
1813120211 Arbored Galois representaties
(with Irene Bouw & Özen Edo )

§Motivaties : dynamica sequens

Question let tantra , s.t.am = Ham ) .

What is the density of
P : - { pech Prime :p dividesatleastone

' nontenterm of tank } ?
1970's : f Linear Claxton , Vld Poorten , Stephens ,

Ward
. . . )

Example Claxton - Stephens]wntzslatdwnn-awn.tl#)aEEThenthedessityofPislint#eplaten )
Tornadodp

3-Moreexplatformwasasswing GRH

1980'S : deglf )72 , SIXTEEN , GEE (Odon)

Example a, s2 , Anne Itard-An (Euclides theoren ! )

bed, > baarde-an
Theebus bitbr
and Anas Itbn - ltblb

,
= ltlan-H-l.am)

= An
'
-Ant) = Han ) for ⇒2-XTIEZTCXJ

Notatie Write fn > fo . _ of forten iteraties
.

Note : 8 ( Spcapnine : Aisa (modplusoneish ) s

GIFpapier : di # Almalp) forehandtweehasaroot
modp } )



§ Dynamica Belyi maps
het Xbe an algebra curve over0 .

A Benima is a tinne covers :X→PI brancheDÉÉN ,1,0} .

Belyïs theoren : X is defined overd ⇒ 3-Bay maps:X→ PI

Example : X = PI and AX) = -2×31-3×2

We consider dynamica Bdyi maps , where
• X = PI (genus 0)
• 7 ! nominatie Port
above each breakpoint

langlegale)

• flo) =D, 511) = ) , flats (normaliter)

Combinatoriek type ( die, .cz , es)
I

degree Ionisatie indices
above 0,1, 0 : 259 Eerst

Riemann - Hurwitz : liter te = 2071

Example : FIX) =
- 2X
'
t 3×2 has type 1352 , 2,3 ) .

Fact : For any type ( die, , er .es ) with ester tess zdtl
3- a coresportding Belyi map ,
which is defined overQ !



-

We consider the following Galois groups :

① f- n : plans Pd → Fnlalt) → Gaa Galton )

② fn : Phi → Ptmens Gne gaten ) tolt )

③ Choose aEMA)Kates} s.t.name off
"
- a is inductie Fn

.

Let Kma be the extension of Ko
, a.=D obtained by adjoining

a not of the nwneratoroffn-a.mnGaa : = Gallkata) .

Goal Determine and racete these groups .

G. a
Firstobservaties :

U U

① Gina E Gn .ca
6nA Gaa

docent : = hotels
.
( can fail already at na)

② Kma gaat) = En ⇒ Gras En , a

Hilbert indachtig theoren : "Mads fora in nodenptyZaidi

opa sprak
we vinger expliciet conditions on a .

Iaea Embed alt Galois groups
into autonomie groups of frees .



§ Arboredt representaties

FIX d32
.

For Mb1
,
let Tn : = regular d-any noted thee of level n ,
To ÷ lĳf Tn

Example d =3 , D=2
" r o e . • • a •

← nee,haves

• a a ← na

• ← not

3- dr haves ⇒ Awt ITN ) ↳ Sdm
In tact

,
Autun) = Awt (Tm) S Aat IT, ) = Auto ) Ssd
Write (§ ,T) = (LG , . „Gd) ,T) E Aat ITN)

Peking t 1 or a) as not and its preimages ander tas modes →

Arborol Galois representaties G. a ↳ Autun )
Gas

, a↳ Ant Ita)
Questions : What is the image ? What is [Autos) : Ga , a] ?

E. g. for Ax) = X2 -XTI , Gaz = Aat Ita) surjective .

(Odon

Odon 's (Onjecture : Hd72, 7 Monic polyamide te KCXJ
of degree d and AEF set .GaatAns)

⇒ Truc for number fields (Looper, Benedetto-Juul, kades , Spectator)
but not for every Charo Hilbertion Siad (Dittmann-kaders

'

20)

Finne index canbe proven inspecial cases ;
for as the index is Infinite ( zd

"' td" t.edu atkeren)
since f- is postcriticus Sinik .



-

§ The groups Gn,á

Any f of type Idi eiser , es ) has a genenting System
(91,92193 ) where gie Sd is een ei - cycle,

919193=1 , and

<91,921937 acts transitie om 1,2, →d)

Then G.a- erg , , 92,937 .

[lietOsterman : G. a- = Sd it areof the ei is even{ Ad otherwise
For m2

, inductierey detimegererating systeem 19 , , n , 9am , 9am) fort?

91in = (( gsm ,
id , . . .

,
id ) , 91 )

92in = Kids→ id ,gans , id, → id) , 92)
tin position 1119 ,

93 ,
n =

' Kids
. .

,
id , gsm , id , " , id) , 93)
tin position 4)9192 .

Then Gr ,@ -491in - 92in , 9am)

Theorem 1 (BEK) ① It G. a- = Sd , then inductie
Gina = (Gm

,
a- 5 G. a-) nkerlsgnz) C- Autun)

where 59k : Anton) Auto)→ {II}

116inch ,T)↳59nA); 59Moi ) .

② If Gisa= Ad , then Gr ,@ = 5Ad C- Anton)
IN?2

.

Proofsketch : . Check 59M (9in) = 1 Hi

• (onpare sites (actually indices in Autun ) of LHS 2Rtl5
by describeing expliciteren of kerken,à Gm

,@) .



§ Descent : Gn.es?Gn.a

Theopen 2 (BEK) If a G.a- =G.a = Ad ,
or

• G. a- = Sd and ds deglf) is Odd

and {f is polyamide , orof type (di d-k, 2km , d-K )
I

then Graden
, @ tal .

Example Desert hotels for SH) = -2x' t 3 X'
.

Proof sketch . Bĳ ThMs : It G.a = Gi,@ and Gea = 62,0
,

then Gina = Gina Vns2
.

Gina is either Gina S G.a or (Gro SG
,
a) nkolsgnz)( and we distinguish these otter projectie to Gta .

)
.

" Modified discriminant ' : Write HN ' 91N MIX)
and 91×1 -thx) =L# Ix- ti) .
Then 62,0 c- kerlsgnz) ⇐
A 191117-that)#AAN - ti) = Ulft)

"""'t"")

is a Square in alt)
.



§ Specialisatie : when Gina C- Gn
, a

C- Gaa?

Theorem 3 (BEK) choose aEP
'
la) 15011,0} and

distincta
'

mes p, 9 , , 92,93 EQ such that

µ,
Q) flX) = Xd (mod p)

b) Shasgood separate reduction at 91,943{ c) Vplakt , Vq , (a) 70 , Valt-a)70,4 , lak0
Then Gina e- Gaa Ann

Proof sketch a) ⇒ hĳ inruilde VN
,
so [Kma : d) =D" tal

50 Gaa E Sdm is transitie
.

b) 1- c) ⇒ Presenteranimator in kn.ee/Kn.a and

construct Elements -of Gina (onjugatetogi ,n EGme
=

✓nl
,
7 ! ramiaedpnmeqninkn.alkm.ee above 9mi

with ramitiction index ei . and an other primesaboem
are unramitied

.ÂEen;÷÷÷;÷.. . )
Cordang It Thorens 223 had, then

Gina = Gne = Gaa t nu .



§ Application : dynamica sequences
(An Inn , an >Ham ) .

Let 8 : = {pech Prime :p diades atkast om Notten term of Lahm ,}
Q ÷ Ep c- On Prime: di ± a (modp) for some i 71 }

Theorem 4 IBEK) het f be a dynamica Bdyi map ,
with Spitting tied k .

let deNIA)) salsa} such that

Gaa= Gn
,@ = Gaa tnat .

Consider (an)na , with did
,
an = f- land .

① 8 (Q) = 0 -

② If Gris ,K =Gn , k = Gaon

Guaranieed bĳ conditie# for any nonten preimage bĳ of ten anders,
analogonstolt) then 8 (D) =0 .

for bĳ over K

Proof sketch ① febOtaru : a)§
# t element Gina fixingaat }

#Gina

and Rtl5 → 0 as no
.

② 8 (P) = 8 ( EPEQ Prime pek above ps.t.cl bj (modp) for some iĳ })
so avg.ae as in ① .

=

THAN K YOU FOR LISTENING !


