Journal of Computer and System Sciences 81 (2015) 880-900

Contents lists available at ScienceDirect

JOURNAL or
COMPUTER
g SYSTEM

Journal of Computer and System Sciences

www.elsevier.com/locate/jcss

Lax extensions of coalgebra functors and their logic @CmssMark

Johannes Marti, Yde Venema

ILLC, University of Amsterdam, Netherlands

ARTICLE INFO ABSTRACT
Artic{e history: We discuss the use of relation lifting in the theory of set-based coalgebra and coalgebraic
Received 27 December 2012 logic. On the one hand we prove that the neighborhood functor does not extend to a

Accepted 25 December 2013

¢ . relation lifting of which the associated notion of bisimilarity coincides with behavioral
Available online 4 December 2014

equivalence. On the other hand we argue that relation liftings may be of use for many other
functors that do not preserve weak pullbacks, such as the monotone neighborhood functor.

Ié?:l/;r;; We prove that for any relation lifting L that is a lax extension extending the coalgebra
Relation lifting functor T and preserving diagonal relations, L-bisimilarity captures behavioral equivalence.
Bisimilarity We also show that a finitary T admits such an extension iff it has a separating set of
Coalgebraic modal logic finitary monotone predicate liftings. Finally, we present the coalgebraic logic, based on a
Cover modality cover modality, for an arbitrary lax extension.

Predicate lifting © 2014 Elsevier Inc. All rights reserved.

1. Introduction

There are at least two reasons why the notion of relation lifting plays an important role in the theory of (set-based)
coalgebras: to characterize bisimulations, and to define the semantics of Moss-type coalgebraic logics. In both cases, coalge-
braists generally have the Barr extension T in mind, which, for a functor T and a relation R C X x Y, is the relation given
by

TR:={(Tx(p), Ty (p)) e TX x TY | p € TR},

where wx : R— X and 7y : R — Y are the two projections. This relation lifting characterizes a bisimulation between two
coalgebras £ : X — TX and v:Y — TY as a relation R € X x Y such that (£(x), v(y)) € TR whenever (x, y) € R. It is well
known, however, that these applications only work properly in case the functor T satisfies the category-theoretic property
of preserving weak pullbacks. The key observation here is that T distributes over relation composition iff T preserves weak
pullbacks. As an example, the above characterization of bisimilarity only coincides with that of behavioral equivalence (that
is the relation of identifiability of two states by morphisms sharing their codomain) if T has this property. For this reason
relation liftings are often thought to be of interest only in a setting of coalgebras for a weak pullback preserving functor.

On the other hand, the monotone neighborhood functor M is an important example of a coalgebra functor which does
not preserve weak pullbacks, but which has a relation lifting M that is essentially different from the Barr extension M and
whose notion of bisimilarity exactly captures behavioral equivalence [4]. And recently it has been shown that this notion of
relation lifting can also be used to define the semantics of a Moss-style coalgebraic modality [15].

For this reason we study the notions of relation lifting that can be associated with a set functor T from a more general
perspective. Here we take a relation lifting for a set functor T to be a collection of relations LR for every relation R, such
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that LRC TX x TY if RC X x Y (in the sequel we will give a more precise definition). Such studies have already been
undertaken in the past. In [18] Thijs introduced a class of relation liftings, which he calls ‘relators’, to generalize different
notions of coalgebraic simulation. Later, Baltag used Thijs’ framework in [3] to give a semantics for the coalgebraic cover
modality nabla. In [6] Hughes and Jacobs defined a generalization of the Barr extension for functors that carry an order. Very
recently, Levy investigated the relation between the concept of similarity given by a relation lifting and final coalgebras [10].

In this paper we focus mainly on the question when such a relation lifting captures behavioral equivalence, in the sense
that L-bisimilarity (defined in the obvious way) coincides with behavioral equivalence for any pair of T-coalgebras. Our
work is concerned with similar notions as Levy’s paper [10]. The difference is that, whereas Levy looks for endofunctors in
some suitable order-category such that the notion of behavioral equivalence for its coalgebras (in his case: identification in
the final coalgebra) coincides with similarity for a fixed relation lifting, we go the other way round and try to find relation
liftings, whose notion of bisimilarity captures behavioral equivalence for a fixed functor.

Our main results can be summarized as follows. On the negative side, we prove that there is no way to capture behavioral
equivalence between coalgebras for the (arbitrary) neighborhood functor N by means of relation lifting (Theorem 12). On
the positive side, an important notion studied here is that of a lax extension of a functor T [17]. We will see that if such a
lax extension preserves diagonals, then it indeed captures behavioral equivalence (Theorem 11) - this takes care of all cases
known to us. Furthermore, we will provide some additional evidence that this combination of properties (lax extension
preserving diagonals) is a natural one: in Theorem 14 we will prove that any finitary functor T has such an extension iff it
admits a separating set of finitary monotone predicate liftings. The notion of a predicate lifting is familiar from coalgebraic
modal logic [13]. Our theorem helps to clarify the relation between coalgebraic modal logic using a cover modality, and
coalgebraic modal logic for a separating set of predicate liftings.

This paper is an extension of the earlier paper [12], which itself contained some of the results from the MSc thesis [11],
authored by the first author and supervised by the second. We added a part on the logic that results when one uses
lax extensions that preserve diagonals to give a semantics for the coalgebraic cover modality in the style of [3]. Also in
this context the properties of lax extensions are exactly what is needed to have well-behaved logic. To compare the cover
modality to more standard coalgebraic logics we also investigate translations between different coalgebraic logics. In this
we follow [8], but we work on the more concrete level of formulas rather than equivalence classes.

2. Preliminaries

This paper presupposes knowledge of the theory of coalgebras [14]. In this section we recall some of the central defini-
tions in this section, mainly to fix the notation.

2.1. Relations

In the following we consider relations to be arrows in the category of sets and relations. That is, we think of a relation
R : X + Y between sets X and Y as not just a subset of X x Y but as also specifying its codomain X and domain Y.
Nevertheless, we often write R=R’, RCR’, RUR', RNR' : X+ Y or (x,y) € R as if the relations R, R": X - Y were sets.
We use R8" C X x Y if we want to make explicit that we mean the set of pairs, considered as an object in the category of
sets and functions, that stand in a relation R: X - Y.

We write R; S: X - Z for the composition of two relations R: X + Y, S:Y -+ Z, and R°:Y -+ X for the converse of
R: X -+ Y with (y,x) € R° iff (x,y) € R. The graph of any function f: X — Y is a relation f: X -+ Y between X and Y
for which we also use the symbol f. It will be clear from the context in which a symbol f occurs whether it is meant as
an arrow in the category of sets and functions or as an arrow in the category of relations. The composition of relations is
written the other way round than the composition of functions. So we have for functions f: X — Y and g:Y — Z that
gof=Ff:g

Identity elements in the category of sets and relations are the diagonal relations Ay : X > X with (x,x') € Ay iff x=x.
Note that Ax =idy, if we consider the identity function idy : X — X as a relation. Given sets X’ C X and Y’ C Y we define
the restriction R [y xy: X’ -+ Y’ of the relation R: X - Y as R [y'xyy= RN (X' x Y’).

2.2. Set functors

In the following we assume, if not explicitly stated otherwise, that functors are covariant endofunctors in the category
of sets and functions.

We first introduce some of the functors that concern us in this paper. The powerset functor P maps a set X to the set
of all its subsets PX. A function f:X — Y is sent to Pf:PX — PY,U > f[U]. The contravariant powerset functor P also
maps a set X to PX =7PX. On functions P is the inverse image map, that is for an f: X — Y we have Pf:PY — PX,
Vi VI . .

The neighborhood functor or double contravariant powerset functor A" = PP maps a set X to N'X =PPX and a function
f:X>YtoNf=PPf:NX— NY or more concretely for all £ e N'X =PPX we have

Nf& ={vey|fl'ivies}
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For any cardinal « there is an «-ary variant * N of N that maps a set X to INX = 75((75X)°‘). This means that the
elements & € “A/X are sets of «-tuples of subsets of X. For an object U € (PX)* and a g € @ we write Ug for U(B)
that is the B-th component of U. So if « is a finite number, that is « =n € w, then we have that U = (U, U, ..., Up—1).
A function f: X — Y is mapped by “A to *N f : “N'X — *NY such that for all £ e “N'X =P((PX)%)

NFE={V e PV | (F71Vp)) ey €5}

A restriction of the neighborhood functor A is the monotone neighborhood functor M. It maps a set X to the collection
MX of objects £ in N'X that are upsets, meaning that for all U, U’ C X, if U’ CU and U’ € £ then also U € £. On functions
M is the same as N. So we have for f: X — Y that

Mf:MX—> MY,

g {vey|flvies}
It is straightforward to check that this is well-defined. There is also an «-ary version * M of M that is defined analogously
to “ A/ where the monotonicity requirement becomes that if U% C Ug for all B e and U’ € ¢ then also U €&.

The next two functors F% and P, are interesting examples for us, because they, like the monotone neighborhood functor,
do not preserve weak pullbacks but still allow for a relation lifting that captures behavioral equivalence.
The functor F; maps a set X to

F3X = {(x0.x1,%2) € X* | |{x0. %1, %2}| <2}

the set of all triples over X that consist of at most two distinct elements. On functions the functor Fg is defined exactly
as (—)3, that is a function f: X — Y is mapped by F; such that F3 f(xo,x1,%2) = (f (X0), f(x1), f(x2)).

The restricted powerset functor P, for an n € w maps a set X to the set P, X = {U C X | |U| < n} of all its subsets of
cardinality smaller than n. On functions it has the same definitions as P, that is P, f(U) = f[U].

In the context of coalgebraic logic one pays special attention to functors that preserve finite sets and are finitary. A func-
tor T preserves finite sets if TX is finite whenever X is. All the functors mentioned above restrict to finite sets.

For the definition of finitary functors we use tx x : X’ — X, x— x for the inclusion of a subset X’ C X into X. A functor
T is finitary if all sets X

TX = J{Tve x[TX'] S TX | X' < X, X'is finite}.

The idea behind this definition is that finitary functors have the property that in order to describe an element & € TX one
has to use only a finite amount of information from the possibly infinite set X. From the functors introduced above only F;’
and P, for n € w are finitary. However one can define for every set functor T its finitary version T, that maps a set X to

ToX = J{Tiex[TX'] S TX| X' € X, X'is finite}.
A function f: X — Y is mapped by T, to the function
Tof :ToX — TyY,

£ Tipxny o Tfx (&),

where &’ € TX' is such that & = Tty x(&’) for a finite X’ C X and fx is the function fyx : X' — f[X'].X' — f(x). This is
well-defined, that means independent of the choice of X’, because the following diagram commutes for all X', X” C X

tx’,x txr x

X' X X"
lfx’ lf ifx”
e e (P

It is immediate from the definition that there is an inclusion tx : T, X € TX for all sets X and that this actually defines
a natural transformation t : T, = T. If the functor T is already finitary then T identical is to T, and t is the identity.
Therefore we will often write T,, when we work with an arbitrary functor that we assume to be finitary.

An example of a finitary version of a functor that we make use of is P, . One can see by instantiating the above definition
that this functor maps a set X to the set of all its finite subsets.

A last property of functors that is important in coalgebraic logic is preservation of inclusions. A functor T preserves
inclusions if Ttx x = trx rx for any inclusion tx x : X" — X of some subset X’ € X. In [2, Chapter III, p. 132] it is proved
that for every set functor T there is a functor T’ that preserves inclusions and that is naturally isomorphic to it with the
only possible exception of the empty set. In fact a stronger result is showed and one can check the proof that if one only
wants T’ to preserve inclusions then T’ can in fact be constructed to be isomorphic to T, even on the empty set.
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In the last two sections on coalgebraic logic we will presuppose that we are working with a functor that preserves
inclusions. In all other parts of the paper we explicitly mention if preservation of inclusions is used as an assumption for
some result.

2.3. Coalgebras

A T-coalgebra for a covariant functor T on a set X is a function & : X — T X. The elements of X are called the states of &
and the function & is called the transition structure. A T-coalgebra morphism from a T-coalgebra & : X — TX to a T-coalgebra
(:Z—TZisafunction f: X — Z suchthat o f =Tf 0&.

The T-coalgebras together with the T-coalgebra morphisms are a category where the identity arrows, and composition
of arrows is the same as for the underlying set functions. This category is cocomplete and all colimits are computed as for
the underlying sets.

The central notion of equivalence between states in coalgebra is behavioral equivalence. Two states, xo in a T-coalgebra
&:X— TX and yg in T-coalgebra v :Y — TY, are behaviorally equivalent if there exists a T-coalgebra ¢ and coalgebra
morphisms f from & to ¢ and g from v to ¢ such that f(xo) = g(yo).

2.4. Predicate liftings

A notion from coalgebraic modal logic that we are using later are predicate liftings. Predicate liftings for a functor T
were originally introduced in [13], but see also [16], to define a modal logic for T-coalgebras that resembles the standard
modal logic with boxes and diamonds on Kripke frames. y y

An n-ary predicate lifting for T is a natural transformation A : P" = PT. We write ar(2.) for the arity of a predicate lifting
A:P" = PT. The transposite A" : T = "N = PP" of predicate lifting A for a functor T is a natural transformation that is
defined at a set X as

Wi TX = "WX =PPX)",
£ {Ue(PX)"|&erxU)).

An n-ary predicate lifting A : P" = PT is monotone if U; C U for all i € n implies that A(U) € A(U") for any
U,U e (73X)". The following observation about monotone predicate liftings is crucial for the proof of Theorem 14. The
routine proof is left to the reader.

Proposition 1. If A : P" = PT is a monotone n-ary predicate lifting for T then the codomain of its transposite A” : T = "A/ can be
restricted to " M. That means 1" : T = " M defined as above is well-defined.

When dealing with multiple predicate liftings of possibly different finite arity it can be useful to compose them with the
injective natural transformation e" : "N = “ A/ defined by

ey "NX - YNX,
£ {Ue(PX)?| Uo, Uy, ..., Un1) €&}

This natural transformation restricts to the monotone neighborhood functor to E" : "M = “ M which we use if the predi-
cate liftings are monotone.

A last concept that is relevant when working with predicate lifting is the one of separating sets. It comes in many
interdependent versions of which we here introduce the ones that we are going to need later. A family of sets F € PX is
separating if for all x,x' € X with x # X" there is an U € F such that either xe U and x' ¢ U or x ¢ U and X' € U. A tuple
S=(S0,S1,...,S-1) € (75X)” is separating if for all x,x' € X with x # X’ there is an i <n such that either x € S; and X" ¢ S;
or x¢ S; and x’' € S;.

A set A of predicate liftings for a functor T is separating if in every component the union of their images is separating.
That means that for all sets X and all £, £’ € TX with £ £ £’ thereisa A € A and an U € (PX)®™ such that either £ € Ax(U)
and & ¢ Ax(U) or & ¢ Ax(U) and &' € Ax(U). Intuitively, a set of natural transformations for a functor T is separating if it
is expressive enough to recognize every difference between elements in T X.

A family F of functions from X to Y is jointly injective if given any x,x’ € X we have that f(x) = f(x') for all f e F
implies that x = x’. It can be checked that a set of predicate liftings is separating if and only if the family of functions
{eo At;( :TX — ®N X}ca is jointly injective at every set X.

A set of predicate liftings is finitely separating if it is separating in the above sense but only for finite sets X. That means
for instance that for all finite sets X the set {Ax(U) CTX |1 € A, U € (PX)®®)} is separating.

The reader can check that if A is a finitely separating set of predicate liftings for a functor T then {75r oM | A € A}, where
7 :T, = T is the inclusion, is a separating set of predicate liftings for T,,. For the case where T is finitary we have that
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is the identity and obtain the following:
Proposition 2. Every finitely separating set of predicate liftings A for a finitary functor T, is separating.

2.5. Relation liftings and bisimilarity

Fix a covariant set functor T. A relation lifting L for T associates with every relation R: X - Y a relation LR: TX - TY.
Throughout this paper we shall require relation liftings to preserve converses, this means that L(R°) = (LR)° for all rela-
tions R. This restriction simplifies the presentation and is not essential for our results because behavioral equivalence, the
notion we want to capture with relation liftings, is symmetrical.

Given a relation lifting L for a set functor T and two T-coalgebras & : X — TX and v:Y — TY, an L-bisimulation between
& and v is a relation R : X + Y such that (£(x), v(y)) € LR for all (x, y) € R. The relation <:>§’U: X -» Y of L-bisimilarity
between ¢ and v is defined as the union of all L bisimulations between & and v. We sometimes omit the subscripts and
just write x <! y if the coalgebras to which x and y are clear from the context. We also write <:>§ = <:>§7$ : X+ X for
bisimilarity on one single coalgebra & : X — T X.

A relation lifting L for T captures behavioral equivalence if for any pair of states x and y in T-coalgebras x <L y holds iff
x and y are behaviorally equivalent.

3. Lax extensions

In this section we introduce lax extensions. These are relation liftings satisfying certain conditions that make them
well-behaved in the context of coalgebra. We summarize some general properties of lax extensions and show that they
capture behavioral equivalence if they preserve diagonals. For some additional discussion of lax extensions, although in a
different context, we refer to [17].

Definition 3. A relation lifting L for a functor T is a lax extension of T if it satisfies the following conditions for all relations
R,R':X-+ Zand S:Z - Y, and all functions f: X — Z:

(L1) R’ C R implies LR’ C LR,
(L2) LR; LSCL(R; S),
(L3) Tf € Lf.

A lax extension L preserves diagonals if it additionally satisfies:
(L4) LAx C Ary.

Condition (L3) in [17] additionally requires that (Tf)° € L(f°). For us this follows automatically from the preservation of
converses.

Only one inclusion is needed in (L4) for a lax extension to preserve diagonals. This is enough because, as shown in
Proposition 5 below, together with condition (L3) condition (L4) implies that LAx = Ary.

Remark 4. In [6] a generalization of the Barr extension is defined with the name ‘lax relation lifting’. This lax relation lifting
is in general not a lax extension in our sense, even if we would not require preservation of converses, because it does not
satisfy (L2). The lax relation lifting of [6] always satisfies LR ; LS 2 L(R; S) which is exactly the condition that distinguishes
lax extension that preserve diagonals from the Barr extension and makes them useful for functors that do not preserve
weak pullbacks.

Lax extensions have already been studied in the context of coalgebra under the name ‘monotone relator’ in [18, Sec-
tion 2.1] and very recently in [10, Definition 6], where they are just called ‘relators’. In [18] it is additionally required that
composition of relation is preserved, that means = instead of C in our condition (L2) of Definition 3, but it is noted that the
D-inclusion can be omitted for most of the proofs. Both [18] and [10] use a different set of conditions in their definitions,
but it can be checked that they are equivalent to our Definition 3. Instead of (L3) [18] requires that

(R3) Arx S LAy,
(R4) Tf; LR; (Tg)° S L(f; R g°).

In [10] condition (R4) has = instead of just C. This is redundant, because we can show that (R3) and (R4) imply (L3). Hence
every relator is a lax extension and the equality in (R4) follows from Proposition 5(ii) below. To see that (R3) and (R4) imply
(L3) consider for any function f: X — Z

Tf=Tf;Arz; (Tidz)° € Tf;LAz; (Tidz)° (R3)
L(f;Az;idy)=Lf. (R4)

N
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That every lax extension is a monotone relator, that is every lax extension satisfies (R3) and (R4) follows from our next
proposition that summarizes some basic properties of lax extensions.

Proposition 5. If L is a lax extension of T then for all functions f : X — Z,g:Y — Z and relationsR: X » Z,S:Z +» Y:

(i) Arx S LAy,
(ii) Tf; LS=L(f; S)and LR ; (Tg)° =L(R; g°),

and if L preserves diagonals then

(iii) Arx =LAy and Tf = Lf,
(iv) Tf;(Tg)*=L(f; g°).

Proof. For (i) recall that we identify a function with the relation of its graph. So we have that Ax =idx and we can
calculate
Arx = idrx = Tidy T functor
C Lidx =LAx. (L3)

The C-inclusion of Tf; LS = L(f;S) in (ii) holds because Tf ;LS C Lf;LS C L(f;S) where the first inclusion is condition
(L3) and the second inclusion is (L2). For the D-inclusion consider

L(f;S) S Tf;(TH;L(f5S) Arx S Tf;(Tf)°
S Tf;AH LS S) (L3)
C Tf;Lf°;L(f;9) preservation of converses
CTf:L(f°:f:9) (L2)
CTf:LS. f°; f € Ay and (L1)

The other claim LR ; (Tg)° = L(R; g°) follows from Tf ; LS =L(f; S) because L preserves converses.
For (iv) and (iii) first notice that if L preserves diagonals then Atrx = LAx because of (L4) and (i).
The equation Tf = Lf from (iii) holds because of

Tf =Tf;LAx Arx =LAx
= L(f; Ax)=Lf. (ii)
For claim (iv) consider
Tf;(Tg)°® = Tf;LAx;(Tg)° Arx =LAx
=L(f:Ax:8°)=L(f:2°). (ii) twice O

The following proposition states that lax extensions of inclusion preserving functors commute with restrictions of rela-
tions. This property is useful in coalgebraic logic in Section 6.

Proposition 6. Let L be a lax extension of a functor T that preserves inclusions. Then for all relations R : X + Y and subsets X' C X
and Y' C Y it holds that

L(R [x'xy) = (LR) ITx'xTY" -

Proof. We can write the restriction of a relation R: X + Y to the sets X’ C X and Y/ C Y as R [x'xy'=tx x: R;(j, , where
tx.x:X — X and ty'y : Y/ — Y are inclusions. Then we compute that

L(R [xxy) = L(tx xs R5 15 y)

= Tix x; LR; (Tty y)° Proposition 5 (ii)
= trx,1x 5 LR thyipy T preserves inclusions
= (LR) Itx'xTy" - o

Example 7.

(i) For any functor T there is a trivial lax extension C that maps any relation R: X -» Y to the maximal relation CR =
TX xTY :TX -» TY. For most functors this lax extension does not preserve diagonals.
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(ii)

(iii)

(iv)

(v)

(vi)
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The Egli-Milner lifting P is a lax extension of the covariant powerset functor P that preserves diagonals. It is defined
such that PR : PX - PY for any R: X + Y and (U, V) € PR iff

e for all u € U there is a v € V such that (u, v) € R (forth condition), and

e for all v eV there is a u € U such that (u, v) € R (back condition).

More concisely we can write PR = PRNPR where we use the abbreviations

PR={(U,V)ePXxPY |YueU.3dveV.(uv)eR},
PR={(U,V)ePXxPY|VveV.3ueU.(u,v)cR}.

The Egli-Milner lifting from item (ii) is an instances of a relation lifting that is definable for arbitrary functors T. The
Barr extension T of a functor T on a relation R : X - Y with projections wx : R — X and my : R— Y is

TR={(T7x(p). Tmy(p)) | p € TRE"}.

It is easy to see that the Barr extension T of a functor T satisfies (L1). One can also show that T f = Tf for all function
f: X — Y. This means that T satisfies (L3) and (L4). For proofs of this basic properties of the Barr extension consult
for instance [7].

Condition (L2) is more difficult. It is the case that TR ; TS =T(R; S) for all relations R: X + Z and S:Z -~ Y iff T
preserves weak pullbacks [7, Fact 3.6]. So we have that the Barr extension T of a weak pullback preserving functor T
is a lax extension that preserves diagonals.

Also note that the condition TR; TS =T(R; S) for all relations R: X + Z and S: Z - Y is very strong. Together with
Tf =Tf for all function f: X — Y it means that T is a functor from Rel to Rel that extends T. Such an extension of
a functor T is unique if it exists because for every relation R : X + Y with projections 7x : R&" — X and 7y : R — Y
we have that

TR = T(my; 7y) R=my;my
= Tny; Ty TR;TS=T(R:S)
= T(my); Tmy. Tf=Tf

Even though one can show that the Barr extension M of the monotone neighborhood functor does not satisfy (L2),
there is a lax extension M of M that preserves diagonals. For this definition recall the notation PR and PR from
item (ii). The lax extension M is defined on a relation R: X + Y as

MR : MX - MY
MR =PPRNPPR.

One can also define the «-ary version of M that mapsan R: X + Y to

IMR :“MX - “ MY
MR = |(&,v) | VU €£.3V e v.¥B € a.(Ug, Vg) € PR}
N{ v) | YV ev.3U e£VB € a.(Ug, Vg) € PR},

It is easy to check the conditions (L1) and (L2) for M. To check (L3) we show that (¢, M f(&)) € /\/lf for all functions
f:X—Y and § e MX. For (§, Mf(§)) e 73f observe that (U, f[U]) eﬁf and f[U] e M f(&) for any U € & because
& is an upset. To get (§, Mf(§)) € P f take any V € M f(&). By the definition of M on morphisms this means that
f~'[V] €& and for this we have (f~1[V], V) e ﬁf To check condition (L4) we prove that & C &’ for any (£,&') € MAy.
A similar argument shows & D &’ and hence (£, &) € Aaqx. So let (§,&") € MAx and take any U € &. It follows that
there exists a U’ € &’ such that (U,U’) € P Ax. This means that U 2 U’ and because &' is an upset, we get that U € &'.
Completely analogously one can verify that @} is a lax extension of “ M that preserves diagonals.

The F; functor has a lax extension L; that preserves diagonals. L; is defined componentwise for any relation R: X - Y:

L3R:F3X - F3Y,
L3R = {((x0, X1, X2). (Yo. ¥1.¥2)) | (X0, yo). (1. ¥1). (x2, y2) € R}.

There is an easy counterexample to (L2) for the Barr extension IS of F5. 3

There is a lax extension P, of the restricted powerset functor 77,1 that preserves diagonals. It is defined in the same
way as the Egli-Milner lifting P of P, that is PaR = PRNPR for any relation R : X - Y. Nevertheless, P, is distinct

from the Barr extension P, of P,. As for F3 one can given a counterexample to (L2) for P, provided that n > 3.
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Remark 8. In Example 7(iii) we noticed that the properties LR ; LS =L(R; S) and Tf = Lf together uniquely determine a
relation lifting. It seems likely that this is no longer the case if we loosen the latter condition and consider lax extensions
that preserve diagonals. But we do not know of an example of a functor that has two distinct lax extensions that both
preserve diagonals.

There is a large class of relations whose lifting by a lax extensions that preserve diagonals is unique: Because of Proposi-
tion 5(iv) lax extensions that preserve diagonals are uniquely determined on all relations R : X - Y that arise as a pullback
in the category of sets, that is they can be written as R = f ; g° for functions f: X — Z and g:Y — Z.

The conditions (L1), (L2) and (L3) of a lax extension L directly entail useful properties of L-bisimulations. The condition
(L1) ensures that the union of L-bisimulations is again an L-bisimulation, (L2) yields that the composition of L-bisimulations
is an L-bisimulation and because of (L3) coalgebra morphisms are L-bisimulations. Note also that our requirement that
relation liftings preserve converses immediately implies that the converse of a bisimulation is a bisimulation. This facts are
summarized in the following proposition whose easy proof is left to the reader.

Proposition 9. For a lax extension L of T and T-coalgebras & : X — TX,v:Y — TY and ¢ : Z — TZ it holds that

(i) The graph of every coalgebra morphism f from & to v is an L-bisimulation between & and v.
(ii) If R : X - Z respectively S : Z -+ Y are L-bisimulations between & and ¢ respectively ¢ and v then their composition R ; S :
X - Y is an L-bisimulation between & and v.
(iii) Every union of L-bisimulations between & and v is again an L-bisimulation between & and v.

Corollary 10. Let L be a lax extension of T and & : X — TX andv : Y — TY be two T—coalgebras The relation of L-bisimilarity <

between & and v is itself an L-bisimulation between & and v. Moreover L-bisimilarity <; : X - X on one single coalgebra & is an
equivalence relation.

We are now ready to prove that lax extensions that preserve diagonals capture behavioral equivalence. Note that in the
proof the preservation of diagonals is only used for the application of Proposition 5(iv) at the end of the direction from
bisimilarity to behavioral equivalence.

Theorem 11. If L is a lax extension of T that preserves diagonals then L captures behavioral equivalence.

Proof. We have to show that a state xo in a T-coalgebra & : X — TX and a state yy in a T-coalgebra v:Y — TY are
behaviorally equivalent iff they are L-bisimilar.

For the direction from left to right assume that xo and yo are behaviorally equivalent. That means that there are a
T-coalgebra ¢ : Z — TZ and coalgebra morphisms f from & to ¢ and g from v to ¢ such that f(xg) = g(y0). To see that xg
and yo are L-bisimilar observe that by Proposition 9(i) and (ii) the relation f; g°: X - Y is an L-bisimulation between &
and v because it is the composition of graphs of coalgebra morphisms. This implies that xo and y( are L-bisimilar because
(%0, yo0) € f: g°.

In the other direction we have to show that for any pair (x, y) € R, for an L-bisimulation R : X - Y between & and v,
the states x and y are behaviorally equivalent. Without loss of generality we can consider the case of two states z and Z'
in one single coalgebra ¢ : Z — TZ with an L-bisimulation S: Z -+ Z on ¢ such that (z,z') € S. This is because otherwise
we let ¢ be the coproduct of £ and v with injections ix and iy and then consider the relation S =i$ ; R; iy which, using
Proposition 9, can be shown to be an L-bisimulation on ¢.

Now consider the relation <—>L : Z + Z of L-bisimilarity on ¢ which by Corollary 10 is both an equivalence relation

and an L-bisimulation. Our goal 1s to put a transition structure § : Z /<:>L —->T(Z/< ) on the quotient Z /<—>L such that the
projection p : Z — Z/<%, z+ [z] becomes a coalgebra morphism from ¢ to §. Since we assume that z<:>§ Z' it then follows

that p(z) = p(z’) which witnesses that z and z’ are behaviorally equivalent.
We intend to define the transition function § on Z /<:>’{' such that

8(lz]) =Tp o ¢(2).

This definition clearly satisfies § o p = Tp o ¢ which means that p is a coalgebra morphism from ¢ to § as required. But we
have to show that § is well-defined. To prove this we need that Tp o £(z) = Tp o £(Z) for arbitrary z,7 € Z with z <L 7.

¢
Because <:>§ is an L-bisimulation it follows that (¢(2), ¢(2))) € L<—>L and moreover
L<—>§:L(p;p°) —g—p p°
= Tp; (Tp)°.  Proposition 5(iv)

Hence (¢(2),¢(Z)) € Tp; (Tp)° and so Tp o ¢(z) =Tp o £(Z), as required. O
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4. (No) bisimulations for neighborhood frames

Already [5] examines relation liftings for the neighborhood functor N, and the notions of bisimilarity they give rise to.
It is found that none of the proposed relation liftings captures behavioral equivalence. In this section we show that actually
no relation lifting for the neighborhood functor captures behavioral equivalence. Nevertheless, it should be mentioned that,
for the simpler case of behavioral equivalence on one single coalgebra, already the Barr extension A of the neighborhood
functor captures behavioral equivalence [5, Proposition 3.20].

Theorem 12. There is no relation lifting for the neighborhood functor N that captures behavioral equivalence.

Proof. For the proof we need the fact that for any two functions f: X — Z and g:Y — Z we have that N f ({#}) # N g(9).
This holds because otherwise we would get by unfolding the definition of A" on functions that

pe{wcz|f[Wle(n} fe1=0
= Nf({9}) definition of N/
= Ng®) assumption
={wcz|g ' w]lep)} definition of NV
=0, V ¢ @forall vV

which is clearly impossible.

Now suppose for a contradiction that there is a relation lifting L for A that captures behavioral equivalence. Consider
an example with the coalgebras £ : X — N'X, where X = {x1, X2, x3} with x1 — {{x2}},%2,X3 — {#}, v:Y — NY where
Y ={y1} with y1+— @, and ¢ : Z — N'Z with Z = {z1, z3} with z; — @, z; — {#}. For these coalgebras, one can verify, that
the functions f: X — Z,x; — z1,X2,X3+—> 23 and g:Y — Z, y1 + z7 are coalgebra morphisms from & to ¢ and from v
to ¢. Because f(x1) = g(y1) this shows that x; and y; are behaviorally equivalent. The situation is depicted in the figure:

9
f T g
{xol}=—2x1 >271 < yi——=9
~—x Tz
6 )

It follows from the assumption that L captures behavioral equivalence that there is an L-bisimulation R : X -» Y between
& and v such that (x1, y1) € R. Moreover we can show that (xz, y1), (X3, ¥1) ¢ R. We do this only for (x;, y1) since the
argument for (x3, yq) is similar. Suppose for a contradiction that x, and y; are L-bisimilar. Because L captures behavioral
equivalence, it follows that there is a coalgebra ¢” : Z” — N'Z” and coalgebra morphisms j from &’ to ¢” and I from v to
¢” such that j(xz) =I(y1). Using that j and | are coalgebra morphisms we get following contradiction to what we showed
above:

Nj({#}) =Njot(x) =" 0 j(x2) =¢" ol(y1) = Nlov(y1) = NI(#).

So it follows that R = {(x1, y1)} and because R is an L-bisimulation we find that ({{x2}}, %) = (§(x1), v(¥1)) € LR.

Next we replace & with the coalgebra £ : X — N'X, x1 — {{x2}}, X2 — {#}, x3 — @. We still have that (§'(x1), v(y1)) =
({{x2}}, %) € LR which entails that R = {(x1,y1)} is an L-bisimulation linking x; in & and y; in v. Because L captures
behavioral equivalence it follows that there is a coalgebra ¢': Z’ — N'Z’' and there are coalgebra morphisms h from & to ¢’
and k from v to ¢’ such that h(x1) =k(y1). Because h and k are coalgebra morphism this implies that

Nh({{x2}}) =Nho&' (x1) =¢ o h(x1) = ok(y1) = Nko v(y1) = Nk(®).
By writing out the definition of A/ one can see that this means
h~'[Cle{ix}} iff k'[Cled, forallCcZ'.

Because the right hand side is never true it follows that h=1[C] s {x3} for all C C Z’. In the special case C = {h(xy)}
this means h—1[{h(x2)}] # {x2}. Certainly xo € h~1[{h(x2)}] so it must be that x; € h~![{h(x2)}] or x3 € h~![{h(x2)}]. Thus
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h(x2) = h(x1) or h(x2) = h(x3). Using that h and k are coalgebra morphisms we can calculate in the former case that

Nh({#}) =Nho&'(x2) =¢ oh(xp) =¢ oh(x1) =¢ ok(y1) =Nkou(yr)
= Nk(®)

and in the latter case that

Nh({9}) =Nho&'(x3) =¢ oh(x2) = o h(x3) = Nho&'(x3) = Nh(®).
Both cases lead to the situation A f({#}) = N g() which, we argued above, is a contradiction. O

As a corollary we obtain that the neighborhood functor has no lax extension that preserves diagonals, since we know
from Theorem 11 that such a relation lifting would capture behavioral equivalence.

Corollary 13. There is no lax extension that preserves diagonals for the neighborhood functor N.
5. Lax extensions and predicate liftings

In the previous section we saw that the neighborhood functor does not have a lax extension that preserves diagonals. If
we add the requirement that the neighborhoods are monotone, that is we look at the monotone neighborhood functor M,
then we have the lax extension M that preserves diagonals. In this section we show that some sense of monotonicity is
exactly what is needed from a functor in order to have a lax extension that preserves diagonals. Our goal is to prove the
following theorem:

Theorem 14. A finitary functor T,, has a lax extension that preserves diagonals iff T, has a separating set of monotone predicate
liftings.

Proof. This is the overview of the proof which uses results that we establish in the remainder of this section.

For the direction from left to right assume that T,, has a lax extension L that preserves diagonals. We use the canonical
presentation of T, from Example 21 together with the natural transformation A’ : T, = PT from Definition 18 to con-
struct the Moss liftings for T,, defined as in Definition 23. In Proposition 24 we prove that the Moss liftings are monotone
and in Proposition 25 that the set of all Moss liftings is finitely separating. Since T, is finitary we can use Proposition 2 to
obtain that the Moss liftings are in fact separating for T,.

For the direction from right to left assume we have a separating set A of monotone predicate liftings for T,,. By Propo-
sition 1 the monotonicity of each A € A entails that we can take A” : T,, — "\ to have codomain " M. We can then apply
the initial lift construction from Definition 15 to the set of natural transformations I = {e o A" : T, = ®M},ca, Where
e:"M = ®M is the embedding as defined in/SSEtion 2.4, and obtain a relation lifting (W)F for the fungo\r/ Ty. We
show in Proposition 16 that the relation lifting (¥ M)’ is a lax extension for T that preserves diagonals, since ® M is a lax
extension for ® M that preserves diagonals and the set of functions {ex o)& :TpX = P MX},ca is jointly injective at every
set X because A is assumed to be separating. O

The only part where the assumption that T, is finitary is actually used is the application of Proposition 2 in the left to
right direction. The construction of the Moss liftings in the left to right direction could be generalized to arbitrary accessible
functors if we had allowed for predicate liftings of infinite arity. Thus, one would obtain a version of Theorem 14 for
accessible functors.

We now describe the two constructions, initial lift and Moss liftings, that are used in the proof of Theorem 14. The initial
lift of a lax extension along a set of natural transformations is taken from [17]. In the proof of Theorem 14 we use it to

build a lax extension for T from the lax extension ® M and a separating set of predicate liftings.

Definition 15. Let L be a relation lifting for T, and A ={A:T' = T}yca a set of natural transformations from another
functor T’ to T. Then we can define a relation lifting L4 for T’ called the initial lift of L along A as

L*R=(")(rx:LR;2}), forallsetsX,YandR:X Y.
r€A

Equivalently to the above Definition, one can define LAR : T’X + T'Y for an R: X + Y such that

(¢, v) el R iff (Ax(§),Ay(v)) €LR, forallxe A.

Next we show that the initial lift construction preserves laxness and, which is essential for Theorem 14, it also preserves
condition (L4), if the set of natural transformations is jointly injective for every set.
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Proposition 16. Let A = {\: T' = T},c be a set of natural transformations from a functor T’ to a functor T and let L be a relation
lifting for T. Then L4 is a lax extension for T’ if L is a lax extension of T. Moreover, L/ preserves diagonals, if L preserves diagonals and
{Ax : T'X — T X}, is jointly injective at every set X.

Proof. It is routine to verify that all the conditions (L1), (L2) and (L3) are preserved by the initial lift construction. That the
elements of A are natural transformations is only used for the preservation of (L3).

Here we give the proof for the claim that L4 preserves diagonals, if L does, and {Ax : T'X — TX},e4 is jointly injective
at every set X. We first show that if {Ax : T'X — T X},c4 is jointly injective at every set X then

() (hx: %) = Arx. (1

reA

For the C-inclusion take &,&" € T'X with (§,&) € (,c1(Ax ; A%). This means that Ax(£) = Ax(¢') for every A € A. Because
the Ax for A € A are jointly injective this implies that & =&’ and hence (&¢,&’) € Arx. The D-inclusion follows from the
fact that f; f° D Ay for any function f: X — Y.

Now assume that L satisfies (L4) that is LAx C Aty for every set X. It follows that LAAx C Ak because

LAAx = [)(rx:LAX:2%) definition
reA

C ﬂ (Ax: Arx: A%) assumption
rLEA

= ﬂ (hx:A%) Atx neutral element
rEA

= Arx. (1)

This shows that L4 satisfies (L4). O

Proposition 16 can be applied with a natural isomorphism between two set functors to show that naturally isomorphic
functors possess corresponding lax extensions. We also obtain a lax extension L, = L{*} of the finitary version T, of a
functor T with lax extension L. Because the inclusion 7 : T,, = T is injective L,, preserves diagonals whenever L does.

Example 17. Consider the natural transformations <, 0: P = M with

Ox(U)={veXiunVv£p,  oOxU)={VcX|UcV]

These natural transformation are clearly injective at every set X and hence it follows with Proposition 16 that M) and
M!T} are lax extensions of the powerset functor P that preserve diagonals. Indeed, one can easily verify that they are both
equal to the Barr extension P of P.

For the left-to-right direction of Theorem 14 we use the so called Moss liftings. It is shown in [8] that if we consider the
Barr extension of a weak pullback preserving functor then the Moss liftings are monotone predicate liftings. Here we check
that the argument also works for arbitrary lax extensions.

The first step in the construction of the Moss liftings is to use the lax extension L of T to define a distributive law
between T and the contravariant powerset functor P.

Definition 18. Given a lax extension L of a functor T we define for every set X the function
Ak i ToPX — PTX,
E>{EeTX| (5. 1p4(8)) € Lex},
where €x: X -» PX denotes the membership relation between elements of X and subsets of X.
One might wonder why we define the type of Al with T,, in its domain but T in its codomain. The reason for this is
that we are going to use Al in Section 7 to define a semantics for a coalgebraic modal logic. There it connects the finitary
syntactic side, hence T, with the unrestricted semantic side. For the purpose of this section and Theorem 14, where we

are only concerned with finitary functors, one can disregard any complications arising from the possible difference between
T and T,,.

Proposition 19. For a lax extension L the mapping AL : TP = PT from Definition 18 is a natural transformation.
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Proof. We verify that following diagram commutes for any f: X — Y:

L

v A v
ToPX —X>PTX 2)
ToP fT TﬁTf
. AL o
ToPY ——=PTY
First observe that

Lex: Ty (ToPf°=Tf Ley: T3, (3)

This is shown by the calculation

Lexstsys (ToPf)° = Lex; (TP)°; T3y 7 natural
= L(ex: (Pf)°); %, Proposition 5(ii)
=L(f;en); T3, direct verification
=Tf;ley; T} Proposition 5(ii)

PY’

To check the commutativity of (2) take an 7" € Tw75Y. We need to show that 75Tf o A%,(T) = )Lf( o Tw75f(T). This holds
because for any £ € TX we have that

gerkoToPF(Y) iff (5 tpy0ToPf(T))€lex definition of AL
iff (&,7)eley; T%x ; (Tw75f)° basic set theory
iff (&, 7)eTf;Lley; t;gy 3)
iff  (Tf(§), Tpy(Y)) € Ley basic set theory
iff TfE) erb) definition of AL
iff &ePTforb(). definition of P |

To define the Moss liftings we need, apart from the natural transformation AL : T, = PT, a finitary presentation of the
functor T,. For more about presentations of set functors consult [2]. For more recent work on presentations in a general
coalgebraic setting see [1,19].

Definition 20. A finitary presentation (X, E) of a functor T is a functor ¥ of the form

zxz]_[z,,xx",

new

where the X, for any n € w are sets, together with a surjective natural transformation E : ¥ = T,.

One can show, as we do in Example 21, that every finitary functor has a finitary presentation. A finitary presentation of
T allows us to capture all the information in the sets T, X for a possibly very complex functor T, by means of a relatively
simple polynomial functor X. This is, because for every & € T, X there is some (r,u) € X, x X" for an n € w for which
& = Ex(r,u) and that behaves in a similar way as &, since E is a natural transformation. In order to define predicate liftings
for an arbitrary functor T it is necessary that we can somehow decompose it into pieces of the form X". This is exactly
what the polynomial functor of a finitary presentation does.

Example 21. The next example shows that every finitary functor has a finitary presentation. The canonical presentation of a
finitary functor T,, is defined such that X, = Tn for every cardinal n €  and E is defined at a set X as

Ex: ][] Tonx X" = ToX,
new
(v,u) ~ Teu(v), whereveTynandu e X" forann € w.

In this definition we take u € X" to be a function u : n — X. It is routine to check that this definition indeed provides a
finitary presentation of T,,, meaning that E is a natural transformation and surjective at every set X.
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For the next lemma recall from the preliminaries that we use the notation 7 : T,, = T for the inclusion of the finitary
version of a functor. The lemma shows how a lax extension of T interacts with a finitary presentation of T. This lemma
is similar to the forth direction of [8, Lemma 6.3] where this result is proved for the Barr extension. One can use the lax
extension L% of F;’ to construct an example which shows that the back direction of [8, Lemma 6.3] does not hold for lax
extensions in general.

Lemma 22. Let (X, E) be a finitary presentation of a functor T with lax extension L, and let R : X -» Y be any relation. Then it holds
forallnew, re Xy, ue X"and v € Y" that (tx o Ex(r,u), ty o Ey(r, v)) € LR ifujRv; foralli e n.

Proof. Let my : R — X and my : R — Y be the projections of R. For these it holds that R = Ty ; Ty. Because (uj, vi) € R
for all i e n we have that p = (r, ((uo, vo), (U1, V1), ..., (Un—1, Vn—1))) € X RE". With the definition of ¥ on morphisms it
holds that Xmwx(p) = (r,u) and Xmy(p) = (r,v). Since 7 o E is a natural transformation from X to T we also get that
TxoEx(r,u)=1txo0 Ex(zﬂ.'x(p)) =Tmx(tgro ER(p)) and TyoEy(r,v)=tyo Ey(ET[y(,O)) =Tmy(tgo ER(p)). It is entailed
by these identities that (tx o Ex(r,u), Tr o Er(p)) € (Tmx)° and that (tg o Eg(p), Ty o Ey(r, v)) € T,y. So we obtain

(tx 0 Ex(r,u), ty o Ey(r,v)) € (Tmx)®: (Tmy) C Lmg; Loy (L3)
C L(mg;my)=LR.  (L2)

Which is what we had to show. O

We can now define the Moss lifting for a functor T by composing the finitary presentation of T, with the natural
transformation AL.

Definition 23. Given a functor T and a lax extension L for T take any finitary presentation (X, E) of T, according to
Definition 20 and let AL : T, = PT be the natural transformation of Definition 18. For every r € X, of any n € w the Moss
lifting of r is an n-ary predicate lifting for T that is defined as

w P = PT,
w =t o Ex(r, ).
This definition yields the following diagram for every set X:

Ex,(r,) o
PX ToPX

AL
X
My \L

PTX

PX)"

We use Lemma 22 to show that the Moss liftings are monotone.
Proposition 24. The Moss liftings of a functor T with finitary presentation (X, E) and lax extension L are monotone.

Proof. Take any Moss lifting u" = AL o Ep(r,-) P = PT ofanr e X, for an n € w. Now assume we have U, U’ € (75X)”
for any set X such that U; € U; for all i <n. To prove that u" is monotone we need to show that pu', (U) € ul (U").

So pick any & € uy (U) = A o Ej5,(r, U). By the definition of A" this means that (£, T;5y o E5,(r, U)) € Lex. Moreover,
we get from the assumption that U; C U; for all i en and Lemma 22 that (Tpy 0 Epy(r,U), Tsy 0 Epsy (T, U")) e L(Q).
Putting this together yields

(5. Tpy 0 Epy(r.U')) elex: L(S) C L(ex:©)  (L2)

<
C Ley. (L1)

For the last inequality we need that (€x ; €) C €x which is immediate from the definition of subsets. So we have that
(§.Tpy 0 Epy(r,U") € Lex and hence by the definition of A" that & € A% o 75, 0 E;5, (r,U) = iy (U). O

The last thing we have to show is that the set of all Moss liftings is separating. This is the only place in the construction
of the Moss liftings where we actually need that the lax extension L preserves diagonals.

Proposition 25. If L is a lax extension of a functor T that preserves diagonals and let (X, E) be a finitary presentation of T. Then the
set of all Moss liftings M = {" : P" = PT | r € Xy, n € w} is finitely separating.
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Proof. To show that M is separating assume for arbitrary &,&" € TX of any finite set X that (,ur);(é) = (/H)&(S/) for all
re X, of all n € w. We need to prove that & = £’. First note that the embedding tx : T, X — TX is surjective because X is
finite.
By the definition of the transposite of a natural transformation it follows from the assumption that for all n € w and

re Xy

[UePX)"|geukU)}={Uec@PX)"|& eul)}.
This is equivalent to

geplU) iff & eplU), forallUe (PX)"
Unfolding the definitions of " = Al o Ex(r,-) and AL(B)={£eTX| (&, Tpx (&) € Lex} yields that for all n e w, r € X
and U € (75X)”

(6. tpy 0 Epy(r,U)) eLex iff (§, 75y 0Epy(r,U)) € Lex.

Begause Tpx o Epy is surjective, and the variables n, r and U quantify over the full domain of Epy Hnew(Zn x (ﬁX)") —
TPX, it follows that

(¢,8)elex iff (§,5)elex, forallZ e TPX. (4)
To get &£ =&’ from (4) consider the map

sx: X —> PX,

x+— {x}.

Because of (L3) we have that (&, Tsx(£)) € Tsx C Lsx. Moreover we clearly have that sy € €x and because of (L1) it follows
that (&, Tsx(£)) € Lex. With (4) we get that (§/, Tsx(§)) € Lex. Then we compute

(£.8") eLsx; Lax € L(sx; 2x) (L2)
= LAx Sx;3x = Ax
C Arx. (L4)

From this it follows that & = &', which finishes the proof. O
6. The logic of a lax extension

In this section we show how to define a semantics for the cover modality on T-coalgebras, using a lax extension L
of T. For this purpose we fix a lax extension L of a functor T that from now on is assumed to preserve inclusions. This
assumption guarantees that the usual definitions and proofs by induction on the complexity of formulas work well for a
syntax that is based on the functor T. We do not lose any generality by making this assumption because as we discussed
in the preliminaries every set functor is isomorphic to one that preserves inclusions. We also fix a countable set P of
propositional variables.

The language of the cover modality is defined as follows:

Definition 26. The language £; is defined as the set of all formulas that are generated by the grammar:

a:::p|—-a|\/A|Voz

where peP, AeP,L; and a € T, L.
We use A A, for an A € P, L[, as an abbreviation for —\/{—a|a € A}.

The set £; only depends on the functor T and not on the lax extensions L of T. We keep the subscript L however
because we think of the £; as a formal language together with its semantics on T-coalgebras which depends on the lax
extension L. To define a semantics for the language £; on T-coalgebras we first have to give an interpretation for the
propositional variables. This is done by adding a valuation to T-coalgebras yielding T-models.

Definition 27. A T-model X = (¢, Vx) is a T-coalgebra & : X — TX together with a valuation Vx, that is a function
Vx : P — PX. Morphisms and bisimulations between T models have to preserve the values of propositional variables.
A morphism f from a T-model X = (¢, Vx) to a T-model Y = (v, Vy) is a T-coalgebra morphism f from & to v such that
F~1Vy(p)] = Vx(p) for all p € P. An L-bisimulation between X and Y is an L-bisimulation R : X - Y between & and v
such that whenever (x, y) € R we have that

xe Vx(p) iff yeVy(p), forallpeP.
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We use the lax extension L to define a semantics of £; on T-models.

Definition 28. Using the fixed lax extension L for the functor T we can define the semantics for the language £; on
T-models. For a T-model X = (&, Vx) define the satisfaction relation IFx : X -» £; by recursion as

xlkx p iff xe Vx(p), peP
xlkx —a iff notxlFxa, ael;
xlFx \/ A iff xlFxaforsomeac€ A, AePyLL
xlkx Vo iff (§(x), ) € LiFx. aeTyly

If xIFx a holds then we also say that the formula a is satisfied or true at the state x of the model X. Since the model X is
usually clear from the context we can omit the subscript X and just write x IFa if a is true at x.

We also define the extension [a]] of a formula as the set of states, in some given model X, where a is true. More
precisely:

[-]:LL— PX,

ar~ {xe X |xlFxa}.

Remark 29. The clauses in Definition 28 are not stated in a correct recursive way. In the recursive clause for the cover
modality we make use of the unrestricted satisfaction relation I-x that has yet to be defined. We can only suppose that
IFx Ixxs is already defined, where S C £; is a set of formulas of less complexity than Vo with Vo € TS C TL;. The actual
recursive definition is that x IFx Vo iff (§(x), o) € L(IFx [xxs). We need a little argument why this is equal to the clause
given above. Because T preserves inclusions we can use Proposition 6 to get that (6(x), @) € L(IFx [xxs) = (LIFx) [TxxTs
which is equivalent to (£(x), o) € LlFx.

Remark 30. We give the semantics for £; in a direct way with a recursive definition of the satisfaction relation. Alternatively
one can also use an initial algebra approach where the natural transformation AL from Definition 18 plays a crucial role. See
for instance [7] for this approach. The crucial observation there is that the semantics of the cover modality can be given by

[Va] =Pt oak o (To[-]) (). (5)

We will later make use of this fact later so let us see why it holds:

xe[Va] iff xlx Va Definition of [-]
iff (5, a)€llFx semantics of V
iff  (5x).a)el(ex:[]°) ex; [1°=lx
iff (5, ) eL(ex); (TL])° Proposition 5 (ii)
iff (@), 7z,@)elex); (T[])" aeTullCSTL;
iff  (§x), T[-]otz, (@) €L(€x) set theory
iff (£, Ty © Tw[[-]](oz)) €L(ey) T natural trans.
iff &) erk((T[]) @) Definition 18
iff xePtorko(T[])(@. Definition of P

Now we are going to look at the expressive power of £; with respect to states in T-models. For this we start with a
definition.

Definition 31. Two states x in a T-model X = (£, Vx) and y in a T-model Y = (v, Vy) are modally equivalent iff they satisfy
the same formulas, that is:

xlkxa iff ylkya, forallae ;.

The next proposition shows that whenever two states are L-bisimilar then they are modally equivalent. One can also
prove a partial converse to this: Whenever two states in T,-coalgebras are modally equivalent then they are bisimilar.
Because the proof of this result is technically a bit tedious we omit it here and refer the interested reader to [11].

Proposition 32 (Adequacy). Given a state xy in a T-model X = (&, Vx) and a state yq in a T-model Y = (v, Vy), if xg and yo are
L-bisimilar then xo and yo are modally equivalent.
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Proof. Let R be an L-bisimulation between X and Y with (xg, yo) € R and let @ C £; be the set of formulas on which
bisimilar points agree, that is

@ :={ae L |xlxaiff ylFya, forall (x,y) € R}.

With this definition of @& it is obvious that

R;lFy [yxe SlFx [xxo,

and in the other direction that

R°;lFx Ixxo ClFy [y xo- (6)

We are now going to prove that @ = £;. This entails that for every pair (x, y) € R the state x satisfies the same formulas
as the state y. So in particular xo and yq satisfy the same formulas because (xg, yo) € R.

We show with induction on the complexity of a formula a € £; that a € @. The base case a = p € P follows directly
from the condition that R is an L-bisimulation between the T-models X and Y and hence preserves the values of proposi-
tional variables. The Boolean cases are standard so we focus on the case where a = Va for some « € T, L;. The induction
hypothesis is that « € T,,@. We have to show that x IFx Va iff y IFy Va for all (x, y) € R.

So assume that x IFx Va. By the definition of the satisfaction relation that means (§(x),«) € LlFx and because
o €T,® C T in particular that (§(x), ) € (LIFx) [TxxTeo= L(Fx [xxe¢) where the last equality holds by Proposition 6.
Because R is an L-bisimulation we have that (v(y), £(x)) € LR°, and so we get

(V). @) € LR®; L(Fx Ixxe) € L(R®: IFx [xxo) (L2)
C L(kry lyxo) (6) and (L1)
= (LIFy) [TyxTo Proposition 6
C Llky.

This shows that y IFy V. The other direction from y IFy Vo to xIFx Va is proved analogously. O

7. Translating the logics of lax extensions and predicate liftings

In this section we investigate how L relates to coalgebraic languages given by a set of predicate liftings. We show
that £; is intertranslatable with the logical language associated to its Moss liftings and that if L preserves diagonals and T
preserves finite sets then every language of any set of predicate liftings can be translated into £;. We first define the syntax
and semantics of the logic £, of a set of predicate liftings.

Definition 33. Given a set of predicate liftings A for the functor T we define the language £, by the grammar:

az=p|-al\/Al\a

where peP, A€ PyL, L€ A, and d= (dp, - - -, Gary—1) € (L4)2P.
The semantics of £, is given by the predicate liftings in A:

Definition 34. The semantics for the language £, on a T-model X = (&, Vx) is given by the satisfaction relation IFx :
X + L, that is defined recursively with the same clauses as in Definition 28 for propositional variables and Boolean
connectives and the following clause for the modality of A € A:

X ”_X [)»](j iff S(X) € Xx(llao]], ey [[aar(,\)_ﬂ]) ae (ﬂA)ar(M
where as above [-] is the extension of a formula:
[[]] . ,CA — PX,
ar~ {xe X|xlFxa}.
The semantics of [A] could be defined directly over the map [-] as

[[[)»]d]] = 755 o )\x([[ao]], e [[aar()\)_ﬂ]).

We are interested in translations between the different languages £;, for a lax extension L of a functor T, and L 4 for a
set of predicate liftings A for T.
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Definition 35. Let T be a fixed functor and let £; and £, be any of the languages L, for a lax extension L of T, or L4,
for a set A of predicate liftings of T. A translation from £q to £, is a function t : £; — £, such that for all a € £ the
formulas a and t(a) are equivalent, which means that for all states x of all T-models X we have that

xlkxa iff xlkx t(a).
For a translation 7 : £1 — £ we also call £ the source language and L, the target language.
Since the Boolean part is the same in all the coalgebraic logics that we discuss the only difficulty for constructing

translations is to translate the modalities of source language into a formula of the target language. But this can already be
done on a one-step level where only one layer of modalities is considered.

Definition 36. The set of Boolean formulas Bool(C) over a set of formulas C is a build with the grammar:

a:::clﬂal\/A

where c € C and A € P,Bool(C).
A one-step formula of the language £; is an element of

£] =Bool({Va | « € T,Bool(P)}).

These formulas are modal formulas that contain only one layer of modalities and where every propositional variable is in
the scope of one modality.
Similarly an one-step formula of the language L 4 is an element of

£} =Bool({[r]a | @ € Bool(P)* ™, ). € A}).
Definition 37. The Boolean semantics of formulas in Bool(C) in a set X for a valuation V : P — P X is given by the function:

Bool(V) : Bool(C) — PX,
Bool(V)(p) =V (p).
Bool(V)(—a) = X \ Bool(V)(a),

BooI(V)(\/ A) = J{Bool(V)(@ | a € A}.

The one-step semantics of a one-step formula a € £} in a set X for a valuation V : P — PTX is defined as [[a]]}, =
Bool(h)(a) € PT X, where
h:{Va|a e T,Bool(P)} - PTX,
h(Va) = A o (Te,Bool(V))(e).

Similarly, one defines the one-step semantics for a one-step formula a € £} in a set X for a valuation V is defined as
[a]}, =Bool(h)(a) € PTX, where

h:{[rla|aeBool(P)*™ i e A} — PTX,
h([Aa) = ax (Bool(V)(ag), . . ., Bool(V) (dar(y—1) )

Two one-step formulas a and b, from either £} or £}, are one-step equivalent if [[a]]}, = [[b]]}, for all sets X and valuations
V:P—>PX.

A one-step translation from £; to a language £ assigns a one-step formula b € £ to every Vo with « € T,,P such that b
is one-step equivalent to V.

A one-step translation from £, to a language £ assigns a one-step equivalent one-step formula b € £ to every formula
of the form [A](po, ..., Parx)—1), Where po, ..., Par)—1 are propositional variables.

One can easily check that the one-step semantics corresponds with the actual semantics of £; and £, respectively in
the sense that for every one-step formula a from either £; or £, and every T-model (&, V)

[a] = P& ([aly)-

Let us see a way how we can construct a translation from the full source language from a one-step translation of its
modalities. For this we first put the formulas of the source language in bijective correspondence o : P = £ with the set



J. Marti, Y. Venema / Journal of Computer and System Sciences 81 (2015) 880-900 897

of propositional letters. Now, given a one-step translation from £; to another language £ one can define a translation
T : L; — L recursively by:

T(p)=p, 7(—a) =—1(a),
r(\/ A) —\/Put(A), T(Va)=b[too]

where b is the one-step translation of VT,0 ~!(«) and b[t o o] the formula b where all propositional letters p have been
simultaneously substituted with 7 o o (p). It is clear that one can check that this translation preserves truth.

Similarly, we can construct a translation from £, to £ given a one-step translation for formulas of the form [A]a for
e A and d@eP¥®, The crucial modal step becomes

t([Ala) =b[t o 0],

where b is the one-step translation of the formula [A](c ~!(ap), ..., G_](aa,—()\)_ﬂ).

We now show that the logic £; is intertranslatable with the logic of the Moss lifting of A and any finitary presentation
of T as defined in Definition 23 in the previous section. This translation is completely straightforward and does not involve
any Boolean connectives. So one can see the logic of the Moss liftings £y to be just a different, more standard, syntactic
presentation of Lj.

Proposition 38. The language L; is intertranslatable, on a one-step level, with the language Ly where M is the set of Moss liftings
for L and any finitary presentation (X, E) of T,.

Proof. Recall from Definition 23 that the Moss lifting u" for an r € X, of a finitary presentation (X, E) was defined as
ur= Ao E75(r, 2.

If we are now given a modality ["](po, ..., Pn—1) in Ly of an r € X, we translate it to the formula VEp(r, (po, ...,
Pn—1)). Conversely if we are given a Va in LL, for some o € T,P, we translate it to [u'](po,...,Pn—1) for some
(r,(po, ..., Pn-1)) € XP with Ep(r, (po, ..., Pn—1)) = . Such an object always exists because E is surjective. To show that

this defines a one-step translation in either direction we need to show that

[P0, - pa=D]y = [VER (. (B0, - Pa=1))] y

for all valuations V : P — PX. This is the case because of

[ ]@os - pa-D]y = Wy (V(P0)s -, V(pae1)) Definition 37
= M0 Ejy(r, (V(po).....V(pn1)))  Definition 23
= Ak o (TuV) o Ep(r, (po. - ... Pn-1)) E natural
= [VER(r (pos -, pu-D)] - Definition37 O

The next proposition states that the one step-semantics of a one-step formula is essentially just a predicate lifting.

Proposition 39. Every Boolean formula a(po, ..., pn—1) € Bool(P) over n propositional variables induces a natural transformation
¢% . P" = P such that for all valuations V : P — PX with V (p;) = U; fori <n

9% WUo, ..., Up_1) = Bool(V)(a).

Every one-step formula a(po, ..., pn—1) € £1A with n propositional variables induces a natural transformation p® : P = PT such
that for all valuations V : P — PX with V(p;) = U; fori <n

p%(Uo, ..., Un_1) = [a] ).

Proof. One needs to check that the assignments for ¢ and p§ are well-defined, which is obvious, and that they are natural.
Naturality for ¢ is the fact that the Boolean operations on set algebras are preserved under inverse images of functions.
For the naturality of p® we additionally need that the modalities of £, are preserved under inverse images, which is the
case because their semantics is given by predicate liftings. O

By Yoneda's Lemma predicate liftings can be shown to correspond to subsets of T2", where 2 = {T, L} is the two
element set. This crucial observation was first published in [16].

Proposition 40. The n-ary predicate liftings for a functor T are in bijective correspondence to the elements of PT2". A predicate lifting
A :P" = PT corresponds to the set @on (J'ri_1 UTIDi<n =@p,({SSnlie Shin.
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Proof. First observe that there is a natural isomorphism:

ix s (PX)" = (2%)" = 2% = (2") = Hom(X, 2").

Precomposing a predicate lifting with the inverse of i shows that predicate liftings can be seen as natural transformations
from the contravariant hom-functor Hom(—,2") to the functor PT. Now the statement follows from an application of
Yoneda’s Lemma for contravariant functors [9, Section II11.2] and the observation that (ni’l[{T}])kn € (P2™" is the image
of the identity idy» under the inverse of io». O

Our goal is to prove Theorem 43 which states that every predicate lifting can be translated into a one-step formula in
the language £ 4 of a separating set of predicate liftings for a functor that preserves finite sets. We first prove two lemmas.

Lemma 41. Let S € (PX)" be separating. Then for any U C X there is a Boolean formula a(po, - .., pn-1) € L0 such that for the
induced ¢® : P" = P it holds that ¢$(S) =U.

Proof. Because the tuple S is separating we have for any x € U and ¥’ € X\ U an if < n such that either x € S(if) and
X ¢ S(if) or that x ¢ S(if) and X' € S(if). Let j:S(if) be S(if) in the former case and X \ S(if) in the latter. Hence we
have that x € ﬂ:S(i;‘/) and x' ¢ j:S(if).

Now define the formulas I for all xe U and x' € X \ U by

o _ [P ifx e S(iX) and ¥ ¢ S(iY),

X —py ifxeX\S@E)andx ¢ X\ S(i}).

Because the i;’ <n for all xe U and X’ € X\ U there are only finitely many distinct literals lf. Hence, the following is a
well-defined Boolean formula:

a= \/ /\ .
xeU x'eX\U
This formula induces a natural transformation ¢? :’P = P for which instantiated at the set X we have that
o®=J ) *s@)=v.
xeUx'eX\U

This is what we had to show. O
Lemma 42. The tuple (71[1 UTi<n € (P2Mis separating.

Proof. Pick any two distinct sequences o,c’ € 2". Because they are distinct we can without loss of generality assume
that 7;(0) = 0; = T whereas 7;(c’) = 0] = L for some i < n. Hence o € ni’l[{T}] and o’ ¢ ni’l[{T}]. This shows that
(nl._][{"l’}])i<n e (P2M" is separating. O

Theorem 43. Let A be a finitely separating set of predicate liftings for a finite set preserving functor T. Every n-ary predicate lifting
8 :P" — PT is induced by a one-step formula a in the language L 4.

Proof. We construct the one-step formula a in the language £, such that p%, (ﬂi_1[{—|—}]),‘<n = & (ni_1 HTDi<n € PT2"
which by Proposition 40 ensures that the predicate lifting p? is equal to §.
That A is finitely separating entails at the point 2" that the set

Q={rn(U) ePT2" | neA,Ue (P2) M} cpT2"

is separating. This set Q is finite because it is a subset of PT2" which is finite by the assumption that T preserves finite
sets. Hence there is a finite number m and finitely many »® € A and U® e (P2M2*™) for all i <m such that

Q =R UD) ePT2" | i <m).

So we can consider the tuple S = (kgg)(U(O)), s A(ZT_I)(U(’”‘”)) which is separating because Q is. Thus it follows from
Lemma 41 that there is a Boolean formula b such that go’z’n (8) =épn (711._1 {TIDi<n-
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Next consider the UD = U, ..., U:r)(x(f))q) e (P2Ma ™) for all i <m. For every j < ar(.) we can use Lemma 41

and Lemma 42 to get a Boolean formula c;i) with

¢ _ i
(@9 ) ( (Y] = U

Now define the one-step formula

=AU Carirya)s - BN el )

Putting all the equalities from above together we obtain for the natural transformation induced by a that pgn (7{171 T Di<n =
Son (y'ri_l[{"l'}])kn. This concludes the proof. O

In the notation of the theorem it is clear that the formula a is one-step equivalent to [p](po,..., Pn—1) because the
induced natural transformation ¢ is equal to p. Hence a € £, provides a one-step translation of [p](po, ..., pn—1) and we
obtain the following corollary

Corollary 44. Let ® and A be sets of predicate liftings for a finite set preserving functor T such that A is separating. Then there is a
translation from Lg to L 4.

We can combine this result with the observation from Proposition 38 that £; for a lax extension L is intertranslatable
with £y where M is the set of Moss liftings for L. By Proposition 25 these Moss lifting are finitely separating if L preserves
diagonals. So we obtain the following two corollaries.

Corollary 45. If L is a lax extension that preserves diagonals of a functor T that preserves finite sets then L/, for any other lax
extensions L' of T, and L 4, for any set of predicate liftings A for T, can be translated to L.

Corollary 46. If L and L' are two lax extensions of T that preserve diagonals and T preserves finite sets then £ and L, are inter-
translatable.

8. Conclusions and open questions

In this paper we showed that lax extensions that preserve diagonals can be used in the theory of coalgebra to give a
relational characterization of behavioral equivalence. This together with the fact that lax extensions can be used to define
the semantics of an adequate cover modality indicates that lax extensions provide an adequate generalization for the role
that the Barr extension of weak pullback preserving functors has played so far in the theory of coalgebras and coalgebraic
modal logic. In this way the use of relation liftings in the theory of coalgebras can be extended to set functors that do not
preserve weak pullbacks but nevertheless admit a lax extension that preserves diagonal relations.

The importance of lax extensions that preserve diagonals would motivate the study of their properties in their own right.
A pressing question, that we were unable to answer, concerns the uniqueness of such lax extensions. We do not know of
an example of a functor with two distinct lax extension that preserve diagonals. It would be interesting to find such an
example or otherwise prove that any set functor has at most one lax extensions that preserve diagonals.

A negative result of this paper is that the neighborhood functor does not allow for a relation lifting that captures
behavioral equivalence. This shows that there are limits to the use of relation liftings in the theory of coalgebras. A goal for
further research would be to determine which functors have a relation lifting that captures behavioral equivalence. All the
examples of such functors that we know of also have a lax extension that preserves diagonals. So it might turn out that,
whenever a functor allows for a relational characterization of behavioral equivalence it has a lax extension that preserves
diagonals.

A further, probably easier, problem would be to characterize the functors that have a lax extension that preserves diago-
nals. Our Theorem 14 is a first step in this direction but it only applies to finitary functors and the condition it gives, namely
that the functor has a separating set of monotone predicate liftings, is not more fundamental than what it is supposed to
characterize. It might be interesting to look for a more elementary definition for the kind of monotonicity a functor needs
to posses in order to allow for a separating set of monotone predicate liftings or, respectively, for a lax extension preserving
diagonals. Moreover, it would be nice to have a canonical way for obtaining a lax extension that preserves diagonals for all
functors that possess one, similar to the definition of the Barr extension for weak pullback preserving functors.

We also presented the logic of a lax extension and showed that if the lax extension preserves diagonals and if the set
functor preserves finite sets then other standard coalgebraic logics can be translated into it. We plan to write a follow-up
paper in which we study some of the logical properties of the cover modality of a lax extension and prove a uniform
interpolation for its logic. Some of these results can already be found in [11].
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