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Denied equivalentes : finefield use

Recall from Huybrechts Ch4 appendix / Stefano's tak :
-

Let X be a K3 over Fg ,
let I = Xx§ ,

in chop .

Have a relatie Frobeniusmaphis 5 : I→I such that, tra ,

Xtgr ) = {points d- I Sixed bĳ sr } = EH )itrlfl t.IE, de))

sitting into a generatie function 2- (X , t) = exp (EINEN I )
.

El

Weil conjectures 71kt)
"

= 11-4 ! 11 -dit)) 11-9' t) eelt)
where { a.

„
du} = {%

. . . ,
% } since hĳ - i. bĳ = 92 ,

1 hits 9 Ii and di = ± 9 toe is, 2k

Theorem hieldich - Olsson) let X ,
Y be K3 surfaces over Fg .

If Db IX) = D'N) , then 71kt) = ZLY ,t) .

Proof Write# D' A) IsDBIY) . Bĳ Orlov 's theorem (Dirk's tand ,

# = p
is a Favier -Mukai transtam for somePEDBCXXY) tq .

Kf
.
deniedTorn : VCP) is integral,so getipt! thx, →MEE) Hodge isomeer )

VCP) is f-invariant , so yet f-equivalent isomorphism

Hĳ Is del ⑦ titelheld)⑦ He? txt HELEN ④titel ⑦H:(Eden) .
50 sets of eigenValues off must (Oincide :

{ do } u {d . . . . , du } u { du . , } = Epo} u ER , . 822} u { pa , , }

Company absolute Values finished the Proof . a



Quick intro to Brauer groups
LethDeafield .

Then the Brauer group of k is

Brik) : = 9 Central Simplealgebras Ik } /-
where A - A

' ⇐ A⑦Mnlk) = A
'

⑦Mmt K)
= H!( Gr , ksep

× )

het X bea regular integral scheme over afreedk .

An Azumaya algebra A. overX is an Ox-algebra , coherent as Ox -module ,
étale localeg = Mn 10x) , suchthat AN) = Axon) is a CSA INN , Axel .

Then the Brauer group of X is

BRIX) = {Arenaya algebras over X } /-
where An A '

⇐ A ④EndIG) = A
'

④ Endler) ,

ForGgz locallĳfrest
= Ht IX. Pan )
= H! (X , Gm ) = tractor

for

It is a tinne aber torsie group with Operation ④ .

=

A twisted 143 SWface is a pair (X, d) ,| where X is a K3 - SWface and a e BNN .

ComX
,
a) = categorie twisted straks om X :

Chaosing a representative { dĳk C-094in) } , Sachastraf is ( { Ei} ,Eceĳ })
where Ei is acoherent Smeaton Ui and Rĳ : Elaine

,
I Ei luimig Satish

Gĳs id , lfji = Gĳ ,
and Gĳ 0 Groei = dĳk . id



Nhg would we study twisted K3 surfaces ?

A twisted 143 SWface is a pair (X, a) ,| where X is a K3 - SWface and de BNN .

We Sawin Dirks tak : If Mams is a sine moduli Space ,
then Db IX) =D

' 1Mt, w)
') .

And in Martĳns tak : Eine moduli Space ⇐ Juniverschansing E onMatrixx .

=

Idee : a twisted universeel familyaways exist !

start with Candidae straf E' semistable ( constructed likein M' stalk)

and open cover µ Ui of M .

Derde E! = E ' tuin .

Then EJ /
µ, „g) ××

= Ei /µ„g.)× × ④ P
'Lĳ for zĳ = Patton LEIE)

and 7 Bĳ : Zĳ→ they such that

dĳk ÷ 15 ĳ ④ fĳn) of it c- Nllĳk , 0
'

)

⇒ de BrtMans)

, really 0→4)→BrtMannBra)→ 0

50 we have an a 1- twisted Universal familie
on Matrixx

⇒ Db IX) =D
' 1Munt , a-' )

"

twisted EN partners
"



Letsbedcomplex K3 .
Lethal beatwisted K3 .

→ COHN → D' (X)
.

→ (0hAM- D' IX.d .

• For E)FEDBCX) wehave . For GEE Bbtk ) wehave

XIE ,
= - LUIE) ,Ulft) HIEF) = - SUBLEINDIE)>

↳

for the Mukai vector Mapding for the twisted Mukai vector

- -
✓ sch . Vtdlx) UB > chb _Vtdlx)

i:÷÷÷÷÷÷÷÷÷;÷÷÷:|;÷; "mmm

where where

KONI Huur ) = Co> MIX.nl#pIBI.tTolX)=C6tBno7
IT " ' IX) MĲNE) ⑦U TT " IX. drs)#PIB) .FI" IX)

so that so that

NONIII" ' Nl wint .Mmpaint" IX.XIIII " IX.dr)
warmpenning

Recall exponentieel sequence on→ 0×-05-0 ⇒

-→Nix)#' {KOI )→turntraktaat)PICCX) 0
so for owfixedd-CHYX.DE/=H2lX,0x)/H4X,2)

wetindbc-HCX.lk) = Hoka TNX ,R) ⇒ writemob
.

Ik since a istorsion , Betrad) ) , uniqueuptotl and Pieck
.

Let explb) -_ It BIBI Etha)ithispresevestherukaipaiingN.B.io
EXPIBI : ITN ,

→ INNE) is atlodge isometrie



LetX be a complex K3 .
let IK al beatwisted K3 .

→ COHN → D' (X)
.

→ (0hAM- D' IX. d) .

• For E)Fe Db (X) wehave a For GEE D'IN) wehave

XIE ,F) = - LUIE) ,Ulft) HIEF) = - SUBIET ,UBIF)>
↳

for the Mukai vector Mueiaipaing for the twisted Mukai vector

- -
✓ = Ch . Vtdlx) UB = chb .Vtdlx)

i÷÷÷÷÷÷;÷÷: ÷:
"msn.mn

where where

IT" Nl :-. H
"01127 ) = < 67 Kon

,ask.explbl.tt
"

IX) = (67 Bno)

IT " ' IX) IT ' "Nie) ⑦U TT ' " IX. drs) IB) .FI" IX)

so that so that

IT"Mbt" ' (XI wint . Murai paring Ä
" IX. drs) III " IX.dr)

wit Murai paring

Mukai paring la,
= 102.82 ) - 100.94 ) - la. Po) has signature 14,20)

⇒ foramprocess lett
" 1h27) , have 4-dim - positive -definiete) EINAR) ,

spannend bĳ Belg) , ING) , Re textiel) , In lexplil))
"

foarpositive directors
,
in their Natural Orientation

'

where explil) = ( 1 , ie , -142 ) .

Choose b. w Kahler dass !

DeniedTonelli theoren : Twisted denied Toselli theoren :

D' IX) =D' (Y) ⇐ Dbmat DBIY,p) ⇐

FIX, âIn,pie) Hodge isomeerKIKI TTIYIE) Hodge isomeer
respect,.mg naturaonemotion of 4 positive dimensies



p p

DeniedTonelli theoren : Twisten denied Toselli theoren :

Db IX) =D' (Y) ⇐ Db (X,atDBIY,p) ⇐

FIX,AZ) -5 IN, p, Hodge isomeerElXi TTIY,E) Hodge isomeer
respect,.mg naturaonemotion of 4 positive dimensies

Remans :

1) We Sawin Sergej
'stalk that Ep : Db IX) IBM) gives

Hodge isomeer gĳ : H ' IX, a)Ik910) ( ⇒gĳ :#2)atleet )
can prove antined statement :

For Hodge isometrie : IN,E)→ NY ,
27)
,

Q = bĳ coming from some Fourer -Mukaiequivalent :D
'
→D'N)€ 4 respect NaturalOrientation of 4 positive dimensies .

So Orientation - Preservation is automatic satisfied .

In tact , Huybrechts -Macri - Steven prove that GĲ F l - id„a)④ id" µ

2) A found - Mukai transfer # p i Db IX.de Db IY , p) has kernel
P E Bbt Xxl , a-' ⑦ B )

and gives Hodge isomeer gaf ik
'

IX.d) IN IY
,
a) ,

Gidding isomorphismsp.gl?HM(X,aa)Ip.gt0..iHP'4Y,p,a) VI.

3) It follows from thedeniedToselli theoren that

D' IX) =D
'
14) ⇐ THIERY) Hodge isomeer oftranscendentale

(TIXIINSIX) in 7147,271 . )
The analogie D' IX.a) =D

'
IY
,p) ⇐TIX,a) =TIY, p)

does not had :

• TLX,a) ETTY ,p) # Hodge isomeer FIX, a,E)→ IN ,
27)

• Hodge isomeer IN,die)→IN ,Bie) mightnot Preserve Orientation
of positive directies



Consequences of denied equivalente

• Huybrechts -Stella denied equivalent twisted K3 surfaces
have isomorphic perods .

• Hasselt -TSchinkel :②denied equivalent K3 surfaces X,Y over K Of chat #2

have Dicht =Pich) andBrameBANNEN
,Markle .

③ denied equivalent K3's over angsteed Khavethesame index :

Ind IN = { goed of degree of KĲK such that XIK' ) 70}

(②⇒) ④ It D'D)=D
'
IY) and X is ellinie , thenY is also elliptie

Question If DhNe Bbt Y) and XlK) #0 , donehave YIN # 0 ?

Nt when we have seen that BMX) -4344)⇒71kt) =ZIY ,t)

⇒ IXIK')totYIK' ) 1 tNK
.

What theanswer is also
d) Real vaneties have a rationeelpointer their index is 1 , so use③

b) EquivalentMukai late capture topologieceltype denkmanierdNR),
50 NR) andYURI wedifterie .



Whent FrauR) for R = ①Et]
,

XIK has amodel JE→ Speur) (with genen fiber X), so XIKI# 0 ⇐
A-→ Speur) admits a sector

can show XIKI# ¢ If

A) Xhas amodel with at mast rationeel double Points in CentralSibret , or

B) the quasi-unipotent monodrong ActionTitle)→MIKE) hastrale#-2

Furthernor :

A)⇒ Having such as I
'

ADE model is aanval invariant
.

Soit D'IN -4344) and 7 ADEmodus , then XCKI,YCK) # 0 .

B)⇒D' IN =D
'
IY) ⇒ Mukai latter are monodrong -equivalently isometrie .

so if BMX) =D' IY) and traces are #2, then XLK) ,YCKI # 0 .

Whentied, its residuefield is some Fg .

Sonia Hessels lemma wecan show :

BMX) -4814) andXd have 9000 reduction⇒XIK)# 0 Hk)#0 .

(Applying resolutions and deformaties ,this canbeextendedto X,Y admitted
regular modus SatishIng A) ,wrap37 . )



Twisted question If X.Y are K3's overhand D' IkonTip) ,
done have IX.d) IN # 0 ⇒ (Y , IN 40 ?

Heere
, ICEIX, a) (K) means XEXCK) sit . XIX) = OEBRCK)

.

Ascher-Dasaratha - Perry -Zhou : " NO
"

whenKisO@2.o
sketch of argument :

U 5. t.IT; is surfacefibian
1 branched over sextic curve

⇒ the double cover of IP
'

× , | % branchedat this

sexticisak3.li/p2x1P2Moreau
,
Xi comes equipped

X , Xz with a Brauer dass di
,
and

| % In / D' IX.a) =D'Naa) .
ph IP

' '

(unless (hark = 2) -

can choose Tamificanon divisie for Y→ D'xp' so that

1) d , gids Brauer -Masin obstruction , so X.107=0 ;
2) expliciet computatie yield seek la) ;

3) mom expliciet computatie and proof of 1) given cases aan .


