
,4i}i2Ai be the result of lexicographic

upgrades at F. If u '0
j

v for some agent j 2 A, then such ‘tie’ will not be broken by further applications

of such upgrade.

Corollary
After applying the lexicographic upgrade once, further applications behave exactly as the drastic

upgrade.
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which restaurant to go : original situation 

! " #

! " #

! " #

Alan

Barbara

Chiara

! " #! " #! " #

! " #! " #! " #

! " #! " #! " #



which restaurant to go : upgrading once 

! " #

! " #

! " #

Alan

Barbara

Chiara

! " #! " #! " #

! " #! " #! " #

! " #! " #! " #



which restaurant to go : upgrading twice 

! " #

! " #

! " #

Alan

Barbara

Chiara

! " #! " #! " #

! " #! " #! " #

! " #! " #! " #



conclusion

preference and reliability models

preference upgrades based on reliability

logical language to express these notions

unanimity and stability



future work

characterizing unanimity and stability

weakening the relational properties

reliability dynamics

knowledge - belief - manipulation

combining deliberative and aggregative perspectives



future work

characterizing unanimity and stability

weakening the relational properties

reliability dynamics

knowledge - belief - manipulation

combining deliberative and aggregative perspectives

What can we logicians offer ?


