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Todag: Jitst defintions & popeies & K3 suifaes,
S oo
followingy Hugordnis Chapiess 122

Ale will define  QAGDM@Ic, OMPex, AN pulafed 3 sutaces
afdsudy e ©Ohomaogyafine bundies

lex K e adied.

A NGnRy per K is & ,

Screfre ,whee
= ‘like Hausdoe’

= (Rduced +i rduable w@g 0pen U=Spec(R)
o R an integra) domaun

RN S Negrm \J KK

=S4 000w e suucur foap K — Su(K),
Uy 00AN SpecR) s afinitely gwased,
K- Qgeoa .



An ldgeoaic) K2 sutace i3 @ :
Fuo- dirnensional. uasiey S ok Q5,2 0x and.
\‘\}\(\*)07\} :Oﬂ N\[‘de

= "like compact” -
= A\ locak nngs o iRyudor

LR ) din(™ ) )

&?T'X =~ @X :
» (ovangen sheat Oy is locadly dree sheaf o Ox -Modudes

R (G 2 (= frdy KOOAK)
Q%5 = Ny deenipanm)

= WD (Cononicol Shof , &7 Kx C(IMNC@lUm\ourd\Q)

« Thar's, atenoning painng - « N — Wx =Ox s patect.
« Tangewt shedf i Jx =HoMyg, (L, 0x) is oy dree

R oMk 2 Qs Wl o J = Qx.

W' 0x)=0 -

< e ieguianty o X s davial
CWeknow HEOLOO =0 ¥ iv2 st dimn(X) =2

+ Pie) = WHXL0K)



Exampe £ ( Smooth ompreie intexection )

o =152, .1, let Hit $00.x0)=0 with degi) =dind in ﬁ”g
be a hypersustae 0f dagree ds

andlee X =H nHan_ate SPe of todinasion €

Then Wy = Okldin-1) ¥t
and Wy = Ox (_Z\d\—l\/\)

onz(')X; we wapk N-¢ = 2 and Z2Z.di-N-\ =0.

(@) n=3,0=1,d =4 =2 quaic swtae n P

&) 0=4,022, (dndy) =1,2) = quodnc Naoic in B4

() NS ,rs3, (dydy,da)= LY =7 quodne nquadne Nquadric in §®

H'OG0x) =0 (o @)

Op [u) = w3 and Ox =k St into
0 - O\?3 (W) — @P’ — Ox >0
long exaes sequance.
2 R 0] — KR 0= ¥ 0% ) =

d
bux

0]

(P, O 140) =0 ¥ gq#0)

so (K 0x) < H'(3,0x) 0.



Example 2 (Kummer swface )

Let chartk) 2 afd lex A/K o on Qbelign surface -
3 ivolaion L A=A with dixed poims ACL]

X — =K
e know fhat ¥ A 1K) = 297 =o' =l6.
Now olow up A inhese Jixed points: A — A .
Then A s involssion 1 L@

Then T: A= X is adoudle com, ramisied Qong
exceptional divigors G (i=1 ,16) with images &, 80

TOE) = 0k ) | )
Can proe Hhak wx = OF (Z€) o
Huwt rapiticasion Jomuwa gues
wx =Ty ® 03 (Z8) h (2)
So ) 23)=7 < tarii caxion davises
TWx=0g 19

Wx >O0x :

[ Progleciion I0OWA:  [er &K 0x ) LY,04) e morphiste of ringed spac]
lex & e anOx-rmodule, € a lacally dree
O+ -modulg R Sinte fank. Then

54(,5 O, 54E,> = \\C#(,\CF)@O\, &

So for Ug: UN\/@K) ~ (X 60x) yieds "
058 wx ~ T, (IxeTwe) = . (Oxe0%)
& Tz (OF) (s)




T0x pw. = Mg 5

Also haxe TA0% = Ox 0 [ for Lost. [=0:(ZE)  (6)
o
o Ox ol ~ MO Z—:’; T Wx
)15

e O WX = (xol)®wx ¥ wx o (L 6wy)

o etner Ox = U'®wx K

or ‘(Ox ’-‘Ub)ci

HIOLON=0 = KK, 0x) S HI(A,0;) =H(AO4)

IS Covained i SWosRALC. fwanal U indiced,
Glion G} L.

( these @ the ixed poitis & Lon A ) C)



Line bupdies & cobomslogy (PaqT)

Lex X e any sonacth pojective Swiace oo @ fidd K.
Lex DiviX) ke 1S groupeP (Weil= (anig) divisos.

Jimasection puNg () DvX) x BulX) —'Z
(C,D) —CD

C.D= # (CaD) ¥ (D ae Nosnqular dunes
Meging transvesaly
* the paunng s gymee and additive

o e ouscome depends onkingor equivalone. chsesof C 2D
eqtdaﬁmd\oelob)

The Ewe charauessoc oF o wheoy Sheat is

WOET) =% 5) = S0 dion HOLT ) = 0 W OUF)
e (Ll ) = YO ) U + % L 8L)
Aiemant-Roch: o (1) = Lelewd) 4y iy)

 equuialhce. teLaxions of Div(X) -

SU(\\“\M e

|
) LiNeas equivalence - ] PO =DV [~ g
Crn D 1 C=Drdwid), fex |
(2) A\gebfcuc QIR .': LX) = dasses apg-equv.io O
CayD % Jomesed Qv 15 pS OLET, - \g(x) <Aty [ BV
dnsol € in XAT flag ooer T, such thak | Non- ey goup
l E o — Elyony & D |

12) NuMeical equivaer, P00 =dases un Qi o 0
CronnD ® (GE)=(D,6) YEOUX) NN =PeX) 1PicCX)

NSOO and LX) ale iy govoasads Pieard tuenioes @LX1 = NSCX)



Now \ex X e a K3 swlae again -

Ewler dharacenstic = % L0x) = ROLVON-R B0 = 1-0 11 =2
Anthinesic geMs o = BLON -ROb 0x) = 1
g(’m‘ﬁmc 86\\\8 Pg = NN O)\\ =1

L?.
Rlemann-Roch: XLL) = Z + 2o

TEK) =) when K=k¥P ¢ dor XX eale stdmped wegt
wr =0g and XX, 0x)=d % 1%0x)
ll/ ouk W (%05 ) =N(WOx) so d-L-

This impies thax Pic(x) is tomonfee . (¢ direct ook in i Raw 15]):

Ao, D1e(X) = NS(X) & Num(X)
Hodge dumoos = dien B CK 08) = (005
PO R (X, 0x) = y

©h°’2 NDGR) =K (W 0x) =1 0 o)
WO <h (Y, 0x) =1

7= K UL SE) = R%,0) = ! 30 1
R = WUk, 0) = 0 0 (0

Candoow W™ =Rt <’ =D

Can ompwe thox "' =20 2 hodge diamond.

b (che cases, Nogthers o, ahe h*4 )



Conplex. K3 surfaces

A complex Kz suface is a two-dimaisional
compex mamfald such thoe Q% =Ox and K% 0x) =0.

For compangons, we need -

GAGA - 3 equualenc of doclian (@kegotes
sepanied snare loaallyof X > X e e wiinieotpoins 1CC)
ety 0 @ ooty s Gronitad
coherent shagf m\x,f J —F® eyt Shaaf on Y
- k=

Q\U( —> &x‘)"
ﬂH‘*(x, F) —=s W (¥, 3%)

|

Then Siaxmcm, 2 fwtawes /€Y s dompex K2 swtaces
X =y XN
iMoge= PREtive. o KRS

This is uSetwlo=Cause wecan conpui sngular (oloaggy on X

00— Z >Ov— @Q — 0
yietds F —exdlanh)

0— ZZ - C -» v — 0
— 0 = [Pug oW — ¢ )
L ROD S 0 - K0

‘S ¥ (=0 =2 W WZ) =0 upio 10SON (Donge dmmy)
ok o show F forsion

HOWT) ishosionyhe aocion goup-




So P -sH(LZ) > € = Yuxz) istosionfre ascliangdup.
Tunber, Pic() > K2 (6Z) R OLSL) ch' (L, Q) and W =20
© 0X) < 20, (€adh TaNC iS 0cualy fealised! )

NR.0% afbimany fiads we haxe QLX< 12 gne g (MZe) hastana

Beri numbes P% (%), so

be = ho° =

by 70 11 - 01050
by S = o i3
by = R* =

Aso S L-Nhi(X) =el) =GiX) =2y

s by =W =R "
) +\ {20

(Dso kA (WZ) =0
“Topdlogical intgsection forepy = Cp produce
R HONZ)X (W) — WD =L
1S an bilinoor paing , giving fise to iMeyral quadiasic e
q: W(WZ) »>Z
X —= R(xx)
Wi =a BxXe2Z V¥x

= st BU%Z2) = Rom (WU%Z), Z)
J

H'Ox2) s ;e Grapn Mook of deeminags 4
Canshows & Nas sighasue. (319), e,

Qe W' (NZ)eR—R Pas 3 postie agonawes &
9 (\ngmaeiggwcxum



Howe hyparbolic plape L & (D \ ) NNt 2, eigaaes
| O

o LglHl) & -2 rank 8,
v agenaugs -2

-2
Clossiicagion o Wienodwor \axices (. Same “Cowrs dfninratique.”)
shows thax

N Z) = /\g, = Esl») o & b)) oo Uo



Line bundies 2 Cohandlagy  (Pop T

Lek k=¥ ‘e algebiaiCally closed.
lex X Be ong sonooth projedve suskoue owes I -

o A Ccompee lincas sysiesn on X is the sex of bk effeckive. divisals
Lneodly equivalent 1o e dived, divsor Do, denoved, | Dol -

Then Do & inwtible sheaf L ande 100l ed (0% L)- oY) /¥
+ A livear ayctem O s 0 Suosex OF \Dol, ortesponding to &
W0-\RUof spaw \[ < fo(x,L)-
A Raepoint PeX of 3 is suhthak Pesupp®)  YDED.
< The baselocus Bl R W is (M) )Hs)) maximol, closed

SAI* (YL
ososdeme f X conaind in ask Pell -

e NTOOUST indues (- Xo-s P (R0 L)) s rguiaron X\ Bs 1L -
=> Lineqys Systeme withour, base points induce. mofphisms X — P

Aline\gundel L ig

AS € (L.0)30 forak doved cunes CeX.
big and fef >0 and Lis \ef

oy wnple i @ is & doged. immession

NS it (8% isvay ample JorsoR.

Candgompose L = M +

\
Mobile fived

whee ¥ = ore- dimensionak Do of BslLL
and M= L6

Trer 1%, M) = BeOGOL), M s net and MS0.



consider cupe C in X %000
/
Trhas anthmexic genus pQLC): I-%(0c) X

= [+ DL OCAN - (X, 04)
N qeomesnc Qeaus PgCCl = K IGG6) =K (C,we )
I Crsnonsinguor then o (C)=pgCC) =gCl)  "gows’

IF C s nguar then PalC) = Pgcl) + h°(8)  wih
& =1, Oz [Oc for 0: C—C. nOMAUS asion

Adjwrcion Sormowa: 20,¢0) -2 = (€. 10,00(0))

[sine we = Wx® L) 8O = lwx 8O [¢ - )

NR. Sor angcune C with pgCC) 22, WOC iSvay ample for k2.
When C is senooth itedoglor. with §2,2
We s ey aMple < C Is Nok hyperupric .

[Kodassa - Ramanuom vanishing
lex dhaulkl =0 and lex L be big and.nef.
Then \‘\\ DK) L® UD)() =0 ¥ 110,




Now et X be a K3 Sulface (gain.
lex CeX e acwe,
o Adjuncrion forfidla = 2pa(C)-2. = (C.wxe0CQ) =2
(since we = 00| )

So Ctr-u.
A Co)ane C hos Cr=-2.Then pal©) 20 =pg(C)
0 Cis sepooth and Devee (k<) € ~p*

9

¢ Tor Cstoothand L=O00) 1 we hane Wxllc )
0 — w0 — H"(\L\L\—»W’(\C, L) — o0
1 g+ v

So OyL) =g = (XL (- £42) so H'(\L'i\;%‘)}wc)

1 foe H* (X, LY) —~ \“CCJLHJ ¥ Lo.

o Lex Clocasmoth (eduable dwe in X of gows gol-
Then L=000) is oe-poim free o P X— 72
festds o ( —s 97

M.‘ (ch P X =P (% we)*)
Bur'oy heakae,

PO we V) <R X, L )F) P eeoy’) =p°

= PV T, w)*)

Bosc pawis ooy at C b L. = e has fobase poivis we there. g

NB. For g-2 W Q& fypeellgtic wne C, o (—F" i dgee 2)
isde festiction 1 X— P (ot dogree 2, brandhed ajong @ extic).
LANG(K) F2)



o \Ne can decomiose any line oundle Lon X as L= Mif,
wee F=Z oG wih oo andG =P
and M s . and M*20
st MO s lbase poith-free. forsorte (.

L4 1L is acompwe W syFem, treny Bs ILL=F.
(Ths is aeor when L= O(F) ;sven M~ LL-F) 2O is base-poinmfree )
o & [is suhinak >0 and I comains an iveducilole wie,
fen| ths e poiti-fres.

IH dhar(¥) 42 o Cis v asd (120, sy tre g uu\t)
in1C( is smooth and iMdyalple -

[fodaira - Ramanwam vadising. K (X, LY=o ¥i»o \%\\XQ\\LJS

This nods exen wiyen chortk)#a !
wesaw H'(%GL)=p0 for L= 0OCC) when C Sonooth -
Difect prook (fo( RO L) =0 when L=0(C) for C conneced gmd&mec\)

0-0lc)=0x »0c =0 induces
0— KOO HOLOR) She (%, 0) — 1 (% 0L W“ﬁ@)
0 R oy, L)* 0 (xa)

Wehake B (X, 6(-0)) =1 UG =0

ond {1 (X, 0G-0)) =W o4, B Lo s )T
ond W (X,0x) > W (X,6.) > HCCOc) ()
% WLL*Cs o Yo itis mak,



Polansed K3 sudaces

A z{ polansed ] K3 suiface O degied is A3 st X with an
0uas-poassed

ampe lire oundle L |
big gmd nef } | wite (%, L)

w1t = 2d and Lis

\
indvisivle in PicOX) -

A smosth cuve. it LLL then Tos goms g udhvbax 29-2 =28,
wa\ﬁt'\m'. 19’1 - CZ' )

Then X P andue my thar X has ‘oeoes g

When X =K thee exisis sucdhan Wifaee forany g3,

5 Ths isocrttig eg- O finve §idds, wiwe iy, dege. is pounded !



